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... and all life long my instinct has been to abandon anything for
which I have no talent; tennis, golf, dancing, sallying, all have
been abandoned, and perhaps it is desperation which keeps me

writing...
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Preface

This work is an introduction to the spectral theory of Hilbert space operators.
My main goal is to offer a modern introductory textbook for a first course in
spectral theory for graduate students, emphasizing recent aspects of the the-
ory, with detailed proofs. The book is addressed to a wide audience consisting
of graduate students in mathematics, as well as those studying statistics, eco-
nomics, engineering, and physics. The text, however, can also be useful to
working mathematicians delving into the spectral theory of Hilbert space op-
erators, and for scientists wishing to apply spectral theory to their field.

The prerequisite for this book is a first course in elementary functional
analysis including, in particular, operator theory on Hilbert spaces at an in-
troductory level. Of course, this includes a formal introduction to analysis,
covering elements of measure theory and functions of a complex variable.
However, every effort has been made to ensure that this book, despite its
relative shortness, is as self-contained as possible.

Chapter 1 summarizes the basic concepts from Hilbert space theory that
will be required in the text. By no means is it intended to replace a formal
introductory course on single operator theory. Its main purpose, besides sum-
marizing the basics required for further chapters, is to unify notation and
terminology. Chapter 2 discusses standard spectral results for (bounded lin-
ear) operators on Banach and Hilbert spaces, including the classical partition
of the spectrum and spectral properties for specific classes of operators. Chap-
ter 3 is devoted wholly to the Spectral Theorem for normal operators. After
considering the compact case, it meticulously treats the general case, carrying
out the proofs of both versions of the Spectral Theorem for the general case
in great detail. The idea behind those highly detailed proofs is to discuss and
explain delicate points, stressing some usually hidden features. The chapter
closes with the Fuglede Theorems. Chapter 4 deals with functional calculus
for normal operators, which depends on the Spectral Theorem, and also with
analytic functional calculus (i.e., Riesz functional calculus). The same level of
detail employed in the proofs of Chapter 3 is repeated here. Chapter 5 focuses
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on Fredholm theory and compact perturbations of the spectrum, where a finer
analysis of the spectrum is worked out, leading to further partitions involving
the essential spectrum, the Weyl spectrum, and the Browder spectrum. The
chapter closes with a discussion of Weyl’s and Browder’s Theorems, including
some very recent results.

The final section of each chapter is a section on Additional Propositions,
consisting of either auxiliary results that will be required to support a proof in
the main text, or further results extending some theorems proved in the main
text. These are followed by a set of Notes, where each proposition is briefly
discussed, and references are provided indicating proofs for all of them. The
Additional Propositions can also be thought of as a set of proposed problems,
and their respective Notes can be viewed as hints for solving them.

At the end of each chapter, the reader will find a collection of suggested
readings. This has a triple purpose: to offer a reasonable bibliography includ-
ing most of the classics as well as some quite recent texts; to indicate where
different approaches and proofs can be found; and to indicate where further
results can be found. In this sense, some of the references are suggested as a
second reading on the subject.

The material in this book has been prepared to be covered in a one-
semester graduate course. The resulting text is the outcome of attempts to
meet the needs of a contemporary first course in spectral theory for an au-
dience as described in the first paragraph, possessing the prerequisites listed
in the second paragraph of this Preface. The logical dependence of the var-
ious sections (and chapters) is roughly linear and reflects approximately the
minimum amount of material needed to proceed further.

I have been lecturing on this subject for a long time; I often present it as a
second part of an operator theory course. As a result, I have benefited from the
help of many friends, among students and colleagues, and I am very grateful
to all of them. In particular, I wish to thank Joao Zanni for his painstak-
ing quest for typos. I also wish to thank Torrey Adams who copyedited the
manuscript. Special thanks are due to an anonymous referee who made signif-
icant contributions throughout the text, and who corrected some important
inaccuracies and mistakes that existed in the original version. Thanks are also
due to Catholic University of Rio de Janeiro for providing the release time that
made this project possible, as well as to CNPq (Brazilian National Research
Council) for a research grant.

Rio de Janeiro, March 2012 Carlos S. Kubrusly
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1

Preliminaries

This chapter summarizes the background required for the rest of the book. Its
purpose is threefold: notation, terminology, and basic results. By basic results
we mean well-known theorems from single operator theory that will be needed
in the sequel. As usual, the set of nonnegative integers, positive integers, and
all integers will be denoted by Ng, N, Z, and the set of rational numbers, real
numbers, and complex numbers will denoted by Q, R, and C, respectively.

1.1 Notation and Terminology

We assume the reader is familiar with the notions of linear space (or vector
space), normed space, Banach space, inner product space, and Hilbert space.
All spaces considered in this book are complex (i.e., over the complex field
C). Given a (complex) inner product space X, the sesquilinear form (linear
in the first argument) (-;-): X x X — C stands for the inner product in X.
We do not distinguish notation for norms. Thus || - || denotes the norm on a
normed space X (in particular, the norm generated by the inner product in
an inner product space X — i.e., ||z||? = (z;z) for all z in X) and also the
(induced uniform) operator norm in B[, V] (i.e., |T'|| = sup,o HHZ:TIH forall T’
in B[X,)]), where B[X, )] stands for the normed space of all bounded linear
transformations of a normed space X into a normed space ). The induced
uniform norm has the operator norm property, which means that if X', ),

and Z are normed spaces over the same scalar field, and if T' € B[X, )] and
S € B[V, Z], then ST € B[X, Z] and ||ST| < [|S||||T]|-

Between normed spaces, continuous linear transformation and bounded
linear transformation are synonyms. A transformation 7:X — ) between
normed spaces X and ) is bounded if there exists a constant S > 0 such
that ||Tz|| < B||z|| for every x in X. It is said to be bounded below if there is
a constant a > 0 such that a||z|| < ||Tz| for every x in X'. An operator on a
normed space X is precisely a bounded linear (i.e., a continuous linear) trans-
formation of X into itself. Set B[X] = B[X, X] for short: the normed algebra
of all operators on X. If X # {0}, then B[X] contains the identity operator
I and ||I|| =1 so that B[X] is a unital normed algebra. Moreover, if X # {0}

C.S. Kubrusly, Spectral Theory of Operators on Hilbert Spaces, 1
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2 1. Preliminaries

is a Banach space, then B[X] is a unital (complex) Banach algebra. Since the
induced uniform norm has the operator norm property, a trivial induction
shows that ||T™| < ||T||", for every operator T € B[X] on a normed space X,
for each integer n > 0.

A transformation T' € B[X, )] is a contraction if || T|| < 1; equivalently, if
|ITz|| < ||z|| for every x € X. It is a strict contraction if ||T|| < 1. If X # {0},
then a transformation 7" is a contraction (or a strict contraction) if and only
i supy o (| Tzl /[|2]]) < 1 (or sup,o([T|/[l]]) < 1). If & # {0}, then

T <1 = ||Tz| <]|z| for every 0£2€ X = |T|<1.

If T satisfies the middle inequality, then it is called a proper contraction.

Let X be a Banach space. A sequence {T},} of operators in B[X] converges
uniformly to an operator T in B[X] if ||T;, — T|| — 0, and {T},} converges
strongly to T if ||(T,, — T)z|| — 0 for every = in X. If X' is a Hilbert space,
then {T),} converges weakly to T if ((T,, — T)x ;y) — 0 for every z,y in X (or,
equivalently, ((T,, — T)z; z) — 0 for every z in X, if the Hilbert space is com-
plex). These will be denoted by T,, - T, T,, = T, or T,, — T, respectively.
The sequence {T,} is bounded if sup,, ||T5,|] < oo. It is readily verified that

T,4-T = T,>T = T,-5T = sup,|Tu] <o

(the last implication is a consequence of the Banach—Steinhaus Theorem).

By a subspace of a normed space we mean a closed linear manifold of it.
The closure of a linear manifold of a normed space is a subspace. A subspace
of a Banach space is a Banach space. A subspace M of X is nontrivial if
{0} # M # X. Let T € B[X] be an operator on a normed space X. A subset
A of X is T-invariant (or A is an invariant subset for T') if T(A) C A (i.e., if
Tz € A whenever x € A). An invariant linear manifold (invariant subspace)
for T is a linear manifold (subspace) of X that, as a subset of X, is T-invariant.
The zero space {0} and the whole space X (i.e., the trivial subspaces) are
trivially invariant for every T in B[X]. If M is an invariant linear manifold
for T, then its closure M~ is an invariant subspace for T'.

Let X and Y be linear spaces. The kernel (or null space) of a linear trans-
formation T: X — Y is the inverse image of {0} under T,

N(T)=T71({0}) = {z € X: Tz =0},
which is a linear manifold of X'. The range of T is the image of X under T,
R(T)=T(X)={y € Y: y=Tx for some v € X},

which is a linear manifold of ). If X and ) are normed spaces and T lies
in B[X,)Y] (ie., if T is bounded), then N(T') is a subspace of X (i.e., if T is
bounded, then N (T) is closed).
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If M and N are linear manifolds of a linear space X, then the ordinary
sum (or simply, the sum) M + N is the linear manifold of X consisting of all
sums u + v with v in M and v in M. The direct sum M & N is the linear
space of all ordered pairs (u, v) with v in M and v in A/, where vector addition
and scalar multiplication are defined coordinatewise. Although ordinary and
direct sums are different linear spaces, they are isomorphic if M NN = {0}.
A pair of linear manifolds M and N are algebraic complements of each other
if M+ N =X and M NN = {0}. In this case, each vector z in X can be
uniquely written as x = u+wv with u in M and v in V. If two subspaces (linear
manifolds) of a normed space are algebraic complements of each other, then
they are called complementary subspaces (complementary linear manifolds).

1.2 Inverse Theorems

One of the fundamental theorems of (linear) functional analysis, the OPEN
MAPPING THEOREM, says that a continuous linear transformation of a Banach
space onto a Banach space is an open mapping (see, e.g., [66, Section 4.5] —
a mapping is open if it maps open sets onto open sets). A crucial corollary of
it is the following result.

Theorem 1.1. (INVERSE MAPPING THEOREM). If X and Y are Banach spaces
and if T € B[X,Y)] is injective and surjective, then T~ € B[Y, X].

Proof. An invertible transformation is precisely an injective and surjective one.
Since the inverse of an invertible linear transformation is linear, and since an
invertible transformation is open if and only if it has a continuous inverse, the
stated result follows from the Open Mapping Theorem. g

Thus an injective and surjective bounded linear transformation between
Banach spaces has a bounded (linear) inverse. Let G[X', Y] denote the collection
of all invertible (i.e., injective and surjective) elements from B[X,Y] with
a bounded inverse. (Recall that the inverse of any linear transformation is
linear.) The above theorem says that, if X and ) are Banach spaces, then every
invertible transformation from B[X, )] lies in G[X,Y)]. Set G[X] = G[X, X],
which forms a group under multiplication whenever X is a Banach space, viz.,
the group of all invertible operators from B[X] (every operator in G[X] has an
inverse in G[X]). Here is a useful corollary of the Inverse Mapping Theorem.

Theorem 1.2. (BOUNDED INVERSE THEOREM). Let X' and ) be Banach spaces
and take any T € B[X,Y]. The following assertions are equivalent.

(a) T has a bounded inverse on its range.

(b) T is bounded below.

(¢) T is injective and has a closed range.
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Proof. Part (i). The equivalence between (a) and (b) still holds if X and Y
are just normed spaces. Indeed, if there exists 7! € B[R(T'), X], then there
exists a constant § > 0 such that [|T~'y|| < B|ly|| for every y € R(T). Take
an arbitrary x € X so that Tz € R(T). Thus |z| = |T~*Tz| < || Tz|, and
o é”xH < ||Tz||. Hence (a) implies (b). Conversely, if (b) holds true, then
0 < ||Tz|| for every nonzero z in X, and so N(T) = {0}, which means that
T has a (linear) inverse on its range — a linear transformation is injective if
and only if it has a null kernel. Take an arbitrary y € R(T) so that y = Tx
for some 2 € X. Thus | T Yy|| = [T 'Tz| = ||z|| < &||Tx|| = & |||, which
means that 71 is bounded. Therefore (b) implies (a).

Part (ii). Take an arbitrary R(T')-valued convergent sequence {y, }. Since each
yn lies in R(T), there exists an X-valued sequence {x,} such that y, = Tz,
for each n. Since {T'z,} converges in ), it is a Cauchy sequence in ). Thus,
if T is bounded below, then there exists o > 0 such that

0 < allem — anl| S NT(@m — )| = [[Tom — Tan||

for every m,n so that {z,} is a Cauchy sequence in X', and thus it converges
in X to, say, z € X if X is a Banach space. Since T is continuous, it preserves
convergence so that y,, = Ta, — Tz, which implies that the (unique) limit
of {yn} lies in R(T'). Conclusion: R(T) is closed in Y by the classical Closed
Set Theorem. That is, R(T))~ = R(T") whenever X is a Banach space, where
R(T)~ stands for the closure of R(T"). Moreover, since (b) trivially implies
N(T) = {0}, it follows that (b) implies (c). On the other hand, if N'(T") = {0},
then T is injective. If, in addition, the linear manifold R(T) is closed in the
Banach space Y, then it is itself a Banach space so that T: X — R(T) is an
injective and surjective bounded linear transformation of the Banach space X
onto the Banach space R(T). Therefore, its inverse T~ ! lies in B[R(T), X] by
the Inverse Mapping Theorem. That is, (c) implies (a). O

Notice that if one of the Banach spaces X or )Y is zero, then the results
in the previous theorems are either void or hold trivially. Indeed, if X # {0}
and Y = {0}, then the unique operator in B[X, )] is not injective (thus not
bounded below and not invertible); if X = {0} and ) # {0}, then the unique
operator in B[X, )] is not surjective but is bounded below (thus injective)
and has a bounded inverse on its singleton range; if X = {0} and Y = {0} the
unique operator in B[X, Y] has an inverse in B[X, )].

The next theorem is a rather useful result establishing a power series expan-
sion for (M —T)~% This is the Neumann expansion (or Neumann series) due
to C.G. Neumann. The condition ||T'|| < |A| will be weakened in Corollary 2.12.

Theorem 1.3. (NEUMANN ExPANSION). If T € B[X] is an operator on a Banach
space X, and if A is any scalar such that ||T|| < |\|, then \I=T has an inverse
in B[X] given by the following uniformly convergent series:

A =T) =13 ()"
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Proof. Take an arbitrary operator T € B[X] and an arbitrary nonzero scalar
A If || T|| < [A], then sup, Yo || (%)]|F < oo. Thus, since Yp_, [[(1)*] <
Yoo || (Z) H’“ for every n >0, it follows that the increasing sequence of non-
negative numbers {EZ:O || (f)k H} is bounded, and hence it converges in R,
which means that the sequence {(z)n} is absolutely summable, and so it is
summable (since B[X] is a Banach space — see, e.g., [66, Proposition 4.4]).
That is, the series Y 7o (f)k converges in B[X]. Equivalently, there is an

operator in B[X], say > -, (f)k, such that

PONRCVAED DN

Now it is also readily verified by induction that, for every n >0,

(/\I—T)/l\zz _AZ "W =T)=T1— (7)™

But (f)n 5 O (since ||(§)"|| < H(f)Hn% 0 when [|T|| < |}]), and so

A=)} > (D)1 and (Y (D -T) ST

(AI—T)}\Z: 7AZ O -T) =1,

and so ) Y02 (1)% € B[X] is the inverse of A\I — T' € B[X]. ]

Hence

Remark. Observe that, under the hypothesis of Theorem 1.3,

v S =t SN (D R (YR

1.3 Orthogonal Structure

Two vectors z and y in an inner product space X are orthogonal if (x;y) = 0.
In this case we write L y. Two subsets A and B of X’ are orthogonal (no-
tation: A L B) if every vector in A is orthogonal to every vector in B. The
orthogonal complement of a set A is the set A+ made up of all vectors in X
that are orthogonal to every vector of A,

L:{xe/’\f: (z;y) =0 for every y € A},

which is a subspace (i.e., a closed linear manifold) of X', and therefore A+ =
(A+)~ = (A7) If M and NV are orthogonal (M L A) linear manifolds of an
inner product space X', then M NN = {0}. In particular, M N M+ = {0}.
If M LN, then M ® N is an orthogonal direct sum. If X is a Hilbert space,
then M+ = M~ and M+ = {0} if and only if M~ = X. Moreover, if M and
N are orthogonal subspaces of a Hilbert space X, then M + N is a subspace
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of X.In this case, M + N = M @ N: ordinary and direct sums of orthogonal
subspaces of a Hilbert space are unitarily equivalent — the inner product in
M@ N is given by {((u1,v1); (ug,v2)) = (ug ;uz) + (v ;ve) for every (ug,vr)
and (ug,v2) in M @ N. Two linear manifolds M and N are orthogonal com-
plementary if M+ N =X and M L N. If M and N are orthogonal com-
plementary subspaces of a Hilbert space X, then we identify the ordinary sum
M+ N with the orthogonal sum M & N, and write (an abuse of notation,
actually) X = M & N (instead of X 2 M o N).

A central result of Hilbert space geometry, the PROJECTION THEOREM, says
that, if H is a Hilbert space, and M is any subspace of H, then

H=M+ M

Ordinary and direct sums of orthogonal subspaces are unitarily equivalent.
Thus the Projection Theorem is equivalently stated in terms of orthogonal
direct sum up to unitary equivalence, H = M @ M=, often written as

H=MaM".
This leads to the notation M+ = H © M, if M is a subspace of H.

For a nonempty subset A of a normed space X, let spanA denote the
span (or linear span) of A: the linear manifold of X’ consisting of all (finite)
linear combinations of vectors of A; equivalently, the smallest linear manifold
of X that includes A (i.e., the intersection of all linear manifolds of X that
include A). Its closure (spanA)~, denoted by \/A (and sometimes also called
the span of A), is a subspace of X'. Let { M} cr be a family of subspaces of
X indexed by an arbitrary (not necessarily countable) nonempty index set I.
The subspace [span(UveF MW)] ~ of X is the topological sum of {M~} er,

usually denoted by (Zveva)f or \/. . M,. That is,

(ZVEFMV) - [span <U76FMV)} = \/ (U’YEFM’Y) - \/veFMW'

A pivotal result of Hilbert space theory is the ORTHOGONAL STRUCTURE
THEOREM, which reads as follows. Let {M,},er be a family of pairwise or-
thogonal subspaces of a Hilbert space H. For every = € (EWEFM'Y)_ there
is a unique summable family {u,} cr of vectors u, € My such that

J)ZE Uy -
ver !

Moreover, ||z||* = D over lu,||?. Conversely, if {u~}~ecr is a square-summable
family of vectors in M with u, € M, for each v &I, then {uy}yer is
summable and . puy lies in (Z'yEF M)~ (See, e.g., [66, Section 5.5].)

For the definition of summable family and square-summable family see [66,
Definition 5.26]. A summable family of vectors in a normed space has only
a countable number of nonzero vectors, and so the sum ) u, has only a
countable number of nonzero summands ., (see, e.g., [66, Corollary 5.28]).
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Take the direct sum ®v€ M., of pairwise orthogonal subspaces M., of
a Hilbert space H made up of square-summable families of vectors. That is,
Mo L Mg for a# 5, and ¢ = {z4}yer € G}WEZﬂ/\/IV if and only if each
Ty €My and 30 |z ||* < co. This is a Hilbert space with inner product

(z3y) = Zvef<x7 $Yny)

for every @ = {2y }yer and y = {ys}yer in @, cp M,. A consequence (a
restatement, actually) of the Orthogonal Structure Theorem says that the
orthogonal direct sum 69761“ M., and the topological sum (Ewef Mv) ~are
unitarily equivalent Hilbert spaces. That is,

Gawer/\/l7 = (Z’YEFM’Y) :

If, in addition, {M,},er spans H (ie., (Zyeva)7 = V,er My =H),

then it is usual to express the above identification by writing

H=D M-

Similarly, the orthogonal direct sum @76 1 H~ of a collection of Hilbert spaces
{H}yer (not necessarily subspaces of any larger Hilbert space) consists of
square-summable families {z}\er (e, >0 cp |lz]|? < o0), with each z in
‘H.. This is a Hilbert space with inner product given as above.

Let H and K be Hilbert spaces. The direct sum of T € B[H] and S € B[K]
is the operator T' @ S € B[H & K] such that (T'® S)(z,y) = (Tz, Sy) for every
(x,y) € H® K. It {T,},cr is a family of operators with T, € B[], then their

direct sum T:€D. cp Hy — €D, cp My is the mapping such that

T{zy}yer = {Thay}yer for every {xy}yer € @*yeFH’Ya

which is an operator in B[Gavel“ H,| with ||T|| = sup, |5, denoted by

T = GBWEFT”'

1.4 Orthogonal Projections

A function F: X — X of a set X into itself is idempotent if F?2 = F, where F?
stands for the composition of F' with itself. A projection FE is an idempotent
(i.e., E = E?) linear transformation E: X — X of a linear space X into itself.
If F is a projection, then so is I — E, which is referred to as the complementary
projection of E, and their null spaces and ranges are related as follows:

R(E)y=N(I—E) and N(E)=R(I-E).
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The range of a projection is the set of all its fixed points,
R(E) ={z € X: Ex =},

which forms with the kernel a pair of algebraic complements,

REY+N(E)=X and R(E)NN(E)={0}.

An orthogonal projection E:X — X on an inner product space X is a
projection such that R(F) L N(E). If E is an orthogonal projection on X,
then so is the complementary projection I — E: X — X. FEvery orthogonal
projection is bounded (i.e., continuous — E € B[H]). In fact, every orthogonal
projection is a contraction. Indeed, every = € X can be written as x = u + v
with u € R(E) and v € N(E), so that |[Ez|? = ||[Eu+ Ev|? = ||Eu|? =
|lul|? < ||z||? since ||z||* = ||ul|> + ||v||*> by the Pythagorean Theorem (once
u L v). Hence R(E) is a subspace (i.e., it is closed, because R(E) = N(I — E)
and I — F is bounded). Moreover, N'(E) = R(E)L; equivalently, R(E) =
N(E)*. Conversely, if any of these properties holds for a projection E, then
it is an orthogonal projection.

Two orthogonal projections E1 and Fs on X are said to be orthogonal to
each other (or mutually orthogonal) if R(Ey) L R(E2) (which is equivalent
to saying that F1Fy = EsE7; = O). Let I' be an arbitrary index set (not nec-
essarily countable). If {E,},cr is a family of orthogonal projections on an
inner product space X that are orthogonal to each other (R(E,) L R(Ej)
for a # B), then {E,} er is an orthogonal family of orthogonal projections
on X. An orthogonal sequence of orthogonal projections {Ey}52, is similarly
defined. If {E, },cr is an orthogonal family of orthogonal projections and

ZveFva =x for every x € X,

then {E,} er is called a resolution of the identity on X. (Recall that for
each z € X the sum = = Zve r Eyz has only a countable number of nonzero
vectors.) If {Ej}7°, is an infinite sequence, then the above identity in A
means convergence in the strong operator topology:

n
Zk OEki>I as m — 00.

If {E;}7_, is a finite family, then the above identity in & obviously coincides
with the identity Y ;_, Ex = I in B[X] (e.g., {E1, E2} is a resolution of the
identity on X whenever F, = I — E; is the complementary projection of the
orthogonal projection F; on X).

The Projection Theorem and the Orthogonal Structure Theorem of the
previous section can be written in terms of orthogonal projections. Indeed,
for every subspace M of a Hilbert space H there exists a unique orthogonal



1.5 Adjoint Operator 9

projection E € B[H] such that R(E) = M, which is referred to as the orthogo-
nal projection on M. This is an equivalent version of the Projection Theorem.
An equivalent version of the Orthogonal Structure Theorem reads as follows.
If {E,} cr is a resolution of the identity on H, then

= (ZWEFR(E’Y»

Conversely, if {My}yer is a family of pairwise orthogonal subspaces of H
such that H = (ZveF MW)_, then the family of orthogonal projections
{Ey}vyer, with each E. € B[H] on each M, (ie., with R(E,) = M,), is
a resolution of the identity on H. Again, since {R(E,)}yer is a family of
pairwise orthogonal subspaces, the above orthogonal decomposition of H
is unitarily equivalent to the orthogonal direct sum ®v€ r R(E,), that is,

(ZveF R(E,))” = @D, cr R(E,), which is commonly written as

H = @%FR(EV).

(See, e.g., [66, Theorems 5.52 and 5.59].) Let {E,} cr be a resolution of
the identity on a nonzero Hilbert space made up of nonzero projections, let
{Ay}yer be a similarly indexed family of scalars, and set

D(T) = {z € H: {\yEya} er is a summable family of vectors in H}.
The mapping T: D(T) — H, defined by

Tx = ZvEF)WE’Yx for every z € D(T),

is called a weighted sum of projections. It can be shown that the domain D(T')
of a weighted sum of projections is a linear manifold of 4 and that T is a
linear transformation. Moreover, T' is bounded if and only if {\ }yer is a
bounded family of scalars, which happens if and only if D(T) = H. In this
case T' € B[H] and ||T|| = sup,cr [\]. (See, e.g., [66, Proposition 5.61].)

1.5 Adjoint Operator

Throughout the text, # and K are Hilbert spaces. Take any T' € B[H, K]. The
adjoint T™* of T is the unique mapping of K into H such that

(Tz;y) = (x;T"y) forevery x € H and y € K.
In fact, T* € B[K,H] (i.e., T* is bounded and linear), T** = T, and

17| = |T*T|| = | TT*|| = | T||>
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Moreover, if Z is a Hilbert space and S € B[, Z], then ST € B[H, Z] is such
that (ST)* =T*S™* (see, e.g., [66, Proposition 5.65 and Section 5.12]).

Lemma 1.4. For every T € B|H, K],

N(T)=R(T*)" =N(T*T) and R(T)” = N(T*)" =R(TT*)".

Proof. x € R(T*)* if and only if (z;T*y) = 0 or, equivalently, (Tz;y) = 0,
for every y in K. This means that Tz = 0; that is, x € N (T'). Hence

R(T*)* = N(T).
Since ||Txz||*> = (Tx;Tx) = (T*Tx;x) for every x in H, it follows that
N(T*T) C N(T). But N(T) C N(T*T) trivially, and so

N(T)=N(T"T).

This completes the proof of the first identities. Since these hold for every T
in B[H, K], they also hold for T* in B[, H] and for T'T* in B[K]. Thus

because M++ = M~ for every linear manifold M and T** = T. a

Lemma 1.5. R(T) is closed in K if and only if R(T*) is closed in H.

Proof. Set T\ = T| )+ € BIN(T)*, K], the restriction of T to N'(T)*. Re-
call that H = N(T) + N (T)*. Thus every z € H can be written as x = u + v
with u € N(T) and v € N(T)*. If y € R(T), then y = Tx = Tu+Tv =Tv =
T|pr¢ryrv for some x € H,and soy € R(T|n(ry+)- Hence R(T) € R(T | nr(ry+)-
Since R(T|nr(ry+) € R(T'), it follows that

R(T.)=R(T) and WN(T.)={0}.

If R(T) = R(T)~, then take the inverse 7' in B[R(T),N(T)*] (Theorem
1.2). For any w € N(T)* consider the functional f,,: R(T) — C defined by

fuly) = (TT'y;w)

for every y € R(T). Since T ! is linear and the inner product is linear in the
first argument, it follows that f is linear. Since |f,(y)| < || T2 || |Jw]| ||yl for
every y € R(T), it follows that f is bounded. Moreover, R(T) is a subspace
of the Hilbert space K (it is closed in K), and so a Hilbert space itself. Then
the Riesz Representation Theorem in Hilbert spaces (see, e.g., [66, Theorem
5.62]) says that there exists z, in the Hilbert space R(T) such that

fw(y) = <y;zw>
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for every y € R(T'). Thus, for an arbitrary « € H, so that x = w4+ v with
u € N(T) and v € N(T)L, we get

(T zw) = (T 200) = (Tu; 200) + (TV;200) = (T0; 24p)
= fu(Tv) = (TT ' Tw;w) = (TT'T v w)

= (v;w) = (u;w) + (V;w) = (T;w).

Hence (z;T*z, — w) = 0 for every x € H, which means that T*z,, = w. Thus
w € R(T*). This shows that N (T)1 C R(T*). On the other hand, R(T*) C
R(T*)~ = N(T)* by Lemma 1.4 (since T** = T) so that

Therefore R(T) = R(T)~ implies R(T*) = R(T*)~, and so the converse also
holds because T** = T. That is,

R(T)=R(T)~ ifand only if R(T*)=R(T*)". O

Let T' € B[H] be an operator on a Hilbert space H and let M be a subspace
of H. If M and its orthogonal complement M= are both T-invariant (i.e., if
T(M)C M and T(M*) C ML), then we say that M reduces T (or M is
a reducing subspace for T). An operator is reducible if it has a nontrivial
reducing subspace (otherwise it is called irreducible), and reductive if all its
invariant subspaces are reducing. Since M # {0} if and only if M+ # H, and
M+ £ {0} if and only if M # H, it follows that an operator 7' on a Hilbert
space H is reducible if there exists a subspace M of H such that both M
and M= are nonzero and T-invariant or, equivalently, if M is nontrivial and
invariant for both T' and T, as we shall see next.

Lemma 1.6. Take an operator T on a Hilbert space H. A subspace M of H
is T-invariant if and only if M= is T*-invariant. M reduces T if and only
if M is invariant for both T and T*, which implies that (T|m)* = T*| m.

Proof. Take any vector y € M. If Tz € M whenever x € M, then (z; T*y) =
(Tz;y) = 0 for every x € M, and so T*y L M; that is, T*y € M. Thus
T(M) € M implies T*(M=*) C ML Since this holds for every operator in
B[H], T*(M*) C M+ implies T**(M+L) C M+ and hence T(M) C M
(because T** = T and M+ = M~ = M). Then T(M) C M if and only if
T*(M*) € M and so T(ML) € ML if and only if T*(M) C M. Therefore
T(M)C M and T(M*)C M=+ if and only if T(M)C M and T*(M)C M,
and so (T|am)zsy) = (Tzsy) = (x;Ty) = (@5 (T |m)y) for z,y e M. O

An operator T' € B[H] on a Hilbert space H is self-adjoint (or Hermitian) if
it coincides with its adjoint (i.e., if T* = T'). A characterization of self-adjoint
operators reads as follows: on a complex Hilbert space H, an operator T is
self-adjoint if and only if (Tx;x) € R for every vector x € H. Moreover, if
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T € B[H] is self-adjoint, then T = O if and only if (Tx;x) =0 for all x € H.
(See, e.g., [66, Proposition 5.79 and Corollary 5.80].) A self-adjoint operator
T is nonnegative (notation: O < T) if 0 < (T'x;x) for every z € H, and it is
positive (notation: O < T) if 0 < (Tx ;) for every nonzero x € H. An invert-
ible positive operator T in G[H] is called strictly positive (notation: O < T).
For every T in B[H], the operators T*T and T'T* in B[H] are always nonneg-
ative (reason: 0 < || Tz||? = (Tx;Tz) = (T*Tx;z) for every z € H). If S and
T are operators in B[H], then we write S < T if T'— S is nonnegative. Simi-
larly, we also write S < T and S < T if T — S is positive or strictly positive.
Thus, if T — S is self-adjoint (in particular, if both are), then S =T if and
only if S<T and T <S.

1.6 Normal Operators

Let S and T be operators on the same space X. We say that they commute
if ST =TS. An operator T' € B[H] on a Hilbert space H is normal if it com-
mutes with its adjoint (i.e., if TT* = T*T, or O = T*T — T'T*). An operator
T € B[H] is hyponormal if TT* <T*T (ie., if O < T*T —TT*), which is
equivalent to saying that (Al — T)(A[ —T)* < (M —T)*(A\I —T) for every
scalar A\ € C. An operator T € B[H] is cohyponormal if its adjoint is hypo-
normal (i.e., if T*T < TT* or O < TT*—T*T). Since T*T — T'T* is always
self-adjoint, it follows that T is normal if and only if it is both hyponormal
and cohyponormal. Thus every normal operator is hyponormal. If it is either
hyponormal or cohyponormal, then it is called seminormal.

Theorem 1.7. T € B[H] is hyponormal if and only if |T*z| < ||Tx| for
every x € H. Moreover, the following assertions are pairwise equivalent.

(a) T is normal.

(b) || T*z|| = ||Tx|| for every x € H.

(c) T™ is normal for every positive integer n.
(

d) ||T*"x| = ||T™z|| for every x € H and every n>1.

Proof. Take any T € B[H]. The characterization for hyponormal operators
goes as follows: TT* < T*T if and only if (TT*x;z) < (T*Tx;zx) or, equiv-
alently, | T*z||? < ||Tx||?, for every x € H. Since T is normal if and only if it
is both hyponormal and cohyponormal, it follows that (a) and (b) are equiv-
alent. Thus, as T*" = T™* for each n>1, (c¢) and (d) are equivalent. If T*
commutes with T} then it commutes with T™ and, dually, T™ commutes with
T*" = T™ Hence (a) implies (c¢), and (d) implies (b) trivially. O

In spite of the equivalence between (a) and (c) above, the square of a
hyponormal is not necessarily hyponormal. It is clear that every self-adjoint
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operator is normal, and so is every nonnegative operator. Moreover, normality
distinguishes the orthogonal projections among the projections.

Theorem 1.8. If E € B[H] is a nonzero projection, then the following asser-
tions are pairwise equivalent.

a) E is an orthogonal projection.
b) E is nonnegative.

¢) E is self-adjoint.

d) E is normal.

1Bl =1.

B <1.

e

(
(
(
(
(e)
(f)
Proof. Let E be a projection (i.e., a linear idempotent). If E is an orthogonal
projection (i.e., R(E) L N(FE)), then I — F is again an orthogonal projection,
thus bounded, and so R(E) = N (I — E) is closed. Hence R(E*) is closed by
Lemma 1.5. Moreover, R(E) = N (E)+. But N(E)t = R(E*)~ by Lemma 1.4
(since E** = E). Then R(F) = R(E*), and so for every x € H thereisaz € H
such that Ex = E*z. Therefore, E*Ex = (E*)?2 = (E*)*2 = E*z = Ex.
That is, E*E = E. This implies that E is nonnegative (it is self-adjoint, and
E*E is always nonnegative). Outcome:

R(E) LN(E) = E>0 = E‘=FE = FE'E=EE"

Conversely, if E is normal, then ||[E*z| = ||Ez| for every z in H (Theorem
1.7) so that N(E*) = N(E). Hence R(E) = N(E*)* = N(E)* by Lemma
1.4 (because R(E) is closed). Therefore, R(E) LN (E). That is,

E*E=EE* = R(E)LN(E).
I O # E = E*, then |[E|2 = | E*E|| = | E%|| = | E]| #0, and so || E]| = L:
E=F = |E|=1 — |E|<L

Take any v € N(E)* so that (I — E)v € N(E) (since R(I — E) = N(E)).
Hence (I — E)v L v so that 0 = ((I — E)v;v) = |[v]|? — (Bv;v). If |E|| <1,
then [[v]|* = (Ev;v) < [[Ev||lv] < [E[v]* < |v]% Thus |Ev]| = v =
(Bviv)2. So (I — E)|? = [|[Bv—v|? = ||[Ev||? = 2Re(Bv;v) + ||| = 0,
and hence v € N'(I — E) = R(E). Then N(E)*+ C R(E), which implies that
R(E*) C N(E*)* by Lemma 1.4, and hence R(E*) LN(E*). But E* is a
projection whenever E is (E = E? implies E* = E?* = E*?). Thus E* is an
orthogonal projection so that E* is self-adjoint, and so is E. Therefore,

IE|<1 = E=E" O
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Corollary 1.9. Fvery bounded weighted sum of projections is normal.

Proof. Let T € B[H] be a weighted sum of projections, which means that
Tx =} cpAEyx for every x in the Hilbert space H, where {A;},cr is a
bounded family of scalars and {E- } e is a resolution of the identity on H.
Since each EY = E_ and since R(E,) L R(Ep) for a # j, it is readily verified
that the adjoint 7 of T is given by "z = 3 . p Ay Ey @ for every z in H (i.e.,
(Tz;y) = (x;T*y) for every x,y in H). Moreover, since E% = E, and since
EE3 = EgE, = O for a # 3, it is also readily verified that TT*z = T"Tx
for every z € H. Thus T is normal. a

An isometry between metric spaces is a map that preserves distance, and
so every isometry is injective. A linear transformation 7' between normed
spaces is an isometry if and only if it preserves norm (||Tz|| = ||z|| for every
x) and, between inner product spaces, if and only if it preserves inner product
((Tx; Ty) = (z;y) for every x,y in H). A transformation T' € B[H, K| between
Hilbert spaces is an isometry if and only if 7*T = I (identity on #), and a
coisometry if its adjoint is an isometry (i.e., if TT™* = I; identity on K). It is
a unitary transformation if it is an isometry and a coisometry; that is, if it
is an invertible transformation with T-! = T* or, equivalently, an invertible
isometry, which means a surjective isometry. Thus a unitary operator T € B[H]
is precisely a normal isometry: TT* = T*T = I; and so normality distin-
guishes the unitary operators among the isometries.

Lemma 1.10. If X is a normed space and T € B[X], then the real-valued
sequence {||T"||"} converges in R.

Proof. Take any positive integer m. Every positive integer n can be written
as n = mp,, + g, for some nonnegative integers p,,, g, with g, <m. Hence

Po || T

7 = et

= ||T™Pn T

< |7

| Tn

<™

Now suppose T # 0 to avoid trivialities, set u = maxo<g<m—1{||T%|} # 0,
and recall that ¢, < m — 1. Then

1 P, 1 1 1 q
|T™ < ||T™ W = g || T

. 1 1 an 1 .
Since p» —1 and ||T™|m = mn —||T™||™ as n — oo, it follows that

1
m

Ryl

lim sup ||T"
n

Therefore, since m is an arbitrary positive integer,

1
n

lim sup ||T™ n < liminf I
n n

and so {||T"||} converges in R. O
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1
n }
)

For each operator T' € B[X] let (T") denote the limit of {||T™

1
n

r(T) = lim | T"

As we saw in the proof of Lemma 1.10, r(T) < ||[T"||» for every n>1. In
particular, (T) < |T|. Note that r(T*)r = lim, ||T*"| s = r(T) for each
k>1 (as {||T%"||x=} is a subsequence of the convergent sequence {||77/}).
Then r(T%) = r(T)* for every positive integer k. Thus, for every operator
T € B[X] on a normed space X, and for each nonnegative integer n,

0<r(T)" =r(T") < T < 17"

An operator T € B[X] on a normed space X is normaloid if r(T') = ||T||. Here
is an alternate definition of a normaloid operator.

Theorem 1.11. #(T) = ||T|| if and only if | T"|| = |T||™ for every n>1.
Proof. Immediate by the above inequalities and the definition of (7). a
Theorem 1.12. Fvery hyponormal operator is normaloid.
Proof. Let T' € B[H] be a hyponormal operator on a Hilbert space H.
Claim 1. ||T™||? < |[|T™ Y| || T || for every positive integer n.
Proof. First note that, for any operator T' € B[H],

|72 = (T3 T"a) = (T*T"05 7" a) < |T*T"a] |7 2|
for each n >1 and every z € H. Now, if T' is hyponormal, then

1T T 2| | T el < T a1 T al| < [T T 2]
by Theorem 1.7, and hence, for each n>1 and every z € H,

1T < TN ],

which ensures the claimed result, thus completing the proof of Claim 1.
Claim 2. || T*|| = ||T||* for every positive integer k < n, for all n>1.

Proof. The above result holds trivially if 7' = O and it also holds trivially for
n=1 (for all T € B[H]). Let T # O and suppose the above result holds for
some integer n >1. By Claim 1 we get

TP = (™) = (71 < 7T = = T
Therefore, as ||T7| < ||T'||™ for every n>1, and since T # O,

T = (e = < e < T
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Hence ||T"*|| = ||T||"*!. Then the claimed result holds for n + 1 whenever
it holds for n, which concludes the proof of Claim 2 by induction.

Therefore, ||T"|| = ||T||" for every integer n >1 by Claim 2, and so T is nor-
maloid by Theorem 1.11. O

Since ||T*"|| = ||T™|| for each n >1, it follows that r(7T%) = r(T"). Thus an
operator T' is normaloid if and only if its adjoint T* is normaloid, and so (by
Theorem 1.12) every seminormal operator is normaloid. In particular, every
normal operator is normaloid. Summing up: an operator T  is normal if it
commutes with its adjoint (i.e., TT* = T*T'), hyponormal if TT* < T*T', and
normaloid if »(T') = ||T||. These classes are related by proper inclusion:

Normal <C Hyponormal <C Normaloid.

1.7 Orthogonal Eigenspaces

Let I denote the identity operator on a Hilbert space H. A scalar operator
on H is a scalar multiple of the identity, say Al for any scalar A in C. Take
an arbitrary operator 7' on H. For every scalar A in C consider the kernel
N (M —T), which is a (closed) subspace of H (since T is bounded). If this
kernel is not zero, then it is called an eigenspace of T

Lemma 1.13. Take T € B[H] and X\ € C arbitrary.

(a) If T is hyponormal, then N (AN —T) C N(A\I —T*).

(b) If T is normal, then N(A —T) =N\ —T%).

Proof. Take any operator T € B[H] and any scalar A € C. Observe that
MN-TYN-T)—-(M-T)M-T)"=T"T-TT".

Thus Al — T is hyponormal (normal) if and only if T is hyponormal (normal).
Therefore, if T' is hyponormal, then so is AI — T, and hence

|AI = T)z|| < |(AI —T)z| for every x € H and every A € C

by Theorem 1.7, which yields the inclusion in (a). If T is normal, then the
preceding inequality becomes an identity, yielding the identity in (b). O

Lemma 1.14. Take T € B[H] and X\ € C. If N(\I = T) C N (Al —T*), then
() NN =T) LN(vI —T) whenever v# X\, and
(b) N(M = T) reduces T
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Proof. (a) Take x € N(AI —T) and y € N(vI — T) arbitrary. Thus Az = Tz
and vy = Ty. T N(AM —=T) C N(AI —T%), then z € N(AI —T*), and so
Az = T*z. Then (vy;x) = Ty;z) = (y;T*z) = (y; z) = (A\y;x), and
hence (v — A\)(y;x) = 0, which implies that (y;z) = 0 whenever v # A. (b) If
x €N —T) CN(A —T%), then Tz = Az and T*x = Az, and so \T*z =
Mz = Mz = \NTx = Thx = TT*z, which implies that T*z € N (Al — T).
Thus N'(AI — T) is T*invariant. But N (Al — T') is T-invariant (if Tz = Az,
then T'(T'z) = A(Tz)). Therefore N(AI — T') reduces T' by Lemma 1.6. O

Lemma 1.15. If T € B[H] is hyponormal, then
(a) NI =T) LNWI =T) for every \,v € C such that A\ #v, and
(b) N(M\I —T) reduces T for every X € C.

Proof. Apply Lemma 1.13(a) to Lemma 1.14. a

Theorem 1.16. If {\,} cr is a (nonempty) family of distinct complex num-
bers, and if T € B[H] is hyponormal, then the topological sum

M= (Y NOI-1))
reduces T, and the restriction of T to it, T|m € B[M], is normal.

Proof. For each v € I # @ write Ny = N (A, I —T), which is a T-invariant
subspace of H. Thus T'|x, lies in B[N, ] and coincides with the scalar opera-
tor Ay I on N,. By Lemma 1.15(a), {N, },cr is a family of pairwise orthog-
onal subspaces of #{. Take an arbitrary = € (3 ., N,)™. The Orthogonal
Structure Theorem says that x = yer Uy with each w. in N,. Moreover,
for each v € I, Tu, and T*u, lie in N, because N, reduces T (Lemmas
1.6 and 1.15(b)). Thus, since T" and T* are linear and continuous, we get
Te =3 cpTuyin (3 cpNy)~and T = 3 pTHuy in (3 N,) ™
Then (2, cpN,) ™ reduces T (Lemma 1.6). Finally, since {N, } e is a fam-
ily of orthogonal subspaces, it follows by the Orthogonal Structure Theorem
that we may identify the topological sum M with the orthogonal direct sum
@D, cr /Ny (cf. Lemma 1.15(a)), where each N, reduces T'|aq (it reduces T' by
Lemma 1.15(b)), and so T is identified with the direct sum of operators
@D, cr T|n;,, which is normal because each T'|, is normal. O

1.8 Compact Operators

A set A in a metric space is compact if every open covering of it has a fi-
nite subcovering. It is sequentially compact if every A-valued sequence has a
subsequence that converges in A. It is totally bounded if for every € > 0 there
exists a finite partition of it into sets of diameter less than €. The CompacT-
NESs THEOREM says that a set in metric space is compact if and only if it is
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sequentially compact, if and only if it is complete and totally bounded. Recall
that every compact set is closed, and every totally bounded set is bounded.
On a finite-dimensional normed space a set is compact if and only if it is
closed and bounded. This is the HEINE-BOREL THEOREM.

Let X and )Y be normed spaces. A linear transformation T: X — ) is com-
pact (or completely continuous) if it maps bounded subsets of X into relatively
compact subsets of Y. That is, T' is compact if T'(A)~ is compact in ) when-
ever A is bounded in X; equivalently, if T'(A) lies in a compact subset of )
whenever A is bounded in X. Fvery linear compact transformation is bounded,
thus continuous. FEvery linear transformation on a finite-dimensional space is
compact. Let B_[X, Y] denote the collection of all compact linear transforma-
tions of a normed space X into a normed space ) so that B_[X,)] C B[X, )]
(and B_[X, Y] = B[X, Y] whenever X is finite dimensional). In fact, B [X, )]
is a linear manifold of B[X, Y], which is closed in B[X, Y] if ) is a Banach
space. Set B_[X] = B, [X,X] for short, the collection of all compact opera-
tors on a normed space X. B[X] is an ideal (i.e., a two-sided ideal) of the
normed algebra B[X]. That is, B, [X] is a subalgebra of B[X] such that the
product of a compact operator with a bounded operator is again compact.

We assume that the compact operators act on a complex nonzero Hilbert
space H, although the theory for compact operators equally applies (and is
usually developed) for operators on Banach spaces. The theorem below says
that R(AI — T') is a subspace of H if T is compact and A is nonzero, and the
next one says that A\ — T is invertible whenever it is injective.

Theorem 1.17. If T € B_[H] and X € C\{0}, then R(A —T) is closed.

Proof. Let M be a subspace of a complex Banach space X. Take any compact
transformation K in B, [M, X]. Let I be the identity on M, let A be a nonzero
complex number, and consider the operator AI — K in B[M, X].

Claim. If N(AI — K) = {0}, then R(Al — K) is closed in X.

Proof. Suppose N (Al — K) ={0}. If R(AM] — K) is not closed in X, then
Al — K is not bounded below (Theorem 1.2) so that for every ¢ > 0 there
is a nonzero vector z. € M such that ||(A] — K)z.|| < ¢||zc||. Thus there is a
sequence {x,} of unit vectors (||z,|| = 1) in M for which [|(A — K)z,| — 0.
Since K is compact and {z,} is bounded, Proposition 1.S ensures that { Kz}
has a convergent subsequence, say {Kxy}, so that Kz — y € X. However,

Az, = yll = [[Azy, = K + Ko = yl| < [[(M = K)al| + [[Kzy, —y[| =0,

and so the M-valued sequence {Azy} converges in X to y. Then y € M (be-
cause M is closed in X). Thus, since y is in the domain of K, it follows
that y € N(AI — K) (because K is continuous, and so Ky = K limy Az =
Mimy, Kz, = Ay). Moreover, y # 0 (because 0 # |\ = || Az|| — ||y||). Hence
N (A — K) # {0}, which is a contradiction. Therefore, R(M — K) is closed
in X, which completes the proof of the claimed result.
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Take T' € B[H]. The restriction (Al — T)[prx—7y+ of AI =T to N(AI —T)*+
lies in BN (A — T)*, H], which is injective (since N'(AI = T)|n(ar—m)2) =
{0}) and coincides with A\l — T'|xr(x—7y+. If T is compact, then so is the re-
striction T|pr(x7—ry+ in BIN (A — T')+, H] (Proposition 1.V). Thus the above
claim says that (Al —T)|xxr—1)r = A — T|nar—7)r (where I in the right-
hand side denotes the identity on N (A — T)1) has a closed range for all
A # 0. But R((M —T)|ypu-1)-) = R =T). 0

Theorem 1.18. If T € B_[H], X € C\{0}, and N(AXI —T) = {0}, then
R(M —-T)="H.

Proof. Take any operator T' € B[H] and any scalar A € C. Consider the se-
quence {M,,}22, of linear manifolds of H recursively defined by

Mpt1 = A —T)(M,,) for every n>0, with My=H.
It can be verified by induction that
M1 CM,, for every n>0.

Indeed, My = R(M —T) C ‘H = M, and, if the above inclusion holds for
some n >0, then M40 = (M —T)(Mpy1) C (M —T)(M,) = Mp4q, which
concludes the induction. Suppose T € B, [H] and A # 0 so that Al — T has a
closed range (Theorem 1.17). If N(AI — T') = {0}, then A\I — T has a bounded
inverse on its range (Theorem 1.2). Since (A —T)~': R(A\ — T) — H is con-
tinuous, \I — T sends closed sets into closed sets. (A map between metric
spaces is continuous if and only if the inverse image of closed sets is closed.)
Hence, since My is closed, another induction ensures that

{ML}52, is a decreasing sequence of subspaces of H.

Now suppose that R(A —T) # H. If M,41 = M,, for some n, then (since
Mo =H #R(M —T) = M) there exists an integer k > 1 such that My =
My, # Mj.—1, which leads to a contradiction, namely, if My, = My, then
(A = T)(My) = My, so that My = (A —T) Y (My) = My_1. Outcome:
M 41 is properly included in M, for each n; that is,

M1 C M, for every n>0.

Hence each M, 41 is a nonzero proper subspace of the Hilbert space M,,.
Then each M, 1 has a nonzero complementary subspace in M,,, namely
M, © My C M,,. Therefore, for each integer n >0 there is an z, € M,,
with ||z, || = 1 such that } < infyea, ., ||zn — ul|. Thus take any pair of in-
tegers 0 < m < n, and set

2=, + A (M =Tz — (M = T)zy)

(recall: X # 0) so that Tx,, — Txp, = Ma — x4,). Since z lies in My, 41,



20 1. Preliminaries
s <Mz = 2 = [|Tzn — T,

and the sequence {T'z,} has no convergent subsequence (every subsequence
of it is not Cauchy). Since {z,} is bounded, it follows that T is not compact
(cf. Proposition 1.S), which is a contradiction. Thus R(A —T) = H. O

Theorem 1.19. If T € B_[H] and A € C\{0} (i.e., if T is compact and X
is nonzero), then dim N (A —T) =dim N (A — T*) < oo.

Proof. Take an arbitrary compact operator T' € B, [H] and any nonzero
scalar A € C. Theorem 1.17 says that R(A —T*) = R(M —T%)~, and so
R —T*) =R(A —T*)~ by Lemma 1.5. Thus (cf. Lemma 1.4),

NI -T)={0} ifandonlyif RN —T%) =H,
N —-T*)={0} ifandonlyif RN —T)=H.
Since T, T* € B_[H] (cf. Proposition 1.W), we get by Theorem 1.18 that
N -T)={0} implies RN —-T)="mH,
NI —T*) = {0} implies R —T*)="H.
Hence, N(AI —T) = {0} if and only if N(AI —T*) = {0}. Equivalently,
dimN(AM —T)=0 ifand only if dimN (A —T7")=0.

Now suppose dimN(A] —T') # 0, and so dim N (A — T*) # 0. Recall that
N(M —T) # {0} is an invariant subspace for T' (Proposition 1.F), and that
Tixor-ry = M in BIN(M —=T)]. If T is compact, then so is T|yxr—1)
(Proposition 1.V). Then A # O is compact on N'(A — T') # {0}, and hence
dim N (A — T') < oo (Proposition 1.Y). Dually, since T* is compact, we get
dim N (AI — T*) < co. Thus there are positive integers m and n such that

dimNA —T)=m and dimNA —-T%)=n.

We show next that m = n. Let {e;}1", and {f;}?_, be orthonormal bases for
the Hilbert spaces N (A —T) and N (AI — T%). Set k = min{m,n} > 1 and
consider the mappings S: H — H and S*:H — H defined by

k

Se=3" (wiedfi amd Sw=3" (r;fie

for every « € H. It is clear that S and S* lie in B[#], and also that S* is the
adjoint of S; that is, (Sx;y) = (z;S*y) for every z,y € H. Actually,

R(S) SV{fiiei SN =T*) and R(S*) CV{e}iny SN(M —T)

so that S and S* in B[H] are finite-rank operators, thus compact (i.e., they
lie in B_[#]), and hence T + S and T* 4+ S* also lie in B__[#] (since this is a
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subspace of B[#]). First suppose that m < n (which implies that k = m). If
z lies in N(AI — (T + 5)), then (Al —T)z = Sz. But R(S) CN(A -T*) =
R(M —T)* (Lemma 1.4), and hence (A —T)z = Sz = 0 (since Sz lies
in R(AI —T)). Then z € N(AM —T) = span{e;}7, so that z = Y_" | ae;
(for some family of scalars {a;},), and therefore 0 = Sz = E;nzl a;Se; =
Yoy > (egie) fi =D, aifi, so that a; = 0 for every i = 1,...,m —
{fi}>, is an orthonormal set, thus linearly independent. That is, x = 0. Then
N — (T + S)) = {0} and so, by Theorem 1.18,

m <n implies R(A — (T +5))="H.
Dually, using exactly the same argument,
n <m implies RN — (T*+5%))="H.

Ifm<mn,thenk=m<m+1<nand fro41 € RN — (T +5)) = H so that
there exists v € H for which (AT — (T + S))v = fm4+1. Hence

L= (fmt1; fmt1) = (M = (T'+ 9))v; frgr)
= ((M =T)v; frmt1) — (Sv; fnt1) =0,
which is a contradiction. Indeed, (M — T)v; fit1) = (Sv; fm+1) = 0 since
fmi1 ENOA —T*) =R —T)*and Sv € R(S) C span{f;}™,. If n <m,
then k=n<n+1<m, and e,y; € R(AI — (T* + 5*)) = H so that there
exists u € H for which (A — (T + S*))u = e,41. Hence

L= (emsnsemin) = (T — (T* + 5%))u; ens)

= (AL =T")usent1) = (S"usenyr) =0,
which is again a contradiction (because e,11 € N\ —T) = R\ —T*)*
and S*u € R(S*) C span{e;} ). Therefore, m = n. O

Together, the results of Theorems 1.17 and 1.19 are referred to as the
Fredholm Alternative, which is stated below.

Corollary 1.20. (FREDHOLM ALTERNATIVE). If T € B_[H] and A € C\{0},
then R(A —T) is closed and dim N (A —T) = dim N (Al — T*) < oo.

1.9 Additional Propositions

Let X be a complex linear space. f: XY xX — C is a sesquilinear form if it is
additive in both arguments, homogeneous in the first argument, and conjugate
homogeneous in the second argument. A Hermitian symmetric sesquilinear
form that induces a positive quadratic form is an inner product.

Proposition 1.A. (PoLARIZATION IDENTITIES). If f: X x X — C is a sesqui-
linear form on a complex linear space X, then, for every x,y € X,
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+iflz+iy,x+iy) —i f(z — iy, — iy)).

If X is a complex inner product space and S,T € B[X], then, for x,y € X,

(a2)  (Sz;Ty) = ;((S(x+y);T(@+y) — (S(@—y);T(x—y))
+i(S(x +iy); T(z +iy)) — i(S(x —iy); T(x — iy))).

(PARALLELOGRAM Law). If X is an inner product space and || - || is the norm
generated by the inner product, then, for every x,y € X,

(b) lz +yl* + llz =yl = 2(/l=]1* + [ly11?)-

Proposition 1.B. A linear manifold of a Banach space is a Banach space if
and only if it is a subspace. A linear transformation is bounded if and only
if it maps bounded sets into bounded sets. If X and ) are monzero mormed
spaces, then B[X, Y] is a Banach space if and only if Y is a Banach space.

Recall that the sum of two subspaces of a Hilbert space may not be a
subspace (i.e., the sum may not be closed if the subspaces are not orthogonal).

Proposition 1.C. If M and N are subspaces of a normed space X, and if
dim N < oo, then the sum M + N is a subspace of X.

Every subspace of a Hilbert has a complementary subspace (e.g., its or-
thogonal complement). However, this is not true for every Banach space.

Proposition 1.D. If M and N are complementary subspaces of a Banach
space X, then the unique projection E: X — X with R(E) = M and N(E) =
N is continuous. Conversely, if E € B[X] is a projection, then R(E) and
N(E) are complementary subspaces of X.

Proposition 1.E. Let X be a normed space. The subspaces N (T') and R(T)~
are invariant for any operator T € B[X]. Take another operator S € B[X]. If
S and T commute, then the subspaces N(S), N(T), R(S)~, and R(T)~ are
invariant for both S and T.

Proposition 1.F. If T is an operator on a normed space, then N'(p(T)) and
R(p(T))~ are T-invariant subspaces for every polynomial p(T) of T — in
particular, N(AI —T) and R(A —T)~ are T-invariant for every X € C.

Proposition 1.G. Let M be a linear manifold of a normed space X, let )
be Banach space, and take T € B[M,))].

(a) There exists a unique extension T € BJM™, V] of T € BIM,Y] over the
closure of M. Moreover ||T|| = ||T|-
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(b) If X is a Hilbert space, then TE € B[X,Y)] is a (bounded linear) extension
of T € B[M,Y)] over the whole space X, where E € B[X] is the orthogonal
projection on the subspace M~ of X so that |[TE| < ||T|.

Proposition 1.H. Let M and N be subspaces of a Hilbert space.
(a) MENNLt=M+N)L
(b) dimN < oo = dim (N & (MNN)) =dim (M+e (M+N)*L).

Proposition 1.1. A subspace M of a Hilbert space H is invariant (or reduc-
ing) for a nonzero T € B[H] if and only if the unique orthogonal projection
E € B[H] with R(E) = M is such that ETE =TE (or TE = ET).

Take T' € B[H] and S € B[K] on Hilbert spaces H and K, and X € B[H, K]
of H into K. If XT = SX, then X intertwines T to S (or T is intertwined to
S through X). If there is an X with dense range intertwining 7" to S, then T
is densely intertwined to S. If X has dense range and is injective, then it is
quastinvertible (or a quasiaffinity). If a quasiinvertible X intertwines T to S,
then T is a quasiaffine transform of S. If T is a quasiaffine transform of S and .S
is a quasiaffine transform of T, then T" and S are quasisimilar. If an invertible
X (with a bounded inverse) intertwines 7' to S (so that X ! intertwines
S to T), then T and S are similar (or equivalent). Unitary equivalence is
the special case of similarity through a (surjective) isometry: operators T'
and S are unitarily equivalent (notation: T2 S) if there exists a unitary
transformation X intertwining them.

A linear manifold (or a subspace) of normed space X is hyperinvariant
for an operator T € B[X] if it is invariant for every operator in B[X] that
commutes with T'. Obviously, hyperinvariant subspaces are invariant.

Proposition 1.J. Similarity preserves invariant subspaces (if two operators
are similar, and if one has a nontrivial invariant subspace, then so has the
other), and quasisimilarity preserves hyperinvariant subspaces (if two oper-
ators are quasisimilar, and if one has a nontrivial hyperinvariant subspace,
then so has the other).

Proposition 1.K. If { Ei} is an orthogonal sequence of orthogonal projections
on a Hilbert space H, then Y ,_, Ex, = E, where E € B[H] is the orthogonal
projection with R(E) = (3 .cn R(Ek)) ™

Proposition 1.L. A bounded linear transformation between Hilbert spaces is
invertible if and only if its adjoint is (i.e., T € G[H,K] < T* e G[K,H]).
Moreover, (T*)~! = (T—1)*.

Proposition 1.M. Every nonnegative operator Q € B[H] on a Hilbert space
H has a unique nonnegative square root Q2 € B[H] (i.e., (Qé )2 = Q), which
commutes with every operator in B[H] that commutes with Q.
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Proposition 1.N. Fvery T € B[H, K] between Hilbert spaces H and K has a
unique polar decomposition T = W|T'|, where W € B[H, K] is a partial isom-
etry (i.e., W|ywnr :N(W)+ = K is an isometry) and |T| = (T*T)>.

Proposition 1.0. Fvery operator T € B[H] on a complex Hilbert space H
has a unique Cartesian decomposition T = A + iB, where A = é(T +T*)
and B = — ; (T —T*) are self-adjoint operators on H. Moreover, T is normal
if and only if A and B commute and, in this case, T*T = A% + B? and
max{||A||, [ B]*} < |T||* < | AlI* + | BJ*.

Proposition 1.P. The restriction T|sm of a hyponormal operator T to an
invariant subspace M is hyponormal. If T|a is normal, then M reduces T.

Proposition 1.Q. The restriction T|ar of a normal operator T to an invari-
ant subspace M is normal if and only if M reduces T.

Proposition 1.R. A transformation U between Hilbert spaces is unitary if
and only if it is an invertible contraction whose inverse also is a contraction
(U]l €1 and |[UTY|| < 1), which happens if and only if ||U|| = U7t = 1.

Proposition 1.S. A linear transformation between normed spaces is compact
if and only if it maps bounded sequences into sequences that have a convergent
subsequence.

Proposition 1.T. A linear transformation of a normed space into a Banach
space is compact if and only if it maps bounded sets into totally bounded sets.

Proposition 1.U. A linear transformation of a Hilbert space into a normed
space is compact if and only if it maps weakly convergent sequences into
strongly convergent sequences.

Proposition 1.V. The restriction of a compact linear transformation to a
linear manifold is again a compact linear transformation.

Proposition 1.W. A linear transformation between Hilbert spaces is compact
if and only if its adjoint is (i.e., T € B [H,K] < T* € B_|K, H]).

Proposition 1.X. A finite-rank (i.e., one with a finite-dimensional range)
bounded linear transformation between normed spaces is compact.

Proposition 1.Y. The identity I on a normed space X is compact if and
only if dim(X) < co. Hence, if T € B, [X] is invertible, then dim(X) < co.

Proposition 1.Z. If a sequence of finite-rank bounded linear transformations
between Banach spaces converges uniformly, then its limit is compact.

Notes: These are standard results that will be required in the sequel. Proofs
can be found in many texts on operator theory (see Suggested Reading). For
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instance, Proposition 1.A can be found in [66, Propositions 5.4 and Problem
5.3], and Proposition 1.B in [66, Propositions 4.7,4.12, 4.15, and Example 4.P].
Proposition 1.C can be found in [27, Proposition I11.4.3] (for a Hilbert space
proof see [50, Problem 13]), and Proposition 1.D in [27, Theorem III.13.2] or
[66, Problem 4.35]. For Propositions 1.E and 1.F see [66, Problems 4.20 and
4.22]. Proposition 1.G(a) is referred to as extension by continuity; see, e.g.,
[66, Theorem 4.35]. It implies Proposition 1.G(b): an orthogonal projection is
continuous, and T = fE|R(E) € B[M~, H] is a restriction of TE € B[X, H] to
R(E) = M~. Proposition 1.H will be needed in Theorem 5.4. For Proposition
1.H(a) see [66, Problems 5.8]. A proof of Proposition 1.H(b) goes as follows.

Proof of Proposition 1.H(b). Since (M NN) L (M+NN), consider the or-
thogonal projection E € B[H] on M1NN (i.e., R(E) = MTNN) along
MNON (e, N(E) = MNN). Let L: N © (MNN) = M+NN be the re-
striction of £ to N'© (M NN). It is clear that L = E|y g (amna is linear, in-
jective (N(L) = {0}), and surjective (R(L) = R(E) = ML N N). Therefore,
N & (MNN) is isomorphic to M+ NN. Since M is closed and A is finite
dimensional, M + N is closed (even if M and N are not orthogonal — cf.
Proposition 1.C). Then (Projection Theorem) H = (M +N)+@ (M +N) and
Mt = (M+N)Lo[MEe(M+N)1], and hence ML 6 (M + N)t coincides
with ML N (M + N) = MENN. Therefore, N'© (M NN) is isomorphic to
ML 6 (M + N)L and so they have the same dimension. O

For Proposition 1.1 see, e.g., [63, Solutions 4.1 and 4.6], and for Proposition 1.J
see, e.g., [62, Corollaries 4.2 and 4.8]. By the way, does quasisimilarity preserve
nontrivial invariant subspaces? (See, e.g., [76, p. 194].) As for Propositions 1.K
and 1.L see [66, Propositions 5.28 and p. 385]). Propositions 1.M, 1.N, and 1.0
are the classical SQUARE RoOT THEOREM, the POLAR DECOMPOSITION THEOREM,
and the CARTESIAN DECOMPOSITION THEOREM (see, e.g., [66, Theorems 5.85
and 5.89, and Problem 5.46]). Propositions 1.P, 1.Q, 1.R can be found in
[66, Problems 6.16 and 6.17, and Theorem 5.73]. Propositions 1.S, 1.T, 1.U,
1.V, 1L.W, 1.X, 1.Y, and 1.Z are all related to compact operators (see, e.g.,
[66, Theorem 4.52(d,e), Problem 4.51, p. 258, Problem 5.41, Proposition 4.50,
Remark to Theorem 4.52, Corollary 4.55]).

Suggested Reading

Akhiezer and Glazman [3, 4] Fillmore [42]

Beals [12] Halmos [47, 48, 50]
Berberian [17, 18] Harte [52]

Brown and Pearcy [21, 22] Istratescu [58]

Conway [27, 28, 29| Kubrusly [62, 63, 66]
Douglas [34] Radjavi and Rosenthal [76]

Dunford and Schwartz [39] Weidmann [89]



2

Spectrum

Let T:D(T) — X be a linear transformation, where X" is a nonzero normed
space and D(T'), the domain of T, is a linear manifold of X. The general
notion of spectrum, which applies to bounded or unbounded transformations,
goes as follows. Let F denote either the real field R or the complex field C,
and let I be the identity on X. The resolvent set p(T) of T is the set of all
scalars A in F for which the linear transformation A\I —T:D(T) — X has a
densely defined continuous inverse. That is,

p(T)={NeF: (\[-T)"'€ B[R(AI —=T),D(T)] and R\ -T) = X}

(see, e.g., [8, Definition 18.2] — there are different definitions of the resol-
vent set for unbounded linear transformations, but they all coincide for the
bounded case). The spectrum o(T') of T is the complement of set p(7T') in F.
We shall however restrict the theory to operators on a complex Banach space
(i.e., to bounded linear transformations of a complex Banach space to itself).

2.1 Basic Spectral Properties

Throughout this chapter T: X — X will be a bounded linear transformation
of X into itself (i.e, an operator on X), so that D(T) = X, where X # {0} is
a complex Banach space. That is, T € B[X], where X is a nonzero complex
Banach space. In such a case (i.e., in the unital complex Banach algebra B[X]),
Theorem 1.2 ensures that the resolvent set p(T') is precisely the set of all
complex numbers A for which \I — T' € B[X] is invertible (i.e., has a bounded
inverse on X'). Therefore (cf. Theorem 1.1),
p(T)={XeC: X[ -T € G[X]}

= {X € C: Al — T has an inverse in B[X]}

={AeC: NAI -T)={0} and R\ -T) =X},
and so

o(T) =C\p(T) = {A € C: \XI — T has no inverse in B[X]}
={AeC: NIAT -T)# {0} or R\l -T) # X}.

C.S. Kubrusly, Spectral Theory of Operators on Hilbert Spaces, 27
DOI 10.1007/978-0-8176-8328-3 2, © Springer Science+Business Media, LLC 2012
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Theorem 2.1. The resolvent set p(T') is nonempty and open, and the spec-
trum o(T') is compact.
Proof. Take any T € B[X]. By the Neumann expansion (Theorem 1.3), if
(IT]| < |Al, then A € p(T). Equivalently, since o(T') = C\p(T),

IA| <||IT|| for every A € o(T).

Thus o(T) is bounded, and therefore p(T") # @.

Claim. If X € p(T), then the open ball Bs(\) with center at A and (positive)
radius 6 = ||(AI —T)~!||~! is included in p(T).

Proof. If X € p(T), then AXI — T € G[X] so that (A —T)~! is nonzero and
bounded, and hence 0 < ||[(A] — T)~}||7! < 0o. Set § = [|[(Al —T)71|| 72, let
Bs(0) be the nonempty open ball of radius ¢ about the origin of the complex
plane C, and take any v in Bs(0). Since |v| < |[(AM — T)71||71, it follows that
lv(M —=T)~Y| < 1. Then [I — v(A —T)~ '€ G[X] by Theorem 1.3, and so
A=) =T =\ —-T)I—-v(\ —T)" ' €G[X]. Thus A — v € p(T) so that

Bs(A) = Bs(0) + A= {r € C: v =v+ Xfor some v € B;(0)} C p(T),

which completes the proof of the claimed result.

Thus p(T) is open (it includes a nonempty open ball centered at each of its
points) and so o(T') is closed. Compact in C means closed and bounded. O

Remark. Since Bs(\) C p(T), it follows that the distance of any A in p(T) to
the spectrum o(T') is greater than J; that is (compare with Proposition 2.E),

A€ p(T) implies ||[((AM —T)7 7! < d(\, o(T)).

The resolvent function Rp: p(T) — G[X] of an operator T € B[X] is the
mapping of the resolvent set p(T) of T into the group G[X] of all invertible
operators from B[X] defined by

Rr(\) = (M —=T)~! for every \ € p(T).
Since Rr(A) — Rr(v) = Rr(A)[Rr(v)™! — Rr(\) "Ry (v), it follows that
Rr(A) — Rr(v) = (v = A)Rr(A)Rr(v)

for every \,v € p(T) (because Rr(v)~t — Rp(A\)~! = (v — A)I). This is the
resolvent identity. Swapping A and v in the resolvent identity, it follows that
Rr (M) and Rp(v) commute for every A\,v € p(T). Also, TRr(\) = Rpr(A\)T
for every A € p(T) (since Rr(A) " Rr(A\) = Rp(A)Rr(A) ™! trivially).

Let A be a nonempty open subset of the complex plane C. Take a func-
tion f: A — C and a point v € A. Suppose there exists a complex number
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f/(v) with the following property. For every £ > 0 there is a 6 > 0 such that
|f(’\))\:£(y) — f'(v)| < e for all X in A for which 0 < |\ — v| < 4. If there exists
such an f’(v) € C, then it is called the derivative of f at v. If f/(v) exists for
every v in A, then f: A — C is analytic (or holomorphic) on A. A function
f:C — C is entire if it is analytic on the whole complex plane C. To prove the
next result we need the LiouviLLE THEOREM, which says that every bounded
entire function is constant.

Theorem 2.2. If X is nonzero, then the spectrum o(T) is nonempty.

Proof. Let T € B[X] be an operator on a nonzero complex Banach space X,
and let B[X]" stand for the dual of B[X]. That is, B[X]" = B[B[X],C] is the
Banach space of all bounded linear functionals on B[X]. Since X # {0}, it
follows that B[X] # {O}, and so B[X]" # {0}, which is a consequence of the
Hahn—Banach Theorem (see, e.g., [66, Corollary 4.64]). Take any nonzero 7 in
B[X]" (i.e., a nonzero bounded linear functional 7: B[X] — C), and consider
the composition of it with the resolvent function, no Ry:p(T) — C. Recall
that p(T') = C\o(T') is nonempty and open in C.

Claim 1. If o(T) is empty, then n o Ry: p(T) — C is bounded.

Proof. The resolvent function Ryp:p(T) — G[X] is continuous (since scalar
multiplication and addition are continuous mappings, and inversion is also a
continuous mapping; see, e.g., [66, Problem 4.48]). Thus ||Rz(-)|: p(T) — R
is continuous. Then sup) <7y [[Rr(A)| < oo if o(T) = @. Indeed, if o(T) is
empty, then p(T) N B)p)[0] = Byp[0] = {\ € C:|A\| < ||T'||} is a compact set
in C, so that the continuous function ||Rr(-)|| attains its maximum on it by
the WEIERSTRASS THEOREM: a continuous real-valued function attains its mazx-
imum and minimum on any compact set in a metric space. On the other hand,
if | 7] < ||, then [[Re(N)|| < (|A| = IT))~* (cf. Remark that follows Theorem
1.3), so that || Rz ()| — 0 as |A| = oo. Thus, since |Rr(-)||: p(T) — R is con-
tinuous, supjpy<x || (A)|| < co. Hence supye, || Br ()| < oo, and so

sup [[(no Rr)(N)[| < [Inf| sup [[Rr(N)| < oo,
Xep(T) Xep(T)

which completes the proof of Claim 1.
Claim 2. no Rp:p(T) — C is analytic.
Proof. If A and v are distinct points in p(T), then
Ryp(X) — Rr(v)
A—v
by the resolvent identity. Set f = no Rp:p(T) — C. Let f":p(T) — C be
defined by f’(\) = —n(Rr(A\)?) for each A € p(T). Therefore,
fA) = flv
P ZIE) )| = [ (Be )~ Re() B2 )

< lnlllBr )[Rz (v) — Rr (M|

+ Rr(v)? = (Rr(v) — Rr(N)) Rr(v)
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so that f: p(T') — C is analytic because Rr: p(T) — G[X] is continuous, which
completes the proof of Claim 2.

Thus, by Claims 1 and 2, if 0(T) = @ (i.e., if p(T) = C), then no Rp:C— C
is a bounded entire function, and so a constant function by the Liouville
Theorem. But (see proof of Claim 1) ||[Rr(M)|| — 0 as |A] = oo, and hence
n(Rr (X)) — 0 as |A| = oo (since 7 is continuous). Then no Ry = 0 for all n
in B[H]" # {0} so that Ry = O (by the Hahn-Banach Theorem). That is,
(M —T)~1= O for A € C, which is a contradiction. Thus o(T) # @. O

Remark. o(T) is compact and nonempty, and so is its boundary do (7). Hence,

90(T) = dp(T) # &.

2.2 A Classical Partition of the Spectrum

The spectrum o (7') of an operator T in B[X] is the set of all scalars A in C
for which the operator AI — T fails to be an invertible element of the algebra
B[X] (i.e., fails to have a bounded inverse on R(AI —T) = X). According to
the nature of such a failure, o(T") can be split into many disjoint parts. A
classical partition comprises three parts. The set op(T") of those A for which
Al — T has no inverse (i.e., such that the operator AT — T is not injective) is
the point spectrum of T,

op(T) ={AeC: N(AI —T) # {0}}.

A scalar A € C is an eigenvalue of T if there exists a nonzero vector z in X
such that Tz = Az. Equivalently, A is an eigenvalue of T if N (A — T') # {0}.
If A € C is an eigenvalue of T, then the nonzero vectors in N(A\I —T) are
the eigenvectors of T', and N'(AI — T)) is the eigenspace (which is a subspace
of X), associated with the eigenvalue \. The multiplicity of an eigenvalue is
the dimension of the respective eigenspace. Thus the point spectrum of T is
precisely the set of all eigenvalues of T. Now consider the set oc(T") of those
A for which AI — T has a densely defined but unbounded inverse on its range,

oo(T) ={AeC: NAI-T) = {0}, RAI-T) =X and R(A\I - T) # X}

(see Theorem 1.3), which is referred to as the continuous spectrum of T. The
residual spectrum of T is the set or(T) of all scalars A such that A\I — T has
an inverse on its range that is not densely defined:

op(T)={AeC: N(A\I -T)={0} and R(A[ —T)" # X}.

The collection {op(T"),0c(T),or(T)} is a partition (i.e., it is a disjoint cov-
ering) of o(T'), which means that they are pairwise disjoint and

o(T)=o0p(T)Uoc(T)Uogr(T).
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The diagram below, borrowed from [62], summarizes such a partition of the
spectrum. The residual spectrum is split into two disjoint parts, og(T) =
or,(T) Uog,(T), and the point spectrum into four disjoint parts, op(T') =
UL, op,(T). We adopt the following abbreviated notation: Ty = A —T,
Ny = N(T), and Ry = R(T»). Recall that if N'(Ty) = {0}, then its linear
inverse Ty Lon R, is continuous if and only if R is closed (Theorem 1.2).

Ry=X Ry# X

Ry=Ry RyFRy Ry#FRy Ry=R,

T e B[R, X] p(T) @ @ or,(T)
Ny ={0}
T ¢ B[R, X] @ oc(T)  ory(T) Iz
oap(T)
Ny #{0} op(T)  opy(T)  opy(T)  opy(T)
N~ ~ -
ocp(T)

Fig. § 2.2. A classical partition of the spectrum

Theorem 2.2 says that o(T) # @, but any of the above disjoint parts of
the spectrum may be empty (Section 2.7). However, if op(T') # &, then a set
of eigenvectors associated with distinct eigenvalues is linearly independent.

Theorem 2.3. Let {\}yer be a family of distinct eigenvalues of T. For
each v € I' let x be an eigenvector associated with A. The set {x}yer is
linearly independent.

Proof. For each v € I take 0 # x, € N (A, I —T) # {0}, and consider the set
{zy}yer (whose existence is ensured by the Axiom of Choice).

Claim. Every finite subset of {x,},er is linearly independent.

Proof. Take an arbitrary finite subset of {x},er, say {x;}]_;. If n =1, then
linear independence is trivial. Suppose {z;}?_; is linearly independent for some
n>1.If {xz}f:f is not linearly independent, then z,41 = >, o;z;, where
the family {c;}? ; of complex numbers has at least one nonzero number. Thus

n n
Ant1Tpy1 = TTpgr = 5 i_laiTxi = E i_lai)\ixi.

If A1 =0, then \; # 0 for every i # n + 1 (because the eigenvalues are dis-
tinet) and Y7, a; Aix; = 0 so that {z;}7, is not linearly independent, which
is a contradiction. If A\, 11 # 0, then x,,41 = Z?:l «; )\;}rl)\ixi, and therefore
S (1 — A1 A)x; = 0 so that {z;}7, is not linearly independent (since
Ai # An1 for every i #n + 1 and a; # 0 for some 4), which is again a contra-
diction. This completes the proof by induction: {xz}';ill is linearly independent.

However, if every finite subset of {x,},er is linearly independent, then so is
the set {x, } er itself (see, e.g., [66, Proposition 2.3]). O
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There are some overlapping parts of the spectrum which are commonly
used. For instance, the compression spectrum ocp(T) and the approxzimate
point spectrum (or approximation spectrum) oap(T'), which are defined by

ocp(T)={A€C: R(A —T) is not dense in X'}
= UPS(T) U 0’p4(T) U UR(T),

oap(T) = {X € C: M —T is not bounded below }
=op(T)Uoc(T)Uog,(T) = o(T)\ogr,(T).

The points of o4p(T) are referred to as the approximate eigenvalues of T

Theorem 2.4. The following assertions are pairwise equivalent.

(a) For every € > 0 there is a unit vector x. in X such that ||(A\[—T)z.|| <e.
(b) There is a sequence {x,} of unit vectors in X such that ||(A —T)x,||—0.
(c) A € oap(T).

Proof. Clearly (a) implies (b). If (b) holds, then there is no constant a > 0
such that a = a||z,|| < (A — T)x,|| for all n. Thus A — T is not bounded
below, and so (b) implies (c). Conversely, if AT — T is not bounded below,
then there is no constant o > 0 such that afz|| < ||(AM —T)z| for all z € X
or, equivalently, for every € > 0 there exists a nonzero y. in X such that
(M = T)yel| < ellyell- Set ze = ||y<||~'ye, and hence (c) implies (a). O

Theorem 2.5. The approzimate point spectrum oap(T) is a nonempty closed
subset of C that includes the boundary 0o (T) of the spectrum o(T).

Proof. Take an arbitrary A in do(T'). Recall that p(T) # @, o(T) is closed
(Theorem 2.1), and do(T') = 9p(T) = p(T)” No(T). Thus A is a point of
adherence of p(T'), and so there exists a sequence {\,,} with each A, in p(T")
such that A\,, — \. Since

M I =T)— (M =T)= (A, = NI
for every n, it follows that A, —T — A — T in B[X].
Claim. sup,, |[(An —T)71|| = <.

Proof. Since each A, lies in p(T) and A € do(T') does not lie in p(T) (because
o(T) is closed), it follows that the sequence {\,I — T'} of operators in G[X]
converges in B[X] to Al =T € B[X|\G[X]. If A\ € op(T), then there exists
x # 0 in X such that, if sup,, [[(An] —T) 71| < oo,
0 # [l = [l = T) (Al = T)a|
< sup |\l = 7)1 Timsup (A — Tz

< sup (Al = T)7H||(AM = T)zll =0,
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which is a contradiction. If A € op(T'), then N(AI — T') = {0}, and hence there
exists the inverse (A — T)~1 on R(A — T') so that, for each n,

Ml =T) ' =M =T)' =N =T) ' [AM-T)— (AT —T)|(M -T)" L

If sup,, |[(An —T)7 | < oo, then (A, —T)~1 — (A —T)~! in B[X], be-
cause (A —T) — (M —T) in B[X], and so (A —T)~! € B[X]. That is,
(M —T) € G[X], which is again a contradiction (since A € o(T)). This com-
pletes the proof of the claimed result.

Since ||[(M —=T)7Y| = sup|y =1 |(And = T) "'y, take a unit vector y, in
X for which [[(A —T)7Y| = L < O =T) tynll < |(And —T)7 Y| for
each n. The above claim ensures that sup,, ||[(AnI — T) "1y, || = oo, and hence
inf, ||(And —T) 'y,||~! = 0, so that there exist subsequences of {)\,} and
{yn}, say {2} and {yx}, for which

IART = T) " el =H = 0.

Set z = ||(Med — T) Yygl| ' (Al — T) " lyr and get a sequence {zx} of unit
vectors in X such that ||[(AI — T)ak| = ||(Ad — T) " tyx||~. Hence

I = T)agl| = [\l = T)ai — (A = Nl < T =) el ™+ 2 = Al

Since A — A, it then follows that ||[(A — T)xk|| — 0, and so A € o4p(T) ac-
cording to Theorem 2.4. Therefore,

80’(T) g O'AP(T).

This inclusion clearly implies that oap(T) # @ (for o(T) is closed and non-
empty). Finally, take an arbitrary A € C\oap(T') so that A — T is bounded
below. Therefore, there exists an « > 0 for which

aflz]| < (M = T)al| < [[(W] = T)al| + [[(A = v)z],

and hence (a — [A —v|)||z|| < ||(wI —T)z||, for all x € X and v € C. Then
vI — T is bounded below for every v such that 0 < a — |\ — v|. Equivalently,
v € C\oap(T)) for every v sufficiently close to A (i.e., if |]A — v| < &). Thus the
nonempty open ball B, () centered at A is included in C\oap(T). Therefore
C\oap(T) is open, and so o4p(T) is closed. O

Remark. oap(T) = o(T)\or,(T) is closed in C and includes do(T") = 9p(T).
So C\ow,(T) = p(T) Uaap(T) = p(T) Udp(T) Uaap(T) = p(T)" Uoap(T)
is closed in C. Outcome:

or,(T) is an open subset of C.

For the remainder of this section we assume that T lies in B[H], where
H is a nonzero complex Hilbert space. This will bring forth some important
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simplifications. A particularly useful instance of such simplifications is the
formula for the residual spectrum in the next theorem. First we need the
following piece of notation. If A is any subset of C, then set

A*:{/\EC: )\GA}
so that A** = A, (C\A)* = C\A* and (A; UA,)* = AT U AS.
Theorem 2.6. If T* € B[H] is the adjoint of T € B[H], then
p(T)=p(T*)",  o(T)=0o(T")", oc(T)=0c(T")",
and the residual spectrum of T is given by the formula
or(T) = op(T*) \op(T).
As for the subparts of the point and residual spectra,
op, (T) = JRI(T*)*7 JPz(T) = URz(T*)*7
UPS(T) = UPs(T*)*7 UP4(T) = UP4(T*)*'
For the compression and approximate point spectra we get
oop(T) =op(T")",  oap(T")" = o(T)\op,(T),
9o(T) € oap(T) Noap(T")" = o(T)\(op(T) U or,(T)).
Proof. Since S € G[H] if and only if S* € G[H], we get p(T) = p(T*)*. Hence
o(T)* = (C\p(T))* = C\p(T*) = o(T*). Recall that R(S)™ = R(S) if and
only if R(S*)™ = R(S*), and N(S) = {0} if and only if R(S*)*+ = {0} (cf.
Lemmas 1.4 and 1.5), which means that R(S*)~ = H. Thus op,(T") = or,(T™)",

JPz(T) = URz(T*)*7 JPa(T) = 0P3(T*)*v and 0P4(T) = JP4(T*)*' Applying the
same argument, oc(T) = oc(T*)* and ocp(T) = op(T*)*. Hence,

or(T) = ocp(T)\op(T) implies or(T) = op(T*) \op(T).

Moreover, by using the above properties and the definition of cap(T*) =
op(T*)Uoc(T*) U or,(T*) = ocp(T)* Uoc(T)* Uop,(T)*, we get

oap(T*)" = ocp(T)Uoc(T) Uop,(T) = o(T)\op,(T).
Therefore, cap(T*)* Noap(T) = o(T)\(op,(T) U or,(T)). But o(T) is closed
and og,(T) is open (and so is op(T) = og,(T*)*) in C. This implies that
op,(T)Uogr,(T) C o(T)°, where o(T)° denotes the interior of o(7T), and
9o(T) C o(T)\(op,(T) U or,(T)). 0

Remark. We have just shown that

op,(T) is an open subset of C.
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2.3 Spectral Mapping

Spectral Mapping Theorems are pivotal results in spectral theory. Here we
focus on the important particular case for polynomials. Further versions will
be considered in Chapter 4. Let p:C — C be a polynomial with complex
coefficients, take any subset A of C, and consider its image under p, viz.,

p(A) = {p(A) € C: e A}.

Theorem 2.7. (SPECTRAL MAPPING THEOREM FOR PorLyNomiaLs). Take an
operator T € B[X] on a complex Banach space X. If p is any polynomial
with complex coefficients, then

Proof. To avoid trivialities, let p: C — C be an arbitrary nonconstant polyno-
mial with complex coefficients,

L N\ - S
p(A) Zi:oaz)\ ,  withn>1and a,, # 0,
for every A € C. Take an arbitrary v € C and consider the factorization

v—p) =BT =),

i

with 8, = —1"Tla,, where {)\;}?_; are the roots of v — p()\), so that

vl —p(T)=vI - ijoaiTi = Banzl()\iI -T).

i

If \; €p(T) for every i =1,...,n, then B, [[_;(MI —T) € G[X] so that
v € p(p(T)). Thus if v € o(p(T)), then there exists A\; € o(T') for some j =
1,...,n. However, \; is a root of v — p(\), that is,

n

v=p)=Ba]]_ (N =) =0,
and so p(\;) = v. Hence, if v € o(p(T)), then
v=p(}) € {p(A) € C: A € o(T)} = p(o(T))
because A; € o(T), and therefore
a(p(T)) € p(a(T)).

Conversely, if v € p(a(T)) = {p(A) € C: A € o(T)}, then v = p(\) for some
A € o(T). Thus v — p(A) = 0 so that A = A, for some j =1,...,n, and hence
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vl —p(T) = 6nHj=1(/\iI ~T)
= =DBJT =D =8J] W -T)(NT-T)

since (A;I —T) commutes with (NI —T) for every i. If v € p(p(T")), then
(vI —p(T)) € G[X] so that

NI=1) (BT, I = D) (vI =p(1) )
= WI—p(T)(wI-p(T))' =1= (vI—-p(T))*(vI-p(T))

= (01 =p@) BT, (NI = 1)) (I = T).

Then (A\;I —T) has a right and a left inverse (i.e., it is invertible), and so
(MI—T) € G[X] by Theorem 1.1. Hence, A = A\; € p(T'), which contradicts
the fact that A € o(T'). Conclusion: if v € p(o(T)), then v ¢ p(p(T)), that is,
v e o(p(T)). Thus

p(o(T)) € o(p(T)). 0

In particular,
o(T™)=0o(T)" for every n>0,
that is, v € o(T)* = {A\" € C: A € o(T)} if and only if v € o(T™), and

o(aT) = ao(T) for every a € C,

thatis, v € ao(T) = {aX € C: A € o(T)}ifand only if v € o(aT). Also notice
(even though this is not a particular case of the Spectral Mapping Theorem
for polynomials) that if T' € G[X], then

o(T™) = o(T) 7,

which means that v € o(T)™! = {A"teC: 0#\Xeo(T)} if and only
if v€o(T™!). Indeed, if T € G[X] (so that 0 € p(T)) and if v # 0, then
T Y= —T) = vI — T~ Thus v=1€ p(T) if and only if v € p(T1).
Also note that if T' € B[H], then

o(T*) =o(T)"
by Theorem 2.6, where H is a complex Hilbert space.

The next result is an extension of the Spectral Mapping Theorem for
polynomials which holds for normal operators in a Hilbert space H. If Ay
and Ag are arbitrary subsets of C and p: CxC — C is any polynomial in two
variables (with complex coeflicients), then set
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p(A1, A2) = {p(A1,X2) € C: Ay € Ay, Xy € Ao}
in particular, with A* = {A € C: X € A},
p(A,A4%) = {p(\,\) € C: X e A}.

Theorem 2.8. (SPECTRAL MAPPING THEOREM FOR NORMAL OPERATORS). If
T € B[H] is normal and p(-,-) is a polynomial in two variables, then

o(p(T,T%)) = p(o(T),a(T*)) = {p(A,\) € C: A€ o(T)}.

Proof. Take any normal operator T' € B[H]. If p(A\, A) = 220" a5 A\ then
set p(T,T*) = > " im0 i ;T'T* = p(T%T). Let P(T,T*) be the collection of
all those polynomials p(T,T*), which is a commutative subalgebra of B[H]
since T' commutes with T Consider the collection T of all commutative sub-
algebras of B[H] containing T' and T which is partially ordered (in the inclu-
sion ordering) and nonempty (e.g., P(T,T*) € T). Moreover, every chain in
T has an upper bound in 7 (the union of all subalgebras in a given chain of
subalgebras in T is again a subalgebra in 7). Thus Zorn’s Lemma says that
T has a maximal element, say A(T"). Outcome: If T is normal, then there is
a maximal (thus closed) commutative subalgebra A(T') of B[H] containing T'
and T Since P(T,T*) C A(T') € T, and every p(T,T*) € P(T,T*) is normal,
A(p(T,T*)) = A(T) for every nonconstant p(T', T*). Furthermore,

(p(T,T*)) = p(&(T),d(T*))
for every homomorphism @ : A(T) — C. Thus, by Proposition 2.Q(b),
= {p(®(T),8(T*)) € C: & € A(T)}.

Take a surjective homomorphism @: A(T') — C (i.e., take any ¢ € ./zl\(T)) Con-
sider the Cartesian decomposition T = A + iB, where A, B € B[H] are self-
adjoint, and so T* = A — iB (Proposition 1.0). Thus &(T) = $(A) + iP(B)
and &(T*) = B(A) — i®(B). Since A = L (T +T*) and B = — (T — T*) lie in
P(T,T*), we get A(A) = A(B) = A(T). Moreover, since they are self-adjoint,
{P(A) eC: & € A(T)} =0o(A) CR and {#(B) € C: & € A(T)} =o(B) CR
(Propositions 2.A and 2.Q(b)), and so $(A) € R and $(B) € R. Hence
S(T*) = (7).

Therefore, since o(T*) = o(T)* for every T € B[H] by Theorem 2.6, and
according to Proposition 2.Q(b),
= {p(&(T),8(T)) € C: & € A(T)}
:{p MA) EC: Ae {H(T)eC: de AT)}}
={p(A\\) €C: e o(T)}
=p(a(T),a(T)*) = plo(T),o(T")). 0
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2.4 Spectral Radius

The spectral radius of an operator T € B[X] on a nonzero complex Banach
space X is the nonnegative number
-(T) = sup |A] = max ||
A€o (T) A€o (T)

The first identity in the above expression defines the spectral radius r,(T),
and the second one is a consequence of the Weierstrass Theorem (cf. proof of
Theorem 2.2) since o(T") # @ is compact in C and the function | |:C — R is
continuous. A straightforward consequence of the Spectral Mapping Theorem
for polynomials reads as follows.

Corollary 2.9. 17,(T") =1,(T)" for every n>0.

Proof. Take an arbitrary nonnegative integer n. Theorem 2.7 ensures that
o(T™) = o(T)™. Hence v € o(T") if and only if v = A" for some A € o(T),
and S0 Sup, ¢, (rn) V| = SUp e () A" = SUP e () A" = (sup)\Ea(T)|)\|)". O

If A€ o(T), then |A| <||T||. This follows by the Neumann expansion of
Theorem 1.3 (cf. proof of Theorem 2.1). Thus r,(T") < ||T||. Therefore, for
every operator T' € B[X], and for each nonnegative integer n,

0 <7 (T") = 1o (T)" < [T < 7"

Thus r,(T) < 1if T is power bounded (i.e., if sup,, |T™|| < o). Indeed, in this

case, 7,(T)" = 1,(T™) < sup,, ||T*|| and lim, (supy |T%])» = 1, and so

sup ||[T"|| < oo implies 7,(T) < 1.
n

Remark. If T is a nilpotent operator (i.e., if T™ = O for some n >1), then
7.(T) =0, and so o(T) = op(T) = {0} (cf. Proposition 2.J). An operator
T € B[X] is quasinilpotent if r,(T") = 0 (i.e., if o(T) = {0}). Thus every
nilpotent is quasinilpotent. Since op(T) may be empty for a quasinilpotent
operator (cf. Proposition 2.N), these classes are related by proper inclusion:

Nilpotent C Quasinilpotent.

The next result is the well-known Gelfand—Beurling formula for the spec-
tral radius. Its proof requires another piece of elementary complex analysis,
viz., every analytic function has a power series representation. That is, if
f: A — C is analytic, and if B, g(v) = {A € C: 0<a < |X—v| <} lies in
the open set A C C, then f has a unique Laurent expansion about the point
v, namely, f(A) =Y 72 vk(A—v)¥ for every A € By g(v).

Theorem 2.10. (GELFAND-BEURLING FORMULA).

1
n

7,(T) = liTan |
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Proof. Since 7, (T)" <
of the sequence {||T"

T"|| for every positive integer n, and since the limit
1 .
»} exists by Lemma 1.10, we get

1
n,

7,(T) < lim [|T™

For the reverse inequality, proceed as follows. Consider the Neumann expan-
sion (Theorem 1.3) for the resolvent function Rr: p(T) — G[X],

_ 1 _ =1\ qky—k
Rr(N) =\ -T)"1 =2 ZkZOT)\

for every A € p(T) such that ||T|| < |A|, where the above series converges in
the (uniform) topology of B[X]. Take an arbitrary bounded linear functional
n: B[X] — C in B[X]" (cf. proof of Theorem 2.2). Since 7 is continuous,

MRr() =AY (T
for every A € p(T') such that | T| < ||

Claim. The above displayed identity holds whenever 7, (T") < |A].

Proof. \™1 302 n(T*)A~F is a Laurent expansion of n(Rr (X)) about the ori-
gin for every A € p(T) such that |T|| < |A|. But no Ry is analytic on p(T)
(cf. Claim 2 in Theorem 2.2) so that n(Rr()\)) has a unique Laurent ex-
pansion about the origin for every A € p(T), and hence for every A € C such
that 7,(T) < |A|. Then n(Rr (X)) = A~ S °72  n(T¥)A~F, which holds when-
ever 7,(T) < ||T|| < |A|, must be the Laurent expansion about the origin for
every A € C such that r,(T") < |A|, thus proving the claimed result.

Hence, if 7,(T) < |A|, then the series of complex numbers > po  n(T*)A=*
converges, and so n((A™'T)*) = n(T*)A\~* — 0, for every 7, in the dual space
B[X]" of B[X]. This means that the B[X]-valued sequence {(A\~17)*} con-
verges weakly. Then it is bounded (in the uniform topology of B[X] as a
consequence of the Banach—Steinhaus Theorem). That is, the operator A~!'T
is power bounded. Thus |A|~"||T™|| < supy, [|[(A\~1T)*|| < oo, so that

— 1 —
AT < (Sl;pl\(/\ ¥,

for every n. Therefore, |A|=*lim, [|[T"||» <1, and so lim, |T™|~ < |A| for
every A € C such that 7, (T) < |A|. That is, lim,, |77 » < r,(T) + ¢ for every
e > 0. Outcome:

lim |77 » < 7, (T). 0

What Theorem 2.10 says is that 1, (T") = r(T'), where 7, (T) is the spectral
radius of T and r(T') is the limit of the sequence {||T"|»} (whose existence
was proved in Lemma 1.10). We shall then adopt one and the same notation
(the simplest, of course) for both of them. Thus, from now on, we write
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1
n

r(T) = sup |A\ = max [\ = lim||T"
Xeo(T) Aeo(T) n

A normaloid was defined in Section 1.6 as an operator T' for which »(T') = || T||.
Since 1, (T') = r(T), it follows that a normaloid operator acting on a complex
Banach space is precisely an operator whose norm coincides with the spectral
radius. Moreover, since on a complex Hilbert space H every normal operator
is normaloid, and so is every nonnegative operator, and since T*T is always
nonnegative, it follows that, for every T' € B[H],

F(T*T) = r(TT*) = |T*T|| = | TT*|| = |T|}2 = |T* %
Further useful properties of the spectral radius follow from Theorem 2.10:
r(aT) = |a|r(T) for every a € C
and, if H is a complex Hilbert space and T € B[H], then
r(T*) =r(T).

An important application of the Gelfand—Beurling formula is the charac-
terization of uniform stability in terms of the spectral radius. An operator T
in B[X] is uniformly stable if the power sequence {T™} converges uniformly
to the null operator (i.e., if | 7| — 0). Notation: T™ = O.

Corollary 2.11. If T € B[X] is an operator on a complex Banach space X,
then the following assertions are pairwise equivalent.

(a) T" - O.
(b) »(T) < 1.
(c) IT™|| < Ba™ for every n>0, for some > 1 and some a € (0,1).

Proof. Since r(T)" = r(T™) < ||T"|| for each n >1, it follows that ||T"| — 0
implies 7(T") < 1. Now suppose 7(T") < 1 and take any « in (r(T),1). Since
7(T) = lim,, |T"||» (Gelfand-Beurling formula), there is an integer n, > 1
such that | T"|| < a” for every n > ng. Thus ||T"]] < Sa™ for every n > 0 with
B = max g<n<n, ||[T"]|a~ ™, which clearly implies ||T"| — 0. O

An operator T € B[H] on a complex Hilbert space H is strongly stable or
weakly stable if the power sequence {T™} converges strongly or weakly to the
null operator (i.e., if |T"z| — 0 for every x in H, or (T™z;y) — 0 for every
z and y in H — equivalently, (T"z;z) — 0 for every = in H — cf. Section
1.1). These are denoted by T™ —=+ O and T™ - O, respectively. Therefore,

from what we have considered so far,
u

r(I<1l <— T"— 0 =

"0 = T"*% 0 = sw|T"| <0 = r(T)<1.
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The converses to the above one-way implications fail in general. The next
result applies the preceding characterization of uniform stability to extend
the Neumann expansion of Theorem 1.3.

Corollary 2.12. Let T € B[X] be an operator on a complex Banach space,
and let A € C be any nonzero complex number.

(a) r(T) < |A| if and only if {>"}_, (z)k} converges uniformly. In this case we

get A€ p(T) and Ry(A) = (M = T)~* = {532 (F)* where 332, (5)*
denotes the uniform limit of {ZZ:O ( ) }

(b) If v(T) = |\ and {Z: o (3)¥} converges strongly, then X € p(T) and
Rr(A) =M =T)7 = 3000 (3)F where Y77 (X)* denotes the strong

limit of {373_o (3)"}-
(c) If |A| < 7(T), then {3 )_, (f)k} does mot converge strongly.

Proof. It {3, (})¥} converges uniformly, then ()" % O, and therefore
A7t (T) = r(%) <1 by Corollary 2.11. On the other hand, if (T) < ||
then A € p(T) so that Al — T € G[X], and also r(}) = |A|7*#(T) < 1. Hence,
||(§)"|| < Ba™ for every n >0, for some 5 > 1 and a € (0,1), according to
Corollary 2.11, and so >_p= ||(%)¥]| < oo, which means that {(%)"} is an
absolutely summable sequence in B[X]. Now follow the steps in the proof of
Theorem 1.3 to conclude the results in (a). If {3 (f)k} converges strongly,
then (f)"x — 0 in & for every x € X so that sup,, || (f)an < oo for every
r € X, and hence sup,, ||(§)n|| < oo (by the Banach—Steinhaus Theorem).
Thus [A|7*#(T) = r(}) < 1, which proves (c). Moreover,

A=) (D) =1 (D - =1 ()" 1
Therefore, (A —T)~'= 1 322 (%)* where 377 (1)* € B[X] is the strong
limit of {3°_, (% )*}, which concludes the proof of (b). O

2.5 Numerical Radius

The numerical range W (T') of an operator T' € B[H] acting on a nonzero
complex Hilbert space H is the (nonempty) set consisting of the inner products
(Tx; x) for unit vectors & € H; that is,

W(T)={AeC: A= (Ta;z) for some |z| =1}.

It can be shown that W (T') is a convex set in C (see, e.g., [50, Problem 210]),
and it is clear that
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Theorem 2.13. op(T)Uor(T) CW(T) and o(T) CW(T)".

Proof. Take any operator T € B[H] on a nonzero complex Hilbert space H.
If A € op(T), then there is a unit vector € H such that Te = Az. Hence
(Tz;z) = M|z||> = X so that A € W(T). If X\ € og(T), then X € op(T*) by
Theorem 2.6, and so A € W(T™*). Thus A € W(T). Therefore,

op(T)Uor(T) CW(T).

If X € 0ap(T), then there is a sequence {x,} of unit vectors in H such that
[[(AI = T)xy,|| = 0 by Theorem 2.4. Hence

0 < A= (Tan;zn)| = [((A = T)an;20)| <M = T)anll =0

so that (Tx,, x,) — . Since each (T'x,, ; z,) lies in W(T'), the classical Closed
Set Theorem says that A € W(T')~. Thus cap(T) C W(T')~, and so

o(T) =or(T)Uoap(T) CW(T)". O

The numerical radius of an operator T € B[H] on a nonzero complex
Hilbert space H is the nonnegative number

w(T) = sup Al = sup |[(Ta;a)l.
AEW(T) [lz||=1

It is readily verified that
w(T*) =w(T) and w(T*T) = ||T|>

Unlike the spectral radius, the numerical radius is a norm on B[#]. That is,
0 <w(T) for every T € B[H] and 0 < w(T) if T # O, w(aT) = |a|jw(T), and
w(T + 5) < w(T) 4+ w(S) for every a € C and every S, T € B[H]. However, the
numerical radius does not have the operator norm property in the sense that
the inequality w(ST) < w(S)w(T) is not true for all operators S,T € B[H].
Nevertheless, the power inequality holds: w(T™) < w(T)™ for all T € B[H] and
every positive integer n (see, e.g., [50, p. 118 and Problem 221]). Moreover,
the numerical radius is a norm equivalent to the (induced uniform) operator
norm of B[H] and dominates the spectral radius, as in the next theorem.

Theorem 2.14. 0 <7(T) <w(T) < ||T| < 2w(T).

Proof. Take any T € B[H]. Since o(T) C W(T)~, we get r(T) <w(T). More-
over, w(T') = sup|, =1 [(Tz;x)| < sup) =1 [|Tz[| = [|T||. Now recall that, by
the polarization identity (cf. Proposition 1.A),

(Tz;y) = (T(x+y);@+y) — (T(x—y);(z—y))
+ i(T(z +iy); (x + iy)) — i(T(x — iy) ; (x — iy)))
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for every z,y in H. Therefore, since [(T'z;2)| < supj, =1 [(Tu;u)l|z||* =
w(T)||2||? for every z € H, it follows that, for every z,y € H,

KT +y) ;@ +y)+ (T —y); (x—y))l
+ [(T(z +iy) ; (x +iy))| + (T(x — iy); (z — iy))])
< qw(T)(lz+yl? + llz =yl + llz + iyll* + ||z — iy]?).

So it follows by the parallelogram law (cf. Proposition 1.A) that
(Tz;y)] < w(@)(l]* + lyl*) < 2w(T)

whenever ||z|| = [[y|| = 1. Thus, since ||T'|| = sup| | =yj=1 {Tz; )| (see, e.g.,
[66, Corollary 5.71]), it follows that ||| < 2w(T). O

An operator T € B[H] is spectraloid if (T') = w(T). Recall that an oper-
ator is normaloid if r(T') = ||T|| or, equivalently, if | T"| = ||T||™ for every
n>1 (see Theorem 1.11). The next result is a straightforward application of
the previous theorem.

Corollary 2.15. Fvery normaloid operator is spectraloid.

Indeed, r(T) = ||T|| implies r(T) = w(T), but »(T) = ||T| also implies
w(T) = ||T|| (according to Theorem 2.14). Thus w(T') = ||T|| is a property
of every normaloid operator on H. Actually, this can be viewed as a third
definition of a normaloid operator on a complex Hilbert space.

Theorem 2.16. T € B[H] is normaloid if and only if w(T) = ||T|.

Proof. Half of the proof was presented above. It remains to prove that
w(T) = |T|| implies r(T)=|T].

Suppose w(T') = ||T|| (and T # O to avoid trivialities). Recall that W (T)~
is compact in C (for W(T) is clearly bounded). Thus maxcy ()~ [A| =
Suprew ()~ 1Al = suprew(r) [Al = w(T) = ||T']|, and therefore there exists
A € W(T)~ such that A = ||T||. Since W (T) is nonempty, A is a point of ad-
herence of W(T'), and so there is a sequence {\,} with each A,, in W (T') such
that A,, — A. This means that there is a sequence {z,} of unit vectors in H
(i.e., [|[zn]| = 1) such that A\, = (T'zy ;zn) — A, where || = ||T'|| # 0. Hence,
if S =A"1'T € B[H], then
(Sp ;xn) — 1.

Claim. ||Szp| — 1 and Re(Sz, ;z,) — 1.

Proof. [(Szp;xn)| < ||Szn| < ||S]| =1 for each n. But (Sx,, ;z,) — 1 implies
[(Szp ;zn)| — 1 (and so || Sz, || — 1) and also Re (S, ; 2,,) — 1 (since | - | and
Re(+) are continuous functions), which concludes the proof.
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Then ||(I — S)xn||? = [|Szn — 20 ||? = ||Sznl|? — 2Re(Sxpn ; 70n) + ||20]|* = 00
that 1 € o4p(S) C o(S) (cf. Theorem 2.4). Hence r(S) > 1, and so r(T) =
r(AS) = |Al7(S) > |A| = ||T||, which implies that r(T) = ||T|| (because
r(T) < ||T|| for every operator T'). O

Remark. If T € B[H] is spectraloid and quasinilpotent, then T = O. In fact,
it w(T) =0, then T'= O (since the numerical radius is a norm — also see
Theorem 2.14); in particular, if w(T") = 7(T) = 0, then T' = O. Therefore, the
unique normal (or hyponormal, or normaloid, or spectraloid) quasinilpotent
operator is the null operator.

Corollary 2.17. If there exists A € W(T') such that |\ = ||T||, then T is
normaloid and X\ € op(T). In other words, if there exists a unit vector x such
that || T|| = |{Tx;x)|, then r(T) = w(T) = ||T| and (Tz;z) € op(T).

Proof. It A\ € W(T) is such that |A| = ||T|, then w(T") = ||T'|| (Theorem 2.14)
so that T' is normaloid (Theorem 2.16). Moreover, since A = (T'x ; z) for some
unit vector z, it follows that |T|| = A = [(Tz;z)| < [|Tz|||z|| < ||T],
and hence [(T'z;z)| = ||T| ||z|]. That is, the Schwarz inequality becomes an
identity, which implies that Tz = az for some « € C (see, e.g., [66, Problem
5.2]). Thus a € op(T). But a = a||z||? = (az;z) = (Tz;2) = A O

2.6 Spectrum of Compact Operators

The spectral theory of compact operators plays a central role in the Spectral
Theorem for compact normal operators of the next chapter. Normal operators
were defined on Hilbert spaces; thus we keep on working with compact opera-
tors on Hilbert spaces, as we did in Section 1.8, although the spectral theory
of compact operators can be equally developed on nonzero complex Banach
spaces. So we assume that all operators in this section act on a nonzero com-
plex Hilbert space H. The main result for characterizing the spectrum of
compact operators is the Fredholm Alternative of Corollary 1.20, which can
be restated as follows.

Theorem 2.18. (FREDHOLM ALTERNATIVE). Take T € B_[H]. If A € C\{0},
then A € p(T) U op(T). Equivalently,

o(T)\{0} = op(T)\{0}.

Moreover, if A € C\{0}, then dim N (A — T) = dim N (A — T*) < oo so that
X € p(T)Uop,(T). Equivalently,

a(T)\{0} = or,(T)\{0}.

Proof. Take a compact operator T on a Hilbert space ‘H and a nonzero scalar
Ain C. Corollary 1.20 and the diagram of Section 2.2 ensure that
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A € p(T) Uap,(T) U og,(T) Uop,(T).

Also by Corollary 1.20, N(AI —T') = {0} if and only if N(AI — T*) = {0}, so
that A € op(T) if and only if A € op(T™*). Thus, A &€ op,(T) U or,(T) by The-
orem 2.6, so that A € p(T) U op,(T) or, equivalently, A € p(T) U op(T) (since
A& op(T)Uop,(T)Uop,(T)). Therefore,

a(T)\{0} = op(T)\{0} = or,(T)\{0}. 0

The scalar 0 may be anywhere. That is, if T € B, [H], then A = 0 may lie
in op(T), or(T), oc(T), or p(T). However, if T is a compact operator on a
nonzero space H and 0 € p(T'), then H must be finite dimensional. Indeed,
if 0 € p(T), then T—! € B[H] so that I = T~'T is compact (since B, [H] is
an ideal of B[#]), which implies that 7 is finite dimensional (cf. Proposition
1.Y). The preceding theorem in fact is a rewriting of the Fredholm Alternative
(and it is also referred to as the Fredholm Alternative). It will be applied
often from now on. Here is a first application. Let B,[H] denote the class of
all finite-rank operators on H (i.e., the class of all operators from B[H] with
a finite-dimensional range). Recall that By[H] C B, [#] (finite-rank operators
are compact — cf. Proposition 1.X). Let #A denote the cardinality of a set
A, so that #A < co means “A is a finite set”.

Corollary 2.19. If T' € B,[H], then
o(T)=0p(T)=0p,(T) and H#o(T) < 0.

Proof. If dim H < oo, then an injective operator is surjective, and linear mani-
folds are closed (see, e.g., [66, Problem 2.18 and Corollary 4.29]), and so the di-
agram of Section 2.2 says that o(T') = op(T") = op,(T) (for op,(T) = or,(T™)*
according to Theorem 2.6). On the other hand, suppose dimH = co. Since
By[H] C B, [H], Theorem 2.18 says that

o(T)\{0} = o (T)\{0} = or,(T)\{0}.

Since dim R(T') < oo and dim H = oo, it follows that R(T")~ = R(T) # H and
N(T) # {0} (because dim N (T') + dim R(T") = dim H; see, e.g., [66, Problem
2.17]). Then 0 € op,(T) (cf. diagram of Section 2.2), and therefore

O'(T) = UP(T) = 0’p4(T).

If op(T) is infinite, then there exists an infinite set of linearly independent
eigenvectors of T' (Theorem 2.3). Since every eigenvector of T' lies in R(T),
this implies that dim R(T') = oo (because every linearly independent subset
of a linear space is included in some Hamel bases — see, e.g., [66, Theorem
2.5]), which is a contradiction. Conclusion: op(7") must be finite. O

In particular, the above result clearly holds if H is finite dimensional since,
as we saw above, dimH < oo implies B[H] = By[H].
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Corollary 2.20. Take an arbitrary compact operator T € B, [H].
(a) 0 is the only possible accumulation point of o(T).

(b) If A € a(T)\{0}, then X is an isolated point of o(T).

(¢) o(T)\{0} is a discrete subset of C.

(d) o(T) is countable.

Proof. Let T be a compact operator on H.
Claim. An infinite sequence of distinct points of o(T") converges to zero.

Proof. Let {\,}22, be an infinite sequence of distinct points of o(T"). Without
loss of generality, suppose that every A, is nonzero. Since T is compact and
0# X\, € o(T), it follows by Theorem 2.18 that A, € op(T). Let {z,}52; be
a sequence of eigenvectors associated with {A\,}52, (i.e., Tz, = Apx, with
each x,, # 0), which is a sequence of linearly independent vectors by Theorem
2.3. For each n>1, set

M,, = span{x;}1,

which is a subspace of H with dim M,, = n, and

M, C Mn+1

for every n>1 (because {z; ?:11 is linearly independent and so z,.1 lies

in M, +1\M,,). From now on the argument is similar to that in the proof
of Theorem 1.18. Since each M,, is a proper subspace of the Hilbert space
M 41, it follows that there exists yp41 in My41 with ||yn41]] = 1 for which
Ynt1 — ul|. Write yp41 = Z?;ll a;x; in My, 41 so that

é < inquMn

n+1 n
(An41l = T)yn+1 :Zizlai(/\n+1 — Ai); :Zizlai()\n+l — Az € My,

Recall that A, #0 for all n, take any pair of integers 1 <m <n, and set
Y =Ym — A0 Ad = T)ym + A Al = Ty
so that T\ ym) — T (A, Yyn) = ¥ — yn. Since y lies in M,,_1,
5 <y =vall = 17O ym) = TOZ )l

which implies that the sequence {T'(\,,;'y,)} has no convergent subsequence.
Thus, since T is compact, Proposition 1.S ensures that {\,'y,} has no
bounded subsequence. That is, sup, |\x|™* = supy |[A\; 'yx|| = oo, and so
infy, [Ax| = O for every subsequence {\;}72; of {A,}72 . Thus A, — 0, which
concludes the proof of the claimed result.

(a) Thus, if A # 0, then there is no sequence of distinct points in o(T) that
converges to A; that is, A # 0 is not an accumulation point of o (7).
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(b) Therefore, every A in o(T)\{0} is not an accumulation point of o(T);
equivalently, every A in o(7")\{0} is an isolated point of o(T).

(¢) Hence o(T)\{0} consists entirely of isolated points, which means that
o(T)\{0} is a discrete subset of C.

(d) Since a discrete subset of a separable metric space is countable (see, e.g.,
[66, Example 3.Q)]), and since C is separable, o(7')\{0} is countable. O

Corollary 2.21. If an operator T € B[H] is compact and normaloid, then
op(T) # @ and there exists A € op(T) such that |A\| = ||T.

Proof. Suppose T' is normaloid (i.e., r(T') = ||T]|). Thus ¢(T) = {0} only if
T=0.1fT =0 and H # {0}, then 0 € 0p(T) and ||T|| = 0. If T # O, then
o(T) # {0} and ||T|| = r(T) = maxyeq(r) ||, so that there exists A # 0 in
o(T) such that |A| = ||T||. Moreover, if T is compact and o(T") # {0}, then
@ # o(T)\{0} € op(T) by Theorem 2.18. Hence 7(T') = maxye, (1) |A| =
maXxeop () |[A| = [|T|. Thus there exists A € op(T') such that [\ = ||T'[|. O

Corollary 2.22. Fvery compact hyponormal operator is normal.

Proof. Suppose T € B[H] is a compact hyponormal operator on a nonzero
complex Hilbert space H. Corollary 2.21 says that op(T') # @. Consider the
subspace M = (Z)\EUP(T) N(M —T))~ of Theorem 1.16 with {\,}yer =
op(T). Observe that op(T|pr) = @. Indeed, if there is a A € op(T|pq1),
then there exists 0# z € M+ such that \z = T|yuz = Tz, and so
x € N(AI —T) C M, which is a contradiction. Moreover, recall that T'| .
is compact and hyponormal (Propositions 1.0 and 1.U). Thus, if M+ # {0},
then Corollary 2.21 says that op(T|yr) # @, which is another contradic-
tion. Therefore, M+ = {0} so that M =H (see Section 1.3), and hence
T = T|y = T|am is normal according to Theorem 1.16. O

2.7 Additional Propositions

Proposition 2.A. Let H # {0} be a complex Hilbert space and let T denote
the unit circle about the origin of the complex plane.

(a) If H € B[H] is hyponormal, then op(H)* Cop(H™*) and op(H*) = @.
(b) If N € B[H] is normal, then op(N*) = op(N)* and og(N) = @.

(c) If U € B[H] is unitary, then o(U) C T.

(d) If A € B[H] is self-adjoint, then o(A) C R.

(e) If Q € B[H] is nonnegative, then o(Q) C [0, 00).

(f) If R e B[H] is strictly positive, then o(R) C [a, 00) for some o > 0.
() If E € B[H] is a nontrivial projection, then o(F) = op(F) ={0,1}.
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Proposition 2.B. Similarity preserves the spectrum and its parts, and so it
preserves the spectral radius. That is, let H and I be nonzero complex Hilbert
spaces. For every T € B[H] and W € G[H, K],

(a) op(T) = op(WTW 1),
(b) (TR(T) = UR(WTI/V*I),
(c) 0c(T) = oc(WTW1).

Hence o(T) =c(WTW=1Y), p(T)=p(WTW=1), and r(T)=r(WTW™1).
Unitary equivalence also preserves the morm: if W is a unitary transforma-
tion, then, in addition, |T|| = [|[WTW ~1|.

Proposition 2.C. o(ST)\{0} = o(T'S)\{0} for every S,T € B[H)].
Proposition 2.D. If Q € B[H] is nonnegative, then O(Qé) = U(Q)é.

Proposition 2.E. Take any operator T € B[H]. Let d denote the usual dis-
tance in C. If A € p(T), then

F( = T)1) = [\, (7))
If T is hyponormal and X € p(T), then

1A = 1)~ = [d(X, o (T))] "

Proposition 2.F. Let {H} be a collection of Hilbert spaces, let {Ty} be a
(similarly indexed) collection of operators with each Ty in B[Hy), and consider
the (orthogonal) direct sum @, Ty in B[, Hi]. Then

(a) op(Dy, Tk) = Uy or(Th),

(b) o(B, Tx) = U, o(Tk) if the collection {T}} is finite.

In general (if the collection {T}} is not finite), then

(¢) (Upo(Tk))™ C (B, Tr) and the inclusion may be proper.

However, if |[(A —Ty)7 || = [d(\, o(T}))] 7t for each k and every X\ € p(Ty),
(d) (Upo(Tx)) ™ = o(B,Tk), which happens whenever each Ty, is hyponormal.

Proposition 2.G. An operator T € B[X] on a complex Banach space is nor-
maloid if and only if there is a X € o(T) such that |A| = ||T.

Proposition 2.H. For every operator T € B[H] on a complex Hilbert space,

or(T) C {AeC: |\ < |T|}.

Proposition 2.1. If H and K are complex Hilbert spaces and T € B[H], then
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r(T)= inf |WTW™.
WeGH,K]|
The spectral radius expression in the preceding proposition ensures that an
operator is uniformly stable if and only if it is similar to a strict contraction.

Proposition 2.J. If T € B[X] is a nilpotent operator on a complex Banach
space, then o(T) = op(T) = {0}.

Proposition 2.K. An operator T € B[H] on a complex Hilbert space is spec-
traloid if and only if w(T™) = w(T)™ for every n > 0.

An operator T' € B[H] on a separable infinite-dimensional Hilbert space H
is diagonalizable if Tx =7~ ar(z;ep)ey for every x € H, for some orthonor-
mal basis {ex}72, for H and some bounded sequence {cy, }72, of scalars.

Proposition 2.L. If T € B[H] is diagonalizable and H is complez, then
op(T)={Ne€C: A=qy for some k>1}, or(T)=o, and
oc(T) = {X € C: infp|X — | =0 and X # oy, for every k>1}.

An operator S, € B[K,] on a Hilbert space K, is a unilateral shift, and
an operator S € B[K] on a Hilbert space K is a bilateral shift, if there exists
an infinite sequence {Hy}72, and an infinite family {H}32 __ of nonzero
pairwise orthogonal subspaces of K, and K such that K, = @y, Hi and
K =&, . Mk (cf. Section 1.3), and both S, and S map each H;, isometri-
cally onto H1, so that each transformation Uy (j41) = S |w,: He — Her1,
and each transformation Ug4+1 = S|y, : Hr — Hi+1, is unitary, and therefore
dim Hj+1 = dim H. Such a common dimension is the multiplicity of S, and
S.If Hp=H for all k, then K, = (3 (H) = @ H and K = (*(H) =
@,- . M are the direct orthogonal sums of countably infinite copies of a
single nonzero Hilbert space H, indexed either by the nonnegative integers or
by all integers, which are precisely the Hilbert spaces consisting of all square-
summable H-valued sequences {x}7° , and of all square-summable #H-valued
families {zx}32_,. In this case (if Hy = H for all k), U, 411y = Si|n = U,
and Up41 = S|y = U for all k, where U, and U are any unitary operators on
‘H. In particular, if U, = U = I, the identity on H, then S, and S are referred
to as the canonical unilateral and bilateral shifts on £2 () and on ¢2(#). The
adjoint S} € B[K,] of S, € B[K,] and the adjoint of S* € B[K] of S € BIK] are
referred to as a backward unilateral shift and as a backward bilateral shift.
Writing @, zx for {172, in Bre Hi, and Ppe . zp for {zx}2_ in
D Hr, it follows that S,: K, — K, and S7:K, — K,, and S: K — K and
S*: K — IC, are given by the formulas

S,z =06 @ﬁlUﬂk) zp—1  and Sz =@, Uz (1) Tt

for all z = @, @k in K, = Py, Hx, with 0 being the origin of Ho, where
U, (k+1) is any unitary transformation of Hy onto Hyy1 for each k>0, and
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St =@ Uprpe—r and  S*z=@r Uii12rt1

for all x = @,?;700 zr in K = @,?;700 Hy., where, for each integer k, Ui
is any unitary transformation of Hj onto Hgy1. The spectrum of a bilateral
shift is simpler than that of a unilateral shift, for bilateral shifts are unitary
operators (i.e., besides being isometries as unilateral shifts are, bilateral shifts
are normal too). For a full treatment on shifts on Hilbert spaces see [49].

Proposition 2.M. Let D and T = 0D denote the open unit disk and the unit
circle about the origin of the complex plane, respectively. If S, € B[K,] is a
unilateral shift and S € B[K] is a bilateral shift on complex spaces, then

(a) op(S,) = or(S¥) =@, or(S:) =0p(57) =D, o0c(S:) =00(57) =T.
(b) a(S) =0(S*) =0c(S*) =0c(S)=T.

A unilateral weighted shift T, = S, D, in B[¢?(#)] is the product of a
canonical unilateral shift S| and a diagonal operator D, = @;’;0 arl, both in
B[¢2(H)], where {a, }52  is a bounded sequence of scalars. A bilateral weighted
shift T = SD in B[¢?(H)] is the product of a canonical bilateral shift S and

a diagonal operator D = @y ayl, both in B[¢?(H)], where {ay}32_ is
a bounded family of scalars.

Proposition 2.N. Let T, € B[(3(H)] be a unilateral weighted shift, and let
T € B[t%(H)] be a bilateral weighted shift, where H is complez.

(a) If ax — 0 as |k| — oo, then T, and T are compact and quasinilpotent.

If , in addition, oy # 0 for all k, then

(b) o(T3) = or(TY) = or,(T2) = {0} and o(T¥) = op(TF) = op,(TF) = {0},

(c) o(T) =0c(T) = oc(T*) = o(T") = {0}.

Proposition 2.0. Let T € B[H] be an operator on a complex Hilbert space

and let D be the open unit disk about the origin of the complex plane.

(a) If T" = O, then op(T) C D.

(b) If T is compact and op(T) C D, then T" - O.

(c) The concepts of weak, strong, and uniform stabilities coincide for a com-
pact operator on a complex Hilbert space.

Proposition 2.P. Take an operator T € B[H] on a complex Hilbert space and

let T = 0D be the unit circle about the origin of the complex plane.

(a) T™ == O if and only if T" =5 O and oc(T)NT = 2.

(b) If the continuous spectrum does not intersect the unit circle, then the
concepts of weak, strong, and uniform stabilities coincide.
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The concepts of resolvent set p(T') and spectrum o(T") of an operator T
in the unital complex Banach algebra B[X] as in Section 2.1, namely, p(T) =
{A € C: A — T has an inverse in B[X]} and o(T") = C\p(T), of course, hold
in any unital complex Banach algebra A, and so does the concept of spectral
radius 7(7") = sup,¢,(r) |Al, where the Gelfand-Beurling formula of Theorem
2.10, namely, r(T') = lim,, ||T" », holds in any unital complex Banach algebra
(whose proof is essentially the same as the proof of Theorem 2.10). Recall that
a component of a set in a topological space is any maximal (in the inclusion
ordering) connected subset of it. A hole of a compact set is any bounded
component of its complement. Thus the holes of the spectrum o(T") are the
bounded components of the resolvent set p(7') = C\o(T).

If A’ is a closed unital subalgebra of a unital complex Banach algebra A
(for instance, A = B[X] where X is a Banach space), and if T € A’, then let
p'(T) be the resolvent set of T' with respect to A’, let o/(T) = C\p/(T) be
the spectrum of 7' with respect to A’, and set 7'(T') = sup,¢,/(r) |A|- Recall
that a homomorphism (or an algebra homomorphism) between two algebras
is a linear transformation between them that also preserves product. Let A’
be a maximal (in the inclusion ordering) commutative subalgebra of a unital
complex Banach algebra A (i.e., a commutative subalgebra of A that is not
included in any other commutative subalgebra of A). Note that A’ is trivially
unital, and closed in A because the closure of a commutative subalgebra of a
Banach algebra is again commutative since multiplication is continuous in A.
Consider the (unital complex commutative) Banach algebra C (of all complex
numbers). Let A’ = {&: A’ — C: & is an homomorphism} stand for the col-
lection of all algebra homomorphisms of A’ onto C.

Proposition 2.Q. Let A be any unital complex Banach algebra (for instance,
A=B[X]). If T € A, where A’ is any closed unital subalgebra of A, then

(a) p(T)Cp(T) and ' (T)=r(T) (invariance of the spectral radius).
Hence 00'(T) C 00(T) and o(T) C o'(T).

Thus o' (T') is obtained by adding to o(T) some holes of o(T).
(b) If A" is a mazimal commutative subalgebra of A, then
o(T)={d(T)eC: de A\'} for each T e A.

Moreover, in this case,
o(T) =o'(T).

Proposition 2.R. If A is a unital complex Banach algebra, and if S, T in
A commute (i.e., if S, T € A and ST —TS), then

a(S+T)Co(S)+o(T) and o(ST)C a(S)-o(T).



52 2. Spectrum

If M is an invariant subspace for T', then it may happen that o(T|r) €
o(T). Sample: every unilateral shift is the restriction of a bilateral shift to
an invariant subspace (see, e.g., [62, Lemma 2.14]). However, if M reduces
T, then o(T|pm) C o(T) by Proposition 2.F(b). The full spectrum of T € B[H)]
(notation: o(T)#) is the union of ¢(7T") and all bounded components of p(T')
(i.e., o(T)# is the union of o(T) and all holes of o(T)).

Proposition 2.S. If M is T-invariant, then o(T|m) C o(T)%.

Proposition 2.T. Let T € B[H] and S € B[K] be operators on Hilbert spaces
H and K. If o(T)No(S) =@, then for every bounded linear transformation
Y € B[H, K] there exists a unique bounded linear transformation X € B[H, K]
such that XT — SX =Y. In particular,

oT)No(S)=@ and XT=5X = X=0.

This is the RoSENBLUM COROLLARY, which will be used to prove the Fuglede
Theorems in Chapter 3.

Notes: Again, as in the previous chapter, these are basic results that will be
needed throughout the text. We will not point out here the original sources
but, instead, well-known secondary sources where the reader can find the
proofs for those propositions, as well as some deeper discussions on them.
Proposition 2.A holds independently of the forthcoming Spectral Theorem
(Theorem 3.11) — see, e.g., [66, Corollary 6.18]. A partial converse, however,
needs the Spectral Theorem (see Proposition 3.D in Chapter 3). Proposition
2.B is a standard result (see, e.g., [50, Problem 75] and [66, Problem 6.10]), as
is Proposition 2.C (see, e.g., [50, Problem 76]). Proposition 2.D also dismisses
the Spectral Theorem of the next chapter; it is obtained by the Square Root
Theorem (Proposition 1.M) and by the Spectral Mapping Theorem (Theorem
2.7). Proposition 2.E is a rather useful technical result (see, e.g., [63, Problem
6.14]. Proposition 2.F is a synthesis of some sparse results (cf. [28, Proposition
1.5.1], [50, Solution 98], [55, Theorem 5.42], [66, Problem 6.37], and Propo-
sition 2.E). For Propositions 2.G and 2.H see [66, Sections 6.3 and 6.4]. The
spectral radius formula in Proposition 2.1 (see, e.g., [42, p. 22]) ensures that an
operator is uniformly stable if and only if it is similar to a strict contraction
(hint: use the equivalence between (a) and (b) in Corollary 2.11). For Propo-
sitions 2.J and 2.K see [66, Sections 6.3 and 6.4]. The examples of spectra
in Propositions 2.L, 2.M, and 2.N are widely known (see, e.g., [66, Examples
6.C, 6.D, 6.E, 6.F, and 6.G]). Proposition 2.0 deals with the equivalence be-
tween uniform and weak stabilities for compact operators, and it is extended
to a wider class of operators in Proposition 2.P (see [63, Problems 8.8. and
8.9]). Proposition 2.Q(a) is readily verified, where the invariance of the spec-
tral radius follows by the Gelfand-Beurling formula. Proposition 2.Q(b) is a
key result for proving both Theorem 2.8 (the Spectral Mapping Theorem for
normal operators) and also Lemma 5.43 of Chapter 5 (for the characterization
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of the Browder spectrum in Theorem 5.44) — see, e.g., [76, Theorems 0.3 and
0.4]. For Propositions 2.R, 2.5, and 2.T see [80, Theorem 11.22], [76, Theorem
0.8], and [76, Corollary 0.13], respectively. Proposition 2.T will play a central
role in the proof of the Fuglede Theorems of the next chapter (precisely, in
Corollary 3.5 and Theorem 3.17).
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3

Spectral Theorem

The Spectral Theorem is a milestone in the theory of Hilbert space operators,
providing a full statement about the nature and structure of normal operators.
For compact normal operators the Spectral Theorem can be completely inves-
tigated without requiring any knowledge of measure theory, and this leads to
the concept of diagonalization. However, the Spectral Theorem for plain nor-
mal operators (the general case) requires some (elementary) measure theory.

3.1 Spectral Theorem for Compact Operators

Throughout this chapter H will denote a nonzero complex Hilbert space.
Recall from Section 1.4 that a bounded weighted sum of projections is an
operator T' on H such that

Tx = ZyeF)WEV T

for every « € H, where {E, },cr is a resolution of the identity on H made up
of nonzero projections (i.e., {E,}yer is an orthogonal family of nonzero or-
thogonal projections such that Z'yef E,x =z forevery x € H), and {\y }yer
is a bounded family of scalars. Fvery bounded weighted sum of projections is
normal (Corollary 1.9). The spectrum of a bounded weighted sum of projec-
tions is characterized next as the closure of the set {\,}yer,

o(T)={reC: A=\, forsomere '} ,
so that, since T is normaloid, ||T'[| = r(T) = sup. ¢ [A,].
Lemma 3.1. If T € B[H] is a weighted sum of projections, then
op(T)={ e C: A=\, forsomey eI}, or(T)=2, and
oc(T)={X€C: infyep|]A =Xy =0 and A # \, forall vy € I'}.

Proof. Let T = Zwef Ay E., be a bounded weighted sum of projections so that
{E,}~er is a resolution of the identity on H and {\,},er is a bounded se-
quence of scalars (see Section 1.4). Take an arbitrary « in H. Since {E }ycr is
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a resolution of the identity on H, we get x = ver E,x, and the general ver-
sion of the Pythagorean Theorem (see the Orthogonal Structure Theorem of
Section 1.3) ensures that ||z? = > over 1By x|, Take any scalar A € C. Thus
M =T)z =3 cp(A=Ay)E,z and so [|(AM — T)z||? = dover A=A AP Eyz||?
by the same argument If ./\/(/\I T) # {0}, then there exists x # 0 in H such
that (Al —T)z = 0. Hence >__ | Ex||? # 0 and doer A=A S Eyz))? =
0, which implies that ||Eqx| # 0 for some o € I' and |\ — )\a||\Eax|| = 0,
and therefore A = \,. Conversely, take any o € I' and any nonzero vector x
in R(E,) (recall that R(E,) # {0} because E., # O for every v € I'). Since
R(Ea) L R(E,) whenever a # v, it follows that R(Ea) L Uyzyer R(E5),
and so R(Ea) C (Ua;é'yef R(Ey))* = ﬂa;éyer R(Ey)* = ﬂagérye[‘N(E’)’)
(see Lemma 1.4 and Theorem 1.8). Thus z € N(E,) for every a #y eI,
which implies that ||(\oI — T)z||? = D A 2| Eyx||? = 0, and there-
fore N(AoI —T') # {0}. Summing up: N (M — T) # {0} if and only if A = A,
for some « € I'. That is,

op(T) = {A € C: A=\, for some € I'}.

Take an arbitrary A € C such that A # A, for all v € I'. The weighted sum of
projections A\ — T = Evef()\ Ay)E, has an inverse, and this inverse is the

weighted sum of projections (Al — 7)1 = er(A— A\,)"LE, because

ZaeF lE Z )‘ )‘ﬂ Egx
- Zaef‘zﬁe[‘ )\ N )\(’ (/\ - )‘B)E(XEBJ: = ZWEFE’YJ: =z

for every x in #H (since the resolution of the identity {E,},er is an orthogo-
nal family of continuous projections, and the inverse is unique). Moreover,
the weighted sum of projections of (A — T)~! is bounded if and only if
sup. e |[A = A\y| 7! < o0, that is, if and only if inf e [A — Xy > 0. So

={XeC: infyep|X— Ay > 0}.

Since or(T) = @ (a weighted sum of projections is normal — Corollary 1.9
and Proposition 2.A(b)), it follows that oc(T') = (C\p(T"))\op(T). O

Compare with Proposition 2.L. Actually, Proposition 2.L is a particular
case of Lemma 3.1, since Eyz = (x;eg)ex for every x € H defines the orthog-
onal projection Fj onto the unidimensional space spanned by eg.

Lemma 3.2. A weighted sum of projections T € B[H] is compact if and only
if the following triple condition holds.

(i) o(T) is countable,

(ii) 0 is the only possible accumulation point of o(T), and

(iii) dimR(Ey) < oo for every v such that A, # 0.
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Proof. Let T = Z'yef M\ E., € B[H] be a weighted sum of projections.
Claim. R(Ey) CN(AI —T) for every v € I'.

Proof. Take any o € I'. If © € R(E,,), then = E,x so that Te = TE,x =
Zver MELEqt = A Eqx = Moz (since E., L E, whenever a # ), and hence
x € N(AoI — T), which concludes the proof of the claimed result.

If T is compact, then o(T') is countable and 0 is the only possible accumula-
tion point of o(T") (Corollary 2.20), and dim N (Al — T') < oo whenever A # 0
(Theorem 1.19) so that dim R(E,) < oo for every 7 such that A, # 0 by the
above claim. Conversely, if T'= O, then T is trivially compact. Thus suppose
T # O. Since T is normal (Corollary 1.9), it follows that »(T") > 0 (because
normal operators are normaloid, i.e., 7(T') = ||T'||) so that there exists A # 0
in op(T) by Theorem 2.18. If ¢(T) is countable, then let {A;} be any enu-
meration of the countable set op(T)\{0} = o(T)\{0}. Hence

Ty = Zk)\kEkx for every =z € H

(cf. Lemma 3.1), where {Ej} is included in a resolution of the identity on H
(which is itself a resolution of the identity on H if 0 ¢ op(T")). If {\x} is finite,
say {M\e} = {\e}r_,, then R(T) = >}, R(Ex). If dimR(E}) < oo for each
k, then dim (22:1 R(Ek))_ < 00. Thus T is a finite-rank operator, and so
compact (cf. Proposition 1.X). Now suppose {\x} is countably infinite. Since
o(T) is a compact set (Theorem 2.1), it follows that the infinite set {\x} has an
accumulation point in o (7") — this in fact is the Bolzano—Weierstrass Property
that characterizes compact sets in metric spaces. If 0 is the only possible
accumulation point of o(7'), then 0 is the unique accumulation point of {\;}.
Therefore, for each integer n >1 consider the partition {A;} = { g} U {\x},
where [A\w/| >} and [A\p| < 4. Note that {\/} is a finite subset of o(T) (it
has no accumulation point), and hence {\g~} is an infinite subset of o(T"). Set

T, = Zk/\k'Ek' € B[H] for each n>1.

We have just seen that dimR(T,) < co. That is, each T, is a finite-rank
operator. However, since F; L Ej whenever j # k, we get

||(T — Tn)x||2 — sz”Ak”Ek”x

2 2 2 o1 2
< sup e P YD B < Ll

for all z € H, so that T,, = T. Then T is compact by Proposition 1.Z.

Thus every bounded weighted sum of projections is normal and, if it is
compact, then it has a countable set of distinct eigenvalues. The Spectral
Theorem for compact operators ensures the converse: every compact and nor-
mal operator T is a (countable) weighted sum of projections, whose weights
are precisely the eigenvalues of T.
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Theorem 3.3. (SPECTRAL THEOREM FOR COMPACT OPERATORS). If an operator
T € B[H] on a (nonzero complex) Hilbert space H is compact and normal,
then there exists a unique countable resolution of the identity {Ex} on H and
a bounded set of scalars {\,} such that

T = Zk/\kEk,

where {\,} = op(T), the (nonempty) set of all (distinct) eigenvalues of T,
and each Ej, is the orthogonal projection onto the eigenspace N (A1 —T). If
the above countable weighted sum of projections is infinite, then it converges
in the (uniform) topology of B[H].

Proof. If T € B[H] is compact and normal, then it has a nonempty point
spectrum (Corollary 2.21). In fact, the heart of the matter is that T has
enough eigenvalues so that its eigenspaces span the Hilbert space H.

Claim. ( Yoxcopry NN =T))™ = H.

Proof. Set M = (ZAEUP(T) N — T)) ~, which is a subspace of H. Suppose
M # H so that M+ # {0}. Consider the restriction T'| \4 of T to M*. If T'is
normal, then M reduces T' (Theorem 1.16) so that M= is T-invariant. Hence
T| a1t € B[M™] is normal (Proposition 1.Q). If T is compact, then T, is
compact (Proposition 1.V). Thus T'| .+ is a compact normal operator on the
Hilbert space M+ # {0}, and so op(T|rq1) # @ by Corollary 2.21. That is,
there exist A € C and 0 # = € M= such that T| . = Az and so Tz = \ .
Then A € op(T) and z € N(AI —T) C M. This leads to a contradiction: 0 #
r € M N M+ = {0}. Outcome: M = H.

Since T' is compact, the nonempty set op(T') is countable (Corollaries 2.20
and 2.21) and bounded (since T' € B[H]). Then write

op(T) = { A},

where {A\;} is a finite or infinite sequence of distinct elements in C consisting
of all eigenvalues of T'. Recall that each N (A1 — T') is a subspace of H (each
Al — T is bounded). Moreover, since T' is normal, Lemma 1.15(a) ensures that
NI =T) LN(NI—=T)ifk # j. Thus {N (A, — T)} is a sequence of pair-
wise orthogonal subspaces of H spanning H; that is, H = (Zk NI — T)) -
by the above claim. Then the sequence { Ex } of the orthogonal projections onto
each N'(A\I — T) is a resolution of the identity on H (see Section 1.4 — recall:
Ej}, onto N (A — T') is unique). Thus ¢ = ), Ejx. Since T is linear and con-
tinuous, Tx = ), TEx for every o € H. But Epz € R(Ey) = N(M\I —T),
and so TEyx = Ay Exx, for each k and every x € H. Therefore,

Tr = Zk/\kEkx for every x € H,

and hence T is a countable weighted sum of projections. If it is a finite weighted
sum of projections, then we are done. On the other hand, suppose it is an
infinite weighted sum of projections. In this case, the above identity says that
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n S
E k—l/\kEk —— T as n — oo.

That is, the sequence {>_}_; Ax E) } converges strongly to T'. However, since T'
is compact, this convergence actually happens in the uniform topology (i.e.,
{3 h—1 \Ex} actually converges uniformly to T'). Indeed,

n 2 [e’s) 2 o)
_ 2 2
- e =5 -5

sup Ml [ Bra]® < sup [l
k B k > Sup [Ag| [T
k>n+1 k=n+1 k>n

IN

for every integer n>1 (reason: R(E;) L R(Ey) whenever j # k, and x =
> ore ) Exx so that ||z]|2 = Y-, | Exx||* — see Sections 1.3 and 1.4). Hence

< - " = - " <
0< 7= 3T M| = e (7300 )] < sup

for all n € N. Since T is compact and {\,} is a sequence of distinct elements
in o(T), it follows that A, — 0 (cf. Claim in the proof of Corollary 2.20). Thus
limy, supy,, [A\x| = limsup,, [A\,| = 0, and so

Z:_l)\kEk 5T as n — oo. O

3.2 Diagonalizable Operators

What the Spectral Theorem for compact (normal) operators says is that, if
T € B[H] is compact and normal, then the family of orthogonal projections
{Ex} xeop(m) Onto each eigenspace V(A — T') is a countable resolution of the
identity on H, and T is a weighted sum of projections. Thus we write

= Z/\EUP(T))\E)\’

which is a uniform limit, and so it implies pointwise convergence (i.e., Tx =
> reop () NEAT for every z € H). This is naturally identified with (i.e., it is
unitarily equivalent to) an orthogonal direct sum of scalar operators,

r= ®)\€0’P(T)>\I)\7

with each I denoting the identity on each eigenspace N'(AI — T'). In fact, I =
Ex|Rr(Ey), where R(E\) = N(M — T). Thus, under such an identification, it

is usual to write
T = AE.
®)\EUP(T) A

These representations are referred to as the spectral decomposition of a com-
pact normal operator T. The Spectral Theorem for compact (normal) oper-
ators can be restated in terms of an orthonormal basis for N'(T)* consisting
of eigenvectors of T, as follows.



60 3. Spectral Theorem

Corollary 3.4. Let T € B[H] be compact and normal.

(a) For each X € op(T)\{0} there is a finite orthonormal basis {ex(N)},2, for
N (M —T) consisting entirely of eigenvectors of T.

(b) The set {er} = Ureop ) oy eV }2, is a countable orthonormal basis
for N(T)* made up of eigenvectors of T.

(€) Tz =3 copirnfoy A 2rnr(Tien)er(n) for every z € H.

(d) Tx = Y, vil{z;er)er for every x € H, where {vi} is a sequence con-
taining all nonzero eigenvalues of T including multiplicity (i.e., finitely
repeated according to the dimension of the respective eigenspace).

Proof. We have already seen (in the proof of the previous theorem) that
op(T) is nonempty and countable. Recall that op(T) = {0} if and only if
T = O (since T is normaloid; see Corollary 2.21) or, equivalently, if and only
it N(T)*+ = {0} (i.e., N(T) = H). If T = O, then the above assertions hold
trivially (op(T)\{0} = @, {ex} = @, N(T)* = {0} and Tx = 0z = 0 for
every x € H because the empty sum is null). Thus suppose T' # O (so that
N(T)L # {0}), and take an arbitrary A # 0 in op(T). Theorem 1.19 ensures
that dim N (AI — T') is finite, say, dim N (A — T") = n, for some positive inte-
ger ny. This ensures the existence of a finite orthonormal basis {ex(\)},2, for
the Hilbert space N'(A — T') # {0}. Recall that each eg()) is an eigenvector
of T (since 0 # ex(x) e N(M = T)).

Claim. Uyeop )\ (o} 1€6MN 524 is a orthonormal basis for N(T)* .

Proof. Theorem 3.3 ensures that

"= (ZAEUP(T) N = T)) E

Since {N' (M — T')}xeop () is a nonempty family of orthogonal subspaces of
H (by Lemma 1.15(a)), it follows that

N(T) = ﬂAEUP(T)\{O}N(AI )t = (ZA@P(T}\{O}N(M _ T))

(see, e.g., [66, Problem 5.8(b,e)]). Hence (see Section 1.3),

N(T)* = (ZAEUP(T)\{O}N()\I - T)) K

Therefore, since {N' (A — T')} xeop (1) is a family of orthogonal subspaces, the
claimed result follows by part (a).

1

Note that the set {ex} = Uyc,p (1) (o3 {€6(M}2, is countable (a countable
union of countable sets is countable). Finally, consider the decomposition
H = N(T)+ N(T)* (see Section 1.3), and take an arbitrary z € H so that
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r =u+v with u € N(T) and v € N(T)*. Consider the Fourier series expan-
sion v = > (Vier)er = D \cop(T)\ {0} Yori(vier()er of v in terms of
the orthonormal basis {ex} = UAeap(T)\{o}{ek()‘)}Zil for the Hilbert space

N(T)* # {0}. Since T is linear and continuous, and since Te(x) = Aeg(r) for
each k =1,...,ny and each A € op(T)\{0}, it follows that

Te = Tu+Tv = Tv
LLPN
- ZAEUP(T)\{O} Zk:1<“ ser(n) Ter(y)
LN
Z/\EUP(T)\{O}A Zk:l <’U ) ek(/\)> €k ().

However, (z;er(\) = (u;er(V) + (vier(V)) = (v;er(n) because u € N(T)
and ex(») € N(T)~. O

Remark. Observe that if T € B[H] is compact and normal, and if H is non-
separable, then 0 € op(T) and N (T) is nonseparable. Indeed, if T # O (other-
wise the above statement is trivial), then N (T)t # {0} is separable (i.e., it
has a countable orthonormal basis) by Corollary 3.4 and so N (T") is nonsepa-
rable whenever H = N(T) + N (T)* is nonseparable. Moreover, if 0 ¢ op(T),
then N(T) = {0}, and therefore H = N(T)~ is separable.

The expression of a compact normal operator T in Corollary 3.4(c) (as
well as the very spectral decomposition of it) says that T is a diagonalizable
operator in the sense that T = T'|yr)r @ O (recall that N(T) reduces T)
and T'| (1)~ € BIN(T)*4] is a diagonal operator with respect to a countable
orthonormal basis {e;.} for the separable Hilbert space N (T)*.

Generalizing: An operator T € B[H] (not necessarily compact) acting on
any Hilbert space H (not necessarily separable) is diagonalizable if there exist
a resolution of the identity {E,},cr on H and a bounded family of scalars
{Ay}ver such that

Tu= Ayu whenever u€ R(E,).

Take an arbitrary x = Zve rEyz in H. Since T is linear and continuous, it
follows that Tz = > TE,x = > A\ Eyx, and hence T' is a weighted
sum of projections (which is normal). Thus we write

T= ZWEFAWE7 or T = @WEFAWEW.

Conversely, if T is a weighted sum of projections (i.e., Tz = Z'yef MEyz
for every x € H), then Tu = >° p MEyu = Y p A EyEqu = Aqu for
every u € R(E,) (since E,E, = O whenever v # a and u = E,u whenever
u € R(E,)), and so T is diagonalizable. Conclusion: An operator T on H is di-
agonalizable if and only if it is a weighted sum of projections for some bounded
sequence of scalars {\y}yer and some resolution of the identity {E+} er on
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H. In this case, {E, }yer is said to diagonalize T. (See also Proposition 3.A
— just recall that the identity on any infinite-dimensional Hilbert space H
is trivially diagonalizable (a diagonal, actually, if # = ¢2), and thus normal,
but not compact — cf. Proposition 1.Y.)

The implication (b) = (d) in Corollary 3.5 is the compact version of the
Fuglede Theorem (Theorem 3.17) that will be developed in Section 3.5.
Corollary 3.5. Suppose T is a compact operator on a Hilbert space H.

(a) T is normal if and only if it is diagonalizable.

Let {Ex} be a resolution of the identity on H that diagonalizes a compact
and normal operator T € B[H] into its spectral decomposition, and take any
operator S € B[H)]. The following assertions are pairwise equivalent.

(b) S commutes with T.
(c

)
(d) S commutes with every Ej.
(e)

Proof. Take a compact operator T" on H. If T is normal, then the Spectral
Theorem ensures that it is diagonalizable. The converse is trivial since a di-
agonalizable operator is normal. This proves (a). From now on suppose T is
compact and normal, and consider its spectral decomposition,

T = Zk/\kEk

as in Theorem 3.3, where { E} } is a resolution of the identity on H and {\;} =
op(T) is the set of all (distinct) eigenvalues of T'. Recall that

= ZkAkEk.

The central result in the above statement is the implication (b) = (e). The
main idea behind its proof relies on Proposition 2.T (also see, e.g., [76, The-
orem 1.16]). Take any operator .S on H. Suppose ST = T'S. Since

S commutes with T*.

R(Ex) reduces S for every k.

ExT = \Ey, = TE},

(recall: EkT = Zj )\jEkEj = /\kEk = Ej )\jEjEk = TEk), it follows that
each R(Ey) = N(A\I — T) reduces T (Proposition 1.I) so that

ExT|r(gy) = TExlr(m,) = Tlr(s) = Ml : R(E) = R(Ey),
and hence, on each R(Ey),

(E;SEWT|r(p, = (E;SEQ)(TEy) = B;STE), = E;TSEy
= (TE;)(E;jSEx) = T|r(g, (E;SEy)
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whenever j # k. Moreover, since 0(T'|z(g,)) = { e} and A\p # A;, we get
o(TE,)No(TE;) =0
and so, according to Proposition 2.T, for j # k,
E;SE, = 0.

Thus (as each E}, is self-adjoint and {F}} is a resolution of the identity)

(SEpx;y) = <5Ek$ ; ZjEjy> = Zj (EjSEwe;y) = (ExpSERx;y)

for every z,y € H. Then
SEy = ExSEg,

which means that R(E}) is S-invariant (Proposition 1.I) for every k. Hence
R(Ey)*+ = (Z#k R(E;))” = V. R(E;) (because {Ey} is a resolution of
the identity on H). Thus, since R(E};) is S-invariant for every j, it follows
that R(Ex)* also is S-invariant. Therefore,

R(Ex) reduces S for every k.

This proves that (b) implies (e). But (e) is equivalent to (d) by Proposition
1.I1. Note that (d) implies (c). Indeed, if SE, = E}S for every k, then ST* =
Y MSEr = > MBS = T*S (as S is linear and continuous). Thus (b)
implies (c), and therefore (c) implies (b) because T** = T. O

3.3 Spectral Measure

If T is a compact operator, then its point spectrum is nonempty and count-
able, which may not hold for noncompact (normal) operators. But this is not
the main role played by compact operators in the Spectral Theorem — we can
deal with an uncountable weighted sum of projections Tz = > Jer ME, .
What is actually special with a compact operator is that a compact normal op-
erator not only has a nonempty point spectrum but it has enough eigenspaces
to span H; that is, (ZAEUP(T) N(M —T))~ = H (see proof of Theorem 3.3).
That makes the difference, since a normal (noncompact) operator may have
an empty point spectrum or it may have eigenspaces but not enough to span
the whole space H. However, the Spectral Theorem survives the lack of com-
pactness if the point spectrum is replaced with the whole spectrum (which is
never empty). Such an approach for the general case of the Spectral Theorem
(i.e., for normal, not necessarily compact operators) requires measure theory.

Let R stand for extended real line. Take a measure space ({2, Ap, ), where
Ag is a o-algebra of subsets of a nonempty set {2 and p: A — R is a nonneg-
ative measure on Ay, which means that pu(A4) > 0 for every A € Ag. The sets
in A are called measurable sets (or Agp-measurable). Observe that A # {@}
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since {2 # @. The measure p is said to be positive if it is nonnegative and not
null (i.e., p(£2) > 0). It is finite if u(2) < oo (ie., p: Ap — R), and o-finite
if £2 is a countable union of measurable sets of finite measure. Let F denote
either the real line R or the complex plane C. A Borel o-algebra of subsets of
F (or a o-algebra of Borel sets) is the o-algebra Ar generated by the usual
(metric) topology of F. (Note that for the o-algebra Agr of Borel subsets of
R, this coincides with the standard Borel o-algebra generated by the open
intervals.) It is clear that all open, and so all closed, subsets of F are Borel
sets (i.e., all open or closed subsets of F lie in Ay ). From now on suppose the
nonempty {2 is a Borel subset of F (i.e., a set in the Borel o-algebra Ay) and
set Ap = ©(2) N Ap, where £(£2) is the power set of {2 (the collection of all
subsets of £2). This Ay, is a o-algebra, referred to as the o-algebra of Borel sub-
sets of £2. A measure p on Ay, is said to be a Borel measure if p(K) < oo for
every compact set K C {2 (which is in Ag). Every Borel measure is o-finite,
and every finite measure is a Borel measure. The support of a measure 1 on
Ag is the set support (1) = 2\ {4 € Ag: Ais open and p(A) = 0}, which
is a closed set such that its complement is the largest open set of measure
zero. Equivalently, support (1) is the smallest closed set whose complement
has measure zero. In the vast literature on measure theory, the reader is re-
ferred, for instance, to [11], [21], [46], [65], [78], or [79] (which simply reflects
the author’s preference but, by no means, exhausts any list).

Remark. A set K C 2 CF is compact if it is complete and totally bounded (in
F, total boundedness coincides with boundedness). So K C {2 is compact in the
relative topology of 2 if and only if it is in F (where compact means closed
and bounded). But open and closed in the preceding paragraph refer to the
topology of {2. Note: if {2 is closed in F, then closed in {2 and in F coincide.

Definition 3.6. Let {2 be a nonempty Borel subset of C and let Ay, be the
o-algebra of Borel subsets of 2. A (complex) spectral measure in a (complex)
Hilbert space H is a mapping E: A — B[H] such that

(a) E(A) is an orthogonal projection for every A € Ag,

(b) E(@) =0 and E(2) =1,

(¢) E(A1NAg) = E(A1)E(Ag) for every Ay, Ay € Ag,

(d) E(U, Ak) = X, E(Ay) whenever {4} is a countable collection of pair-

wise disjoint sets in A (i.e., E is countably additive).

If {A} is a countably infinite collection of pairwise disjoint sets in Ag,
then the identity in (d) means convergence in the strong topology:

ZzzlE(Ak) N E(Uk/lk>.

Indeed, since A; N Ay = @ if j # k, it follows by properties (b) and (c) that
E(A))E(Ag) = E(A4;NAg) = E(@) = O for j #k, so that {E(Ag)} is an
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orthogonal sequence of orthogonal projections in B[H]|. Then, according to
Proposition 1.K, {>_}_, E(Ax)} converges strongly to the orthogonal projec-
tion in B[H] onto (>, R(E(Ax)))” = V (Us R(E(Ax))). Thus what prop-
erty (d) says is that E({J, Ax) coincides with the orthogonal projection in
B[H] onto \/ (U, R(E(Ax))). This generalizes the concept of a resolution of
the identity on H. In fact, if {Ax} is a partition of 2, then the orthogonal
sequence of orthogonal projections { E(Ay)} is such that

S By = (U ) = B@) = 1.

Let E: A — B[H] be any spectral measure into B[H]. For each pair of
vectors x,y € H consider the mapping 7, ,: Ao — C defined by

oy (A) = (E(A)zy)

for every A € Ap. The mapping m , is an ordinary complex-valued (count-
ably additive) measure on Ay,. For each x,y € H consider the measure space
(2, Ap,Tzy). Let B(£2) denote the algebra of all complex-valued bounded
Aq-measurable functions ¢: {2 — C on (2. The integral of a function ¢ in
B(£2) with respect to the measure m, ., viz., [¢dm, ,, will also be denoted

by [¢(X)dmg,y, or by [¢d{Exz;y), or by [¢(N) d(Exz;y).

Lemma 3.7. Let E: Ag — B[H] be a spectral measure. For every bounded
Agq-measurable function ¢ € B(§2) there is a unique F € B[H)] such that

(Fzx;y) :/qb()\)d(EAx;y) for every z,y € H.

Proof. Let ¢: {2 — C be a bounded function and set ||¢||,, = supycpo [¢(N)].
Define the sesquilinear form f: HxH — C by

Fany) = / 6N d(Bre ;)

for every z,y € H. Since (E(-)x;x) is a positive measure, for every x € H,

|f(z, z)| < H¢||oo/d<Ew;x> = [0l {E(2)z; 2) = || @]l oo ll2]I*.

Thus, by the polarization identity for sesquilinear forms (Proposition 1.A(a1)),
and by the parallelogram law (Proposition 1.A(b)), we get

f (@) < 116l (2117 + [ly11%)

for every x,y € H. Then f is bounded (supj,—y=1 |f(=,y)| < c0) and so
is the linear functional f(-,y): H — C for each y € H. Thus, by the Riesz
Representation Theorem in Hilbert space (see, e.g., [66, Theorem 5.62]), for
each y € #H there is a unique z, € H such that f(z,y) = (x;z,) for each
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x € H. This establishes a mapping F#: H — H that assigns to each y € H a
unique z, € H such that f(z,y) = (z; F#y) for every z,y € H. It is easy to
show that F# is unique and lies in B[H]. Hence F = (F#)* is the unique
operator in B[H] such that (Fz;y) = f(x,y) for every x,y € H. O

Notation. The unique F' € B[H] such that (Fz;y) = [¢()\) d(Erz;y) for
every x,y € H as in Lemma 3.7 is usually denoted by

F= / d(A) dE).
In particular, if ¢ is the characteristic function x, of a set A€ Ap, then

(BE(A)zsy) = mey(A) = [ drey = [X,dmey = [Xx4(A)d(Erz;y) for every
x,y € H, and so the orthogonal projection E(A) € B[H] is denoted by

B(1) = [Py = [ ap.

Lemma 3.8. Let E: Aq — B[H] be a spectral measure. Suppose ¢ and 1
are (bounded Ag-measurable) functions in B(§2), and consider the operators
F = [¢(N)dEy and G = [(\)dE\ in B[H]. Then

- / 6(\) dE) and ) FG= / 6N (\) dEx.

Proof. Given ¢ and ¢ in B(f2), consider the operators F' = [¢()\) dEy and
G = [¢(N)dEy in B[H] (cf. Lemma 3.7). Take an arbitrary pair z,y € H.

(a) Observe from the proof of Lemma 3.7 that

(Fasy) = (v Fa) = f(w0) = [ 60) diEsyia) = [ 603 d(Ers o).
(b) Set ™ = my,y. Since (Fz;y) = [¢dn = [¢p(\) d(Erx;y), it follows that

(FGziy) = [0 d(ErGa i)
Moreover, since (Gz;y) = [¢Ydr = [(\) d(Exz;y), it also follows that
(B(A)Ga;y) = (G B(4 / V() d{Ere; B(A)y)
for every A € Ag. Therefore,
(FGz3y) = [ v

where v = v, 4: Ap — C is the measure defined, for each A € Ag, by

/ BN d{Erz: E(A)y).
Thus
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[ av=vtt) = [o) aE B = [ 0 dErain) = [ vin

for each A € Ag,. This is usually written as dv = v dw, meaning that ¢ = g;’r is
the Radon-Nikodym derivative of = with respect to v. In fact, [, dv = [, ¢ dn
for every A € Ag implies that [¢dv = [¢4p dr for every ¢ € B(£2). Hence

(i) = [odv = [6wdr = [ o000 d(Esz i), 0

Lemma 3.9. Given a spectral measure E: A — B[H] and a bounded Ag-
measurable function ¢ € B(12), the operator F = [¢(\)dEy is normal.

Proof. According to Lemmas 3.7 and 3.8,

F*F:/ lp(\)|? dEy = FF*, O

Lemma 3.10. Let E: Anp — B[H] be a spectral measure, where {2 is a compact
subset of C. The operator F = [AdE)y is well defined in B[H), is normal, and

p(EF) = [P By = (P F)
for every polynomial p(-,-): 2 x 2— C in X and A.

Proof. Since (2 # @ is compact, the identity function on {2 is bounded and
Agn-measurable, and so F' is well defined and normal by Lemmas 3.7 and 3.9. If
p(AA) = Y0 i jATN then set p(F, F*) = Y™ o jF'F* = p(F;F).
Thus (by linearity of the integral) the result follows by Lemma 3.8 (since
p(-,-): 2— C such that A — p(A, A) lies in B(£2) because {2 is bounded). O

The standard form of the Spectral Theorem (Theorem 3.15) states the
converse of Lemma 3.9. A proof of it relies on Theorem 3.11. In fact, Theorems
3.11 and 3.15 can be thought of as equivalent versions of the Spectral Theorem.

3.4 Spectral Theorem: General Case

As always, all Hilbert spaces are nonzero and complex. Consider the notation
in the paragraph preceding Proposition 3.B. Take the multiplication opera-
tor My in B[L?*(£2, )], which is normal, where ¢ lies in L>°(£2,p), 2 is a
nonempty set, and p is a positive measure on Ay, (cf. Proposition 3.B).

Theorem 3.11. (SPECTRAL THEOREM — FIRST VERSION). If T' is a normal oper-
ator on a Hilbert space, then there is a positive measure p on a o-algebra Ag of
subsets of a set 2+ @ and a function @ in L(2, 1) such that T is unitarily
equivalent to the multiplication operator M, on L*(£2, 1), and ||¢| = ||IT]-

Proof. Let T be a normal operator on a Hilbert space H. We split the proof
into two parts. In part (a) we prove the theorem for the case where there exists
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a star-cyclic vector x for T', which means that there is a vector x € H such that
Vo AT T* 2} = H (each index m and n runs over all nonnegative integers;
that is, (m,n) € Ng x Ng). In part (b) we consider the complementary case.

(a) Fix a unit vector « € H. Take a compact @ # {2 C C. Let P(2) be the set
of all polynomials p(,-): 2 x 2 — C in A and A (equivalently, p(-,-): 2— C
such that A — p(A, A)). Let C(£2) be the set of all complex-valued continuous
functions on 2. Thus P(£2) C C(£2). When equipped with the sup-norm, C'({2)
is a Banach space. The STONE-WEIERSTRASS THEOREM for complex functions
(see, e.g., [31, p. 139] or [27, Theorem V.8.1]) says that, if £2 is compact, then

P(2)” = C(2) in the sup-norm topology.

That is, P({2) is dense in the Banach space (C(£2), || - ||,)- Consider the func-
tional @: P(£2) — C given, for each p € P(£2), by

2(p) = (p(T, T")z; ),
which is clearly linear on the linear space P({2). Moreover,

[@(p)] < lp(T, T |2]* = |p(T, T*)|| = r(p(T,T"))

by the Schwarz inequality, since ||z|| = 1 and p(T,T*) is normal (thus nor-
maloid). From now on set {2 = o(T). According to Theorem 2.8,
@) < r((T.T7) =  sup  |Al = sup |p(\A)| = [pllw,
A€o (p(T,T*)) A€o (T)

when P(o(T)) is viewed as a linear manifold of the Banach space C(o(T))
equipped with the sup-norm || - || .. Thus @: P(o(T)) — C is bounded too (a
contraction, actually, once |®| < 1). Since P(o(T)) is dense in C(o(T)) and
since ¢: P(o(T")) — C is continuous, ¢ has a unique bounded linear extension
over C(o(T)), which we shall denote again by ¢: C(o(T")) — C.

Claim. ©@:C(0(T)) — C is positive in the sense that

&(1p) > 0 for every 1p € C(o(T)) such that 1p(A) > 0 for every A € o(T).

Proof. Take any 1 € C(o(T')) such that ¢(X) > 0 for every A € o(T"). Take an
arbitrary € > 0. Since @ is continuous and P(c(T))~ = C(o(T)), there is a
polynomial p. € P(o(T)) such that p.(\, A) > 0 for all A € o(T), and

[D(p=) — 2(Y)] <e.

The Stone—Weierstrass Theorem for real functions (see, e.g., [31, p. 137] or [27,
Theorem V.8.1]) ensures that there exists a polynomial ¢, in the real variables
a, B and with real coefficients, («, 8) — ¢-(, 8) € R, such that

lge (o, B)2 — p-(\,\)| <& for every A=a+if € o(T)
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(recall that pe(A,A) > 0). Now consider the Cartesian decomposition of T,
namely, T' = A + iB, where A and B are commuting self-adjoint operators
(see Proposition 1.0). Then ¢.(A, B) is self-adjoint, and so ¢.(4, B)? is a
nonnegative operator that commutes with 7" and 7. Observe that
1{(g=(A, B)Qx ;x) — D(p:)| = [{g: (A, B)Qx ;) — (pe(T,T7 ) 5 2)|

= [{(¢:(A, B)? = pe(T,T*))a; )

< lla=(A, B)? = p(T, 7))

=1(q=(A, B)” = p(T,T%))

since ¢-(A, B)? — p.(T, T*) is normal, thus normaloid (reason: ¢.(A, B)? is a
self-adjoint operator that commutes with the normal operator p.(T,7*)). So

(g-(A,B)?z;2) — P(pc)| < sup  |go(o, B)* — p-(\,N)] < ¢,
A=a+ipec(T)

according to Theorem 2.8 again. Hence,
{a=(A, B)?z ;) — 6(y)| < [{g:(A, B)*w;2) — B(pe)| + |D(p:) — D(¢)] < 2e.

But 0 < (pe(A, B)?z;x), and so 0 < (p.(A4, B)?x;x) < 2e+ &() for every
e > 0, which implies that 0 < &(v), thus completing the proof.

Now take the bounded, linear, positive functional @ on C({2) (positiveness is
understood in the sense of the above Claim) with {2 = o(T'), which is compact.
The Riesz Representation Theorem in C'(£2) (see, e.g., [79, Theorem 2.14]) en-
sures the existence of a finite positive measure u on the o-algebra Ao = A (1)
of Borel subsets of {2 (where continuous functions are measurable) such that

D(Y) = /w du  for every 1 € C(£2).
Let U: P(£2) — H be a mapping defined, for each p € P(2), by
Up=p(T,T")z.

Regard P(f2) as a linear manifold of the Banach space L?(§2, ) equipped
with the L2-norm || - ||,. It is plain that U is a linear transformation. Also,

1Up|12 = / 1p|? dp = / pp dp = B(pp) = (p(T, T*)p(T, T*) ;)
— (T, T)p(T. T*) ;) = [p(T.T*) 2|]? = |p(T, ")z

for every p € P(£2) (since p(T,T*) is normal), which says that U is an isom-
etry, thus injective, and so it has an inverse on its range

R(U) = {p(T,T*)z: p€ P(2)} CH,

say U™L: R(U) — P(£2). For each polynomial p in P(§2) let ¢ be the polyno-
mial in P(£2) defined by g(A, ) = Ap(A\, A) forevery A € 2. Let p: 2 — 2 CC
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be the identity function, ¢(\) = A for every A € 2, which is bounded (i.e.,
p € L>®(£2, 1) because {2 is bounded). In this case we may write

q=¢p and T, T")x=Tp(T,T")z.

Therefore,

U'TUp=U'Tp(T, T*)x = U q(T, T")x
=U"'"Uq=q=pp=M,p,

for every p € P(£2). Since P({2) is dense in the Banach space (C(£2), ] - |l-),
and since {2 is a compact set in C and g is a finite positive measure on Ay,
it follows that P({2) is also dense in the normed space (C(f2),] - ||5), which
in turn is a dense linear manifold of the Banach space (L?(§2, i), || - ||5), and
hence P({2) is dense in (L%(£2, 1), - ||5). That is,

P(2)” = L*(2,p) in the L?norm topology.

Moreover, since U is a linear isometry of P({2) onto R(U), which are linear
manifolds of the Hilbert spaces L2(£2, 1) and H, it follows that U extends
by continuity to a unique unitary transformation, also denoted by U, of the
Hilbert space P(£2)~ = L?(£2, 1) onto the range of U, R(U) C H. (In fact, it
extends onto the closure of R(U), but R(U) is closed in H because every
isometry of a Banach space into a normed space has a closed range.) Thus if
 is a star-cyclic vector for T’ that is, if \/,, {T"T*™x} = H, then

R(U) ={p(T,T*)z: pe P(Q)} = \/ {T"T*™2} = H,

m,n

and so U is a unitary transformation in B[L?({2, i), H] such that
U™'TU = M,.

Then T on H is unitarily equivalent to the multiplication operator M, on
L2(£2, 1) for the identity function : 2 — 2 C C on 2 = o(T) (i.e., p(A) = A
for every A € £2). Therefore, since T is normal (thus normaloid) and unitarily
equivalent to M, (thus with the same norm of M), it follows that |[¢||., =
IT||. Indeed, according to Proposition 3.B,

[¢lloc = esssuplp| < sup [N =r(T) = |T[| = [[ M| = [[¢]l -
Aeo(T)

(b) On the other hand, suppose there is no star-cyclic vector for T. Assume
that T and H are nonzero to avoid trivialities. Since T is normal, the nontrivial
subspace M, =V, {T"T"™"z} of H reduces T for each unit vector = € H.
Consider the set & = {P My: unit & € H} of all orthogonal direct sums of
these subspaces, which is partially ordered (in the inclusion ordering). < is not
empty (ifa unit y € M, L, then My =V, {T"T*"y} C M, L because M-
reduces T, and so M, L M,). Moreover, every chain in & has an upper bound
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in & (the union of all orthogonal direct sums in a given chain of orthogonal
direct sums in ¥ is again an orthogonal direct sum in ). Thus Zorn’s Lemma
ensures that & has a maximal element, say M = @ M, which coincides with
H (otherwise it would not be max1mal since M & M+ = H). Summing up:

There exists an indexed family {x, },er of unit vectors in H generating
a (similarly indexed) collection { M, },¢er of orthogonal nontrivial sub-
spaces of H such that each M, =\/  {T"T*™x,} reduces T', each
- is star-cyclic for T[4, and H = @, M.

Each restriction T'| o, is a normal operator in B[M,] (cf. Proposition 1.Q).
Thus, by part (a), for each v € I" there is a positive finite measure ;. on the
o-algebra Ag_ of Borel subsets of {2, = o(T'|r,) such that T, in B[M,]
is unitarily equivalent to the multiplication operator M, in B[L?(82,, py)],
where each @.: 2, — 2, C C is the identity function on 2, (¢,(A) = A for
every A € §2.), which is bounded (¢ € L*(£2,, 1) since each Q7 is compact
in C. Thus there exists a unitary transformation U, in B[M.,, L?(£2,, j1,)] such
that U,T'|sm., = M, U, for each index vy € I'. Hence the unitary U = €D, . Uy

in BB, cp My, @fyef‘ 2(£2y, )] is such that (B, cr U5) (B,ep Tlm,) =
@fyef‘ U’YT|M~, = @fy M‘PWU’Y = (@fyef‘ M@w) (@'yef‘ U'Y) Therefore,

T =@ cr Tlm, in B[H] = B[@yer M, is
unitarily equivalent to €. cp M, in B[P, < L2(02,, py))-

Consider the disjoint union of {{2,}, which is obtained by reindexing the ele-
ments of each {2, as follows. For each y € I" write £2, = {As(7)}seca, so that, if
there is a complex number A in {2, N 25 for o # B in I", then the same complex
number A is represented as Ay () € £2, for some ¢’ € A, and A~ (B) € 23 for
some §” € Ag, and these representations are considered as distinct elements.
Therefore the sets {2, and (23 become disjoint. (Regard the sets in {f2} as
subsets of distinct copies of C so that, for distinct indices a, 8 € I', the sets
2, and 23 are disjoint.) Set 2 = UweF“Q The disjoint union {2 — un-
like the ordinary union — can viewed as the union of all o(7| A, ) considering
the multiplicity of each point in UﬁyE r0(T|m., ), disregarding possible overlap-
pings. Note that o(T'|r,) € o(T') since each M., reduces T' (cf. Proposition
2.F(b)), and so £2 C |J,cp o(T) is bounded. Let Aq be the o-algebra consist-
ing of all subsets of 2 of the form A = (J . A, where each A, is a Borel
subset of £2, (i.e., A, € Ag,). These are referred to as the Borel subsets of
2. Let p: Ao, — R be the finite measure on each Ap whose existence was
ensured in part (a). Consider the Borel subsets A = Ujeﬂ A; of £2 made up
of disjoint countable unions of Borel subsets of £2; (i.e., 4; € Ag,), and let u
be the measure on Ag such that u(A) =3,y p;(4;) for every A= Ujes 4;

in Ag with {4} being any disjoint collection of sets with each A; € Ag,, for
any countable subset J of I'. (For a proper subset J of I" we 1dent1fy U
with (J

JE.]]

Ler Ay when A, = @ for every vy ¢ J.) Note that p is positive smce



72 3. Spectral Theorem
each p; is. (Indeed, A; = £2; so that p;(A;) > 0 for at least one j in one J.)
Consider the measure space ({2, Ap, 1).

Let ¢: {2 = C be the function obtained from the functions ¢.: 2, — 2, C C
as follows. If A € (J, c £2,, then A € 25 for some 8 € I', and so set <p()\)
©g(A) = A (each ¢ is the identity function on f2,). Since 2 = |J
where (2, = o(T'|am,,) € o(T), it follows that ¢ € L>(f2, ) with

ver

¢l = esssuple| < sup [p(A)] < sup [Al=r(T) < ||
AEN Aeo(T)

(Actually, 7(T') = ||T'|| because T is normaloid.) Now we show that

69761“ M, in B[GBVLQ(Q% piy)] is
unitarily equivalent to M, in B[L?(2, u1)].

First note that the Hilbert spaces L?({2, ) and D er L 2(82,, ) are uni-
tarily equivalent. Actually, recall that direct sums and topological sums of
families of orthogonal subspaces of a Hilbert space are unitarily equivalent.
Thus @,cp L (924, 117) = (X, cp L* (24, 114)) 7, which means that there is
a unitary transformation V: 69761“ L2(2y, 1) = (2 er L2 (24, 114)) ~- Next
consider the mapping W: Ewef 202y, 1) — LQ(UVGF 2, 1) that assigns to
each =3 cpihyind . pL 2(82,, py ), with each 1., in L?(£2,, j1-), the func-
tion W1 in LQ(UﬁF £2,, 1) defined as follows: if A € UveF , then \ € {23
for some 8 € I" and (Ww)( ) = 1¥(A). The mapping W is linear and surjec-
tive. Since W2 = [IWo[2di= Yo p [1052 dits = S pep 0612 = 6]
it follows that W is an isometry as well, and so it is a unitary transformation
of (X er L?(£2,, p-,)) onto L2(U75F £2,, ). Then it extends by continuity to
a unitary transformation, also denoted by W, over the whole Hilbert space
(> er L2(£2,, 1,))~ onto the Hilbert space LQ(U%F £2,, 1). In other words,
W:i(3 o er L2(92y, 1))~ — LQ(U%F 2., ) = L?(£2, ) is unitary. Therefore,
(> er L2(82y, )~ = L*(92, 1), and hence, by transitivity,

@VeFLZ(Q’W/j"Y) = LQ(‘Q7/1‘)

Now take an arbitrary ¢ = Z'yEF ¥y in Z'yEF 2(82y, py), and an arbitrary
A€ = U, cr 2y so that A € 25 for some 3 € I'. Recall that ¢|o, = ¢p
(which is the identity function on §25). Thus W (A) = 13()), and therefore
(MW)(A) = (Mpihp)(A) = 9N (N) = @la,(Ns(A) = (95 ¥s)(A). On
the other hand, since V="'¢ = @_ ¢, it follows that (P, p M, )V "'y =
@’yef‘ My by = @’yef‘ P4y, and so V(®76F M, )V-1¢ = Z'yEF Oy
Hence, (WV(D,ep Mo )V')(N) = (3, 97%4)8(A) = (95 15)(A). Then
MW = WV(@®, cp My, )V " on 3 L*(£2,, py), which extends by conti-
nuity over all (3. . p L?(82, py)) " Thus, for the unitary transformation WV,
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WV (@verM%) = M, WV,

and so P, My, is unitarily equivalent to M,, (i.e., @, M, = M,) through

the unitary WV. Then, T'= M, by transitivity, since 1" = @WGF M, . That is,

T in B[H] is unitarily equivalent to M, in B[L?(£2, p)].
Finally, since ||¢||o < ||T|| and T' = M, it follows that (cf. Proposition 3.B),

[Pl < N7 = [1Me]l < llelo- 0

Remark. Note that ¢: 2 — C can be viewed as a sort of identity function
(p(A) = A € C for every X € £2) including multiplicity (and so it may not be
injective), which takes disjoint unions in Ag into ordinary unions in Ay,
s0 that ¢(§2)~ = o(T) (by Proposition 2.F(d) since T'| a4, is normal), and each
Ae Ao (1) 18 such that A= = o(A)~ for some A € Ag, and hence £2 is bounded.

The following commutative diagram illustrates the proof of part (b).

L} H

g v

@’yEF (Qw/iv) @—yer LQ(‘Q’WM’Y)

| [v
(Zyer ( ’Yaﬂ'y)) (Zyer LQ(Q'yaM'y))_
|w

L*(02, ) e, L2, ).

Definition 3.12. A vector x € H is a cyclic vector for an operator T' in B[H]
if H is the smallest invariant subspace for T' that contains x. If T has a cyclic
vector, then it is called a cyclic operator. A vector x € H is a star-cyclic vector
for an operator T in B[H] if H is the smallest reducing subspace for T' that
contains x. If T has a star-cyclic vector, then it is called a star-cyclic operator.

Observe that = € H is a cyclic vector for an operator T € B[H] if and only
if V,{T"x} = H. That is, if and only if {p(T")z: p is a polynomial}~ = H;
which means that {Sz: S € P(T)}~ = H, where P(T) is the algebra of all
polynomials in 7" with complex coefficients. Similarly, it can also be verified
that © € H is a star-cyclic vector for an operator T € B[H] if and only if
{Sz: S € C*(T)}~ =M, where C*(T) stands for the C*-algebra generated by
T, which is the smallest C*-algebra of operators from B[H] containing T" and
the identity I. Recall that C*(T') = P(T,T*)~, the closure in B[H] of the set
of all polynomials in two (noncommuting) variables T and 7™ (in any order)
with complex coefficients. (See, e.g., [27, Proposition 1X.3.2] and [5, p. 1].)
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Remark. Reducing subspaces are invariant. Thus a cyclic vector is star-cyclic,
and so a cyclic operator is star-cyclic. A normed space is separable if and only if
it is spanned by a countable set. So, the subspace of H, {Sz: S € P(T,T*)} =
V (Um,n{TmT*"J;}U{T*”me}), is separable, and so is {Sz: S € C*(T)}~ =
{Sz: S € P(T,T*)"} . Hence, if T € B[H] is a star-cyclic operator, then H is
separable. (See, e.g., [66, Proposition 4.9] and [27, Proposition IX.3.3].) Then,

T € B[H] is cyclic = T € B[H] is star-cyclic = H is separable.

If T'is normal, then \/,, {T"T*™x} is the smallest subspace of H that con-
tains x and reduces T, so that x € H is a star-cyclic vector for a normal
operator T if and only if \/,, {T"T*™z} = H (cf. proof of Theorem 3.11).
An important result from [19] says that if T is a normal operator, then T is
cyclic whenever it is star-cyclic, and so

T € B[H] is normal and cyclic <= T € B[H] is normal and star-cyclic.

It can also be shown along this line that = is a cyclic vector for a normal
operator T if and only if it is a cyclic vector for T* [50, Problem 164].

Consider the proof of Theorem 3.11. Part (a) deals with the case where the
normal operator T is star-cyclic, while part (b) deals with the case where T is
not star-cyclic. In the former case, H must be separable by the above Remark.
We show next that if H is separable, then the measure in Theorem 3.11 can
be taken to be finite. Indeed, the positive measure u: A, — R constructed in
part (a) is finite. However, the positive measure u: A — R constructed in
part (b) may fail to be even o-finite (see, e.g., [50, p. 66]). But finiteness can
be restored by separability.

Corollary 3.13. If T is a normal operator on a separable Hilbert space H,
then there is a finite positive measure p on a o-algebra Ag of subsets of a non-
empty set {2 and a function @ in L ($2, n) such that T is unitarily equivalent
to the multiplication operator M, on L*(§2, ).

Proof. Consider the argument in part (b) of the proof of Theorem 3.11. Since
the collection {M,} is made up of orthogonal subspaces, we may take one
unit vector from each subspace by the Axiom of Choice to get an orthonormal
set {e,} of unit vectors, which is in a one-to-one correspondence with the set
{M,}. Hence {M,} and {e,} have the same cardinality. Since {e,} is an
orthonormal set, its cardinality is not greater than the cardinality of any
orthonormal basis for #, and so the cardinality of {M.,} does not surpass the
(Hilbert) dimension of H. If H is separable, then {M,} is countable. In this
case, for notational convenience, replace the index =y in the index set I" with an
integer index n in a countable index set, say N, throughout the proof of part
(b). Since the orthogonal collection {M,} of subspaces is now countable, it
follows that the family of sets {2, }, each 2, = o(T'| m,, ), is countable. Recall
that each positive measure u,: Ap, — R inherited from part (a) is finite. Take
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the positive measure y on Aq defined in part (b). Thus u(A) = 7.5 p;(4;)
for every set A = J,; 4; in Ag (each A; in Ag; so that A, C £2;), where J
is any subset of N. But now 2 = J,cy 2, and so p(£2) = > pin({2) =
> nen #(12,), where u(£2,) = pn(£2,) < oo for each n € N. (Again, we are
identifying each §2,, with J,,cy £2m when £2,,, = & for every m # n.) Conclu-
sion: If H is separable, then p is o-finite. However, we can actually get a finite
measure. Indeed, without loss of generality, multiply each original measure p,,
by a positive scalar. Then we may assume that Y . pn(£2,) < 0o (e.g., take
0 < pin(§2,) <277 for each n € N). In this case, u(£2) = o tn(£2,) < 00,
so that u: Ap — R is now finite (rather than just o-finite). Thus all measures
involved in the proof of Theorem 3.11 are finite whenever H is separable. [

Remark. Corollary 3.13 forces the Hilbert space L?(§2, i), with that particular
finite measure u, to be separable (since it is unitarily equivalent to a separable
Hilbert space H). Recall that there exist nonseparable L? spaces with finite
measures, and also non-o-finite measures for which L? is separable (see, e.g.,
[21, pp. 174, 192, 376] and [51, pp. 2, 3]).

Corollary 3.14. Let T be a normal operator on a Hilbert space H so that
T = M, on L*(2,u), where ¢ lies in L°(£2, 1), with u being the positive
measure on the o-algebra Agq of subsets of the nonempty set {2 as in Theorem
3.11. The following assertions are pairwise equivalent.

(a) H is separable.
(b) w is finite.
(¢) T is star-cyclic.
(d) T is cyclic.

Moreover, if any of the above equivalent assertions holds true, then the con-
stant function ¥ =1 (Y(X) =1 for all X € ) lies in L*(2, ) and is star-
cyclic for My, and so M, has a star-cyclic vector in L (12, ).

Proof. By Theorem 3.11, T'= M. That is, T is unitarily equivalent to the
multiplication operator My, on L?(£2, i), where ¢ is a function in L>°(§2, u).
Let U be a unitary transformation in B[L?(§2, n), H] such that U*TU = M,,.
Observe that ¢ in L?(§2, 1) is a cyclic (star-cyclic) vector for the normal op-
erator M, if and only if = Uy in H is a cyclic (star-cyclic) vector for the
normal operator T Indeed, \/, {T"z} = UV {MZ¢y} and V,, {T"T""x} =
UV, AMEMg™}. Corollary 3.13 says that (a) implies (b). We show next
that (b) implies (c). Since ¢:§2 — C is such that p(\) =\ € C for every
A € £2, a trivial induction ensures that MZy = A", ME™p = A", and so
Vo nAMeMg™ it =\, AN A"}, for every A in 2 and every ¢ € L2(02, p).
If p is finite, then the constant function 1 (i.e., 1(A) =1 for all A € £2) lies
in L2(£2, ). Set ¢ = 1 in L?($2, i), and let P(§2) denote the set of all poly-
nomials p(+,-): 2 x 2 — C in A and A (equivalently, p(-,-): 2— C such that
A p(A, A)). Thus (cf. proof of Theorem 3.11),
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LQp) = P~ =\ =\ MM}

so that ¢ = 1 is a star-cyclic vector for M. Thus (b) implies (c). The Remark
preceding Corollary 3.13 ensures that (¢) = (d) = (a). O

Remark. Let K be a compact subset of C. The Stone—Weierstrass Theorem (cf.
proof of Theorem 3.11) ensures that P(K)~ = C(K) in the sup-norm, where
C(K) is the set of all complex-valued continuous functions on K and P(K) is
the set of all polynomials p(-,-): K x K— C in A and A (or, p(-,): K — C such
that A +— p(A,A)). Let P/(K) denote the set of all polynomials p(-): K — C
in one variable X\. The LAVRENTIEV THEOREM says that if K is compact, then
P/(K)~ = C(K) in the sup-norm if and only if C\K is connected and K° = &
(i-e., if and only if the compact set K has empty interior and no holes), which
extends the classical WEIERSTRASS APPROXIMATION THEOREM for (complex-
valued) polynomials on compact intervals of the real line, viz., P'([a, 5])~ =
C([ev, B]) in the sup-norm (see [21, p. 18], or [27, Proposition VIL.5.3] and [28,
Theorem V.14.20]; for real-valued functions the Weierstrass Theorem holds
for every compact set in the real line — see [31, p. 139]). This underlines the
difference between cyclic and star-cyclic vectors. Note that if T' is normal and
P'(o(T))” = C(o(T), then T is reductive (Proposition 3.J). Bram’s result [19]
not only shows that normal operators are cyclic if and only if they are star-
cyclic, but also shows that, under the hypotheses of Corollary 3.14, M, has
a cyclic vector in L*(§2, u), with 2 = o(T) as in part (a) of the proof of
Theorem 3.11 [28, Theorem V.14.21].

Theorem 3.15. (SPECTRAL THEOREM — SECOND VERSION). If T € B[H] is nor-
mal, then there is a unique spectral measure E: A,y — B[H] such that

T://\dEA.

If A is a nonempty relatively open subset of o(T), then E(A) # O.
Proof. We shall split the proof into four parts.

(a) Let p be a positive measure on a o-algebra Ay, of Borel subsets of a non-

empty bounded set (2 of complex numbers. Consider the multiplication op-

erator My € B[L?(£2, )] for any ¢ € L°°(§2, i), and let x,: 2 — {0,1} be the

characteristic function of A € Ag,, which is bounded (i.e., x, € L™ (82, u)). Set
E/(A) = Mx,

for every A € Ag. Tt is readily verified that E': A — B[L?(§2, )] is a spectral
measure in L2(§2, ) (cf. Definition 3.6). Take an arbritrary f € L%(§2, u).
Since a characteristic function of a measurable set is a measurable function,

/ A d(EAS f) = / xad!, = /A dn, = (4) = (BN f)
— (M, ) :/XAffdu:/xAlfIZdu
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for every A € Ag. Let ¥ be the collection of all simple functions v¢: {2 — C of
the form ¢ = >, A\ix, with respect to all finite measurable partitions {/;}
of 2 and all (similarly indexed) sets {\;} of constants in 2 with each \; € 4;
(so that ¥ (A;) = A;). Since each ¢ € ¥ is Ap-measurable (and bounded),

/¢ d(ENf f) = ZiAi/xAid@;f;ﬂ _ Zi)‘i/XAi
— [ S P du= [l

for every ¢ € ¥ (by the previously displayed identity), which also holds for
the function ¢: £2 — C such that ¢(A\) = A. (Reason: infycw ||¢ — ¥]| o =0 so
that ¢ € ¥~ C L*°({2, i), thus apply extension by continuity.) Therefore,

[edwsrin = [elfPdu= [offdn=apin)

for every f € L?(§2, ). By the polarization identity (Proposition 1.A) we get
(SF19) = L(SU+9): (f+ ) —{S( — 9): (F — 9))+i(S(f+ig); (f +ig)) ~
i(S(f —ig);(f —ig)) forevery f,g € L*(2,p) and S € B[L?(£2, j1)]. Thus, re-
placing S with E’(A) on the one hand, and with M, on the other hand,

/¢d<E&f;g> = (Myf;g)

for every f,g € L?(£2, i), which means

M, :/ga()\)dE’A :/AdE;.

Uniqueness of the spectral measure E": A — B[H] is proved as follows. Let
P(£2) be the set of polynomials p(-,-) on (2 as defined in the proof of Theorem
3.11. If E”: Ag — B[H] is a spectral measure in L?({2, ) such that M, =
JAAE"S = [XdE}, then p(T,T*) = [p(A\,\)dE'S = [p(\,A) dE} for every
p € P(2) by Lemma 3.10. This means that [pd(E’\x;y) = [pd(EA\wz;y) for
every x,y € H, for every p € P(£2). Fix an arbitrary x € H. So, in particular,

/pd< '\ ) =/pd<E&m;fE>

for every p € P(£2). Let K be the closure of the union of the supports of the
measures E' and E”, which is compact since 2 is bounded, and let C(K) be the
set of all complex-valued continuous functions on K. The Stone-Weierstrass
Theorem for complex functions says that P(K) is dense in (C(K),| - ||.), and
so P(K) is dense in (L?(K,v),|| - ||5) for every finite positive measure v on Ag
with support in K (see proof of Theorem 3.11). Since the positive measures
(B'()a;x) = |[E'()z||? and (E"(:)x;x) = ||[E"(-)z||* on Ag are finite, we get

/XAd<E”w;x> :/XAd<E’w;w>

for the characteristic function y , of an arbitrary set A € Ag. Thus

flPdp
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(E"(N)z; x) :/ d{E\z;x) :/ d{E\z;x) = (E'(A)x;z),
A A

and so ((E"(A) — E'(A))z;z) =0, for every A € Ag. Since E"(A) — E'(A) is
self-adjoint for every A € Ag, and since the above identity holds for every
x € H, it follows that E’is unique. That is (see, e.g., [66, Corollary 5.80]),

E"(A) — E'(A) = O for every A€ Ag.

This completes the proof for the normal operator M, € B[L?(£2, 1)]: there is
a unique spectral measure E': Ag — B[L?(£2, )] such that M, = [AdE}.

(b) If T € B[H] is normal, then T = M, € B[L?(§2, u)] (for a positive measure
1 on a o-algebra Ag of subsets of a bounded set 2 — the disjoint union
U,er{2y) by Theorem 3.11. Thus there is a unitary U € B[H, L2(£2, )] such
that T'=U*M,U. But E: Ag — B[H] given by E(A) = U*E'(A)U for each
A € Ag, is a spectral measure in H (Definition 3.6). Then we get from (a) that

(T 1y) = (MpUz:; Uy) = / o d(ENU s Uy) = / pd(Exe:y)

for every z,y € H, with ¢: 2 — C such that ¢(\) = A, which means

T:/)\dEA.

Since F(A) 2 E’(A), uniqueness of E’ implies uniqueness of E. Therefore,
there is a unique spectral measure E: Ao — B[H] such that T = [AdE\.

(c) Recall that {2 is the disjoint union {J, ¢ p £2y with 2, = o(T|m,) Co(T) —
a set of complex numbers in ¢(T") that considers multiplicity of each point A
in o(T"). Note that, for each A € 2, {\} € Ag (cf. proof of Theorem 3.11) and
dim R(E({)\})) = dim R(E'({\})) = dim R(Mx,,,) = dim L*({\}, u) € {0, 1}.
We shall now incorporate the multiplicity of A in dimR(E({A})) as follows.
For each A in Ay(7) set UA =, {A(7) € A,: A(y) = AN 02} in Ag so
that, for each A in (7)), {A} € Ay (1) and U{A} = U, c p{A(7) € 241 A(y) = A}
in Ag. Set E: Ao (ry = B[H] such that E(A) = Jua dEx = E(UA) for every A

in A, (7. This defines a spectral measure £ on A, (1) such that fa(T) NE\ =
/. oAdEy, which is unique since E is unique. In particular, for each A in o(T')
we get E({\}) = [, dEx = E(U)), and so dim R(E({\})) = dim R(E(UN)).
Therefore, using the same notation for F and F, it follows that multiplicity of

A is incorporated in dim R(E({\})) and, from (b), there is a unique spectral
measure B: Ayry — B[H] such that T = [XdE.

(d) We show that if @ # A € Ay (py is relatively open in o(T), then E(A) # O.
Take any @ # A € A, (1) and consider the definition of UA € Ag in part (c).
If Ais relatively open in o(T), then there is a nonempty A(y) € Ain Ag(7),, )
relatively open in o(T'|aq, ). It can be verified that each positive measure /i,
on Ag_ (cf. part (b) in the proof of Theorem 3.11) is such that support (1) =
o(T|m,). Thus py(A(7y)) > 0, and so u(UA) > 0 (according to the definition
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of u1 in the proof of Theorem 3.11). However, since x,, € L?(2, 1), and since
(B ) =[x, |f|2du for each A’€ 2 and every f € L?(£2, ),

IEOAN G = B UM ) = [eabvaaldi= [ du = (o).
@]

Thus, [|E'(UA)|| # 0, and therefore |EA)| = |E(UA)|| = ||E'(UA)|| # 0, so
that E(A) # O. Again, use the same notation for £ and F. O

The representation T = [AdE) is also referred to as the spectral decom-
position of the normal operator T' (see Section 3.2).

3.5 Fuglede Theorems and Reducing Subspaces

Let A, (1) be the o-algebra of Borel subsets of the spectrum o(T") of T'. The
following lemma sets up the essential features for proving the next theorem.

Lemma 3.16. Let T = [AdE\ be the spectral decomposition of a normal
operator T € B[H] as in Theorem 3.15. If A € Ay (r), then

(a) E(A)T =TE(A). Equivalently, R(E(A)) reduces T.

(b) Moreover, if A# @, then o(T|r(g(a)y)) € A™.

Proof. Consider the spectral decomposition of T'. Take any @ # A € A,(r).
(a) Since E(A) = [x,(A) dEx and T = [XdE}, it follows by Lemma 3.8 that

EMNT = /)\XA(/\) dE = /XA()\) AdEy\ =TE(A),
which is equivalent to saying that R(E(A)) reduces T (by Proposition 1.I).

(b) Let Ap be the o-algebra of Borel subsets of (2 as in Theorem 3.11.
Take an arbitrary nonempty A € Ag. Recall from the proof of Theorem 3.15
that [AdEy = T = M, = [¢(\)dES, so that T = U*M,U for a uni-
tary U: H — L*(§2, 1), where the spectral measures E': Ao — B[L?(£2, 1))
and E: Ap — B[H] are given by E'(A) = Mx, and E(A) = U*E'(A)U. Thus

Tl = Melr(ax,)-
Indeed, since R(E (A)) = U*R(E'(A)U), we get
TrEy) = (U™MLU)

v r(E(MU) = UMelrE1(a)U = UMy |R My ) U-

Let p|a be the restriction of p to the o-algebra A, = #(A)N Ay C Ag so
that R(My,) is unitarily equivalent to L?(A, u|4); that is,

R(Mx,) ={f € L*(2,p): f=x,gfor some g € L*(2,p0)} = L*(A, | a).

Consider the following notation: set Myx, = My|r2(a,,,) in B[L*(A, ] 4)]
(not in B[L?(£2, u1)]). Since R(E'(A)) = R(Mx,) reduces M,,
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Molr(arx,) = Mox,-
Hence T'|r(g(a)) = Myx, by transitivity, and therefore (cf. Proposition 2.B),

o(TIr(E ) = 0(Myx,)-
Since A # @, Proposition 3.B ensures that, for ¢: {2 — C such that ¢(\) = A,
Myx,) ﬂ{s& “eC: Ae Ay and u|A(A\A):0}
= ﬂ{%ﬁ (ANA)”€C: AcAg and p(A\A) =0} C p(A)~

Finally, take an arbltrary Ae .A[,(T) and let E: Ao (ry— B[H] be the spectral

measure defined by E(A) = E(UA) (cf. part (c) in the proof of Theorem 3.15).
Since A~ = p(A)~ for some A € Ag, and since U(p(A)™) C A, we get

U(T|R(E(/i))) < 0(T|R(E(@(A)—))) C o(TIr(p-)) Sp(d7) =47,
Again, use the same notation for E and E, and for A and A. O

The proof of the next theorem follows the same argument used in the proof
of Corollary 3.5, now extended to the general case (see [76, Theorem 1.12]).

Theorem 3.17. (FUGLEDE THEOREM). Let T' = [AdE) be the spectral decom-
position of a normal operator in B[H|. If S € B[H] commutes with T, then
S commutes with E(A) for every A € Ay

Proof. Take any A in Ay (p). Suppose @ # A # o(T'); otherwise the result is
trivially verified with E(A) = O or E(A) = 1. Set A" = o(T)\A in Ay (). Let
A and A’ be arbitrary nonempty measurable closed subsets of A and A’. That
is, 5 # A C Aand @ # A’ C A lie in A,y and are closed in C; and so they
are closed relative to the compact set o(T). Lemma 3.16(a) ensures that

ENT|rE) = TEA)|REw@) = TIrE@): RIE(A)) = R(E(A))

for every A € A, (ry. In particular, this holds for A and A’. Take any operator
S on H such that ST =TS. Thus, on R(E(A4)),

() (BE(A)SE(A)T|r(5(a)) = (E(A)SE(A))(TE(4)) = E(A)STE(A)
= E(A)TSE(A) = (TE(A)(E(A)SE(A))
= Tlr(an) (E(A)SE(A)).

Since the sets A and A’ are closed and nonempty, Lemma 3.16(b) says that

o(T|rEay) €A and  o(TlrEa)) € 4

and hence, as A C A and A’ C A" = o(T)\4,

(**) U(T|R(E(A))) N U(T|R(E(A’))) = J.
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Therefore, according to Proposition 2.T, () and (%) imply that
E(A)SE(A) = O.
This identity holds for all A € C4 and all A’ € C 4/, where
Chr= {A € Ay(ry: Ais a closed subset of A}.
Now Proposition 3.C says that, in the inclusion ordering,

R(E(A))=Asgg R(E(4))  and R(E(A’))=A§élg R(E(4A))

and so, in the extension ordering (see, e.g., [66, Problem 1.17]),
E(A) = sup E(4) and E(A)= sup E(4).
A€C,y AreC,
Then
E(A)SE(A) = 0.

Since E(A) + E(A") = E(AU A’) = I, this leads to
SE(A) = E(AUA)SE(A) = (E(A) + E(A")SE(A) = E(A)SE(A).

Thus R(E(A)) is S-invariant (cf. Proposition 1.I). Since this holds for every
A in Ag(ry, it holds for A" = o(T)\A so that R(E(A’)) is S-invariant. But
R(E(A)) LR(E(A)) (ie., E(A)E(A) =0) and H = R(E(A)) + R(E(A"))
(since H = R(E(AUA")) = R(E(A) + E(A")) CR(E(A)) + R(E(A')) CH).
Hence R(E(A")) = R(E(A))*, and so R(E(A))* also is S-invariant. Then

R(E(A)) reduces S,
which, by Proposition 1.1, is equivalent to

SE(A) = E(A)S. O

Invariant subspaces were discussed in Section 1.1 (a subspace M is T-
invariant if T(M) C M). Recall that a subspace M of a normed space X
is nontrivial if {0} # M # X. Reducing subspaces (i.e., subspaces M such
that both M and M+ are T-invariant or, equivalently, a subspace M that is
invariant for both T and T*), and reducible operators (i.e., operators that have
a nontrivial reducing subspace), were discussed in Section 1.5. Hyperinvariant
subspaces were defined in Section 1.9 (subspaces that are invariant for every
operator that commutes with a given operator). Recall that an operator is
nonscalar if it is not a (complex) multiple of the identity — otherwise it is
called a scalar operator (Section 1.7). Scalar operators are clearly normal. A
projection FE is nontrivial if O # E # I. Equivalently, a projection is nontrivial
if and only if it is nonscalar. (Indeed, if E? = E, then it follows at once that
O # E # 1 if and only if E # ol for every a € C).

Corollary 3.18. Consider operators acting on a complexr Hilbert space of
dimension greater than 1.
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(a) Ewvery normal operator has a nontrivial reducing subspace.

(b) FEwvery nonscalar normal operator has a nontrivial hyperinvariant subspace
which reduces every operator that commutes with it.

(¢c) An operator is reducible if and only if it commutes with a nonscalar normal
operator.

(d) An operator is reducible if and only if it commutes with a nontrivial or-
thogonal projection.

(e) An operator is reducible if and only if it commutes with a nonscalar op-
erator that also commutes with its adjoint.

Proof. Consider the spectral decomposition 7' = [AdE) of a normal oper-
ator T as in Theorem 3.15. By Theorem 3.17, if ST = T'S, then SE(A) =
E(A)S or, equivalently, each subspace R(E(A)) reduces S, which means that
{R(E(A))} is a family of reducing subspaces for every operator that com-
mutes with 7. If ¢(T) has a single point, say o(T) = {A}, then T' = X (by
uniqueness of the spectral measure); that is, 7" is a scalar operator so that ev-
ery subspace of H reduces T'. If dim #H > 1, then in this case T" has plenty of
nontrivial reducing subspaces. Hence, if T is nonscalar, then ¢(7") has more
than one point (and dimH > 1). If A\, p lie in o(T") and A # p, then let

Dx=Bip_pA) = {vecC: |v=X<iA=ul}
be the open disk of radius |\ — u| centered at A. Set
A)\ZO'(T)QD)\ and AS\ZU(T)\D/\,

so that o(T') is the disjoint union of Ay and A). Observe that both Ay and
Al lie in Ag(r). Since Ay and o(T)\D} are nonempty relatively open subsets
of o(T') and o(T)\D) C A, it follows by Theorem 3.15 that E(Ay) # O and
E(Ay)# O. Then I = E(o(T)) = E(A\UA,) = E(Ay)+ E(A)), and so
E(Ay) =1 — E(A)) # I. Therefore,

O # E(Ay) #1,
which means that R(E(Ay)) is nontrivial; that is,

{0} # R(E(AN)) # H.

This proves (a) (for the particular case of S = T'), and also proves (b) — the
nontrivial R(E(Ay)) reduces every S that commutes with 7. Thus (b) ensures
that if T commutes with a nonscalar normal, then it is reducible. The converse
follows by Proposition 1.I, since every nontrivial orthogonal projection is a
nonscalar normal. This proves (c¢). Since a projection E is nontrivial if and
only if {0} # R(E) # H, Proposition 1.I ensures that T is reducible if and
only if it commutes with a nontrivial orthogonal projection, which proves
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(d). Since every nontrivial orthogonal projection is self-adjoint and nonscalar,
it follows by (d) that if T is reducible then it commutes with a nonscalar
operator that also commutes with its adjoint. Conversely, suppose T is such
that LT = TL and LT* = T*L (and so L*T = TL*) for some nonscalar
operator L. Then (L + L*)T = T(L 4 L*), where L + L* is self-adjoint (thus
normal). If this self-adjoint L + L* is not scalar, then T' commutes with the
nonscalar normal L + L*. On the other hand, if this self-adjoint L + L* is
scalar, then the nonscalar L must be normal. Indeed, if L + L* = al, then
L*L = LL* = oL — L?, which shows that L is normal. Again, in this case, T
commutes with the nonscalar normal L. Thus, in any case, T commutes with
a nonscalar normal operator so that T is reducible according to (c); and this
completes the proof of (e). O

All the equivalent assertions in Corollary 3.5, which hold for compact
normal operators, remain equivalent in the general case (for plain normal, not
necessarily compact operators). Again, the implication (a) = (c¢) in Corollary
3.19 below is the Fuglede Theorem (Theorem 3.17).

Corollary 3.19. Let T = [AdFE) be a normal operator in B[] and take any
operator S in B[H]. The following assertions are pairwise equivalent.

a) S commutes with T.
b) S commutes with T*.
¢) S commutes with every E(A).

(
(
(
(d) R(E(A)) reduces S for every A.

Proof. Let T = [AdE) be the spectral decomposition of a normal operator
in B[H]. Take any A € A,(r) and an arbitrary S € B[H]. First we show that

ST=TS <= SEA)=E/A)S <+« ST*=T"S.

If ST =TS8, then SE(A) = E(A)S by Theorem 3.17 so that 7, g+ (A) =
(E(A)x; S*y > (SE(MN)z;y) = (E(A)Sz;y) = Tgey(A), and hence

(ST z;y) = (T"x; S™y) /)\d (Exz; S™y)
Z/Ad<5Ew;y> =/Ad<EASx;y> = (T"Szy),
for every x,y € H (cf. Lemmas 3.7 and 3.8(a)). Thus
ST=TS = SE(A)=EN)S = ST"=T'S <= 8§7T=TS"
Since these hold for every S € B[H], and since S** = S, it follows that

S*T =T858 =— ST=TS.
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This shows that (a), (b), and (c¢) are equivalent, and (d) is equivalent to (c)
by Proposition 1.I (as in the final part of the proof of Theorem 3.17). g

Corollary 3.20. (FuGLEDE-PUTNAM THEOREM). Suppose T in B[H] and T,
in B[K] are normal operators. If X € B[, K] intertwines T, to Ty, then X
intertwines Ty to Ty (ie., if XT) =T5X, then XTT =T5 X).

Proof. Take T, € B[H], T, € B[K], and X € B[H, K]. Consider the operators

T:Tl@TQZ(TOl %) and Sz()O( 8)

in B[H @ K]. If T} and T3 are normal, then T is normal. If X7} = T, X, then
ST =TS and so ST* =T*S by Corollary 3.19. Hence X T} =15 X. O

3.6 Additional Propositions

Let I' be an arbitrary (not necessarily countable) nonempty index set. We
have defined a diagonalizable operator in Section 3.2 as follows.

(1) An operator T on a Hilbert space H is diagonalizable if there is a resolution
of the identity {E,},ecr on H and a bounded family of scalars {\,},er
such that Tu = A,u whenever u € R(E,).

As we saw in Section 3.2, this can be equivalently stated as follows.

(1) An operator T on a Hilbert space H is diagonalizable if it is a weighted
sum of projections for some bounded sequence of scalars {\,},er and
some resolution of the identity {E,},er on H.

Thus every diagonalizable operator is normal by Corollary 1.9, and what the
Spectral Theorem for compact normal operators (Theorem 3.3) says is pre-
cisely that a compact operator is normal if and only if it is diagonalizable —
cf. Corollary 3.5(a) — and so (being normal) a diagonalizable operator is such
that r(T) = ||T|| = sup,er [\| (cf. Lemma 3.1). However, a diagonalizable
operator on a separable Hilbert space was defined in Section 2.7 (Proposition
2.L), whose natural extension to arbitrary Hilbert space (not necessarily sep-
arable) in terms of summable families (see Section 1.3) rather than summable
sequences, reads as follows.

(2) An operator T on a Hilbert space H is diagonalizable if there is an or-
thonormal basis {e,}yer for H and a bounded family {\,},cr of scalars
such that Tz = 3° . Ay (z;ey)ey for every z € H.

There is no ambiguity here; both definitions coincide: the resolution of the
identity {E~}yer behind the statement in (2) is given by E,z = (z;e5)ey
for every x € ‘H and every y € I' according to the Fourier series expansion
=3 crl{z;ey)eyof each x € H in terms of orthonormal basis {e, }yer. Now
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consider the Banach space £ made up of all bounded families a = {o, }1er
of complex numbers and also the Hilbert space £Z consisting of all square-
summable families z = {(, },er of complex numbers indexed by I". The defini-
tion of a diagonal operator in B[¢2] goes as follows.

(3) A diagonal operator B[¢%] is a mapping D:{% — (2 such that Dz =
{ay ¢y Yyer for every z = {¢,}yer € €3, where a = {ay}yer € £3° is a
(bounded) family of scalars. (Notation: D = diag{a }yer.)

A diagonal operator D is clearly diagonalizable by the resolution of the iden-
tity Eyz = (z; fy) fv = Cy fy given by the canonical orthonormal basis { f}~er
for (2, viz., f = {65} per with 6, 3 =1if 3=+ and 6, 3 =0 if 8 # . So
D is normal with 7(D) = || D| = |la||o, = sup, e |a,|. Consider the Fourier
series expansion of an arbitrary z in A in terms of any orthonormal basis
{extyer for H, namely, z = > p(x;eq)e,, so that we can identify z in
H with the square-summable family {(z;e,)} er in €% (i.e., x is the image
of {{z;ey)}yer under a unitary transformation between the unitary equiva-
lent spaces H and (7). Thus, if Tx = 37 p Ay (7;e)e,, then we can iden-
tify Tz with the square-summable family {\,(z;e,)},er in €2, and so we
can identify T' with a diagonal operator D that takes z = {(x;e)}yer into
Dz = {\,(x;e,)}yer. This means that T" and D are unitarily equivalent:
there is a unitary transformation U € B[H, (2] such that UT = D U. It is in
this sense that T is said to be a diagonal operator with respect to the orthonor-
mal basis {e~}yer. Thus definition (2) can be rephrased as follows.

(2) An operator T on a Hilbert space H is diagonalizable if it is a diagonal
operator with respect to some orthonormal basis for H.

Proposition 3.A. Let T be an operator on a nonzero complex Hilbert space.
The following assertions are equivalent.

(a) T is diagonalizable in the sense of definition (1) above.

(b) H has an orthogonal basis made up of eigenvectors of T.
(¢) T is diagonalizable in the sense of definition (2) above.
(

d) T is unitarily equivalent to a diagonal operator.

Take a measure space ({2, An, p) where Ap, is a o-algebra of subsets of
a nonempty set {2 and p is a positive measure on Ag. Let L>(2,C,u) —
short notation: L (£2, u), L (u), or just L>° — denote the Banach space of
all essentially bounded Agq-measurable complex-valued functions f: 2 — C on
2 equipped with the usual sup-norm (i.e., ||f||,, = esssup|f| for f € L*>).
Let L2(£2,C, u) — short notation: L%(£2, i), L?(u), or just L? — denote the
Hilbert space of all square-integrable Ag-measurable complex-valued functions
f:02 — C on {2 equipped with the usual L?-norm (i.e., ||f|, = (f|f|2d,u)5
for f € L?). Multiplication operators on L? will be considered next (see, e.g.,
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[50, Chapter 7]). The first version of the Spectral Theorem (Theorem 3.11)
says that multiplication operators are prototypes of normal operators.

Proposition 3.B. Let ¢: 2 — C and f:§2 — C be complex-valued functions
on a nonempty set (2. Let p be a positive measure on a o-algebra Ag of
subsets of (2. Suppose ¢ € L. If f € L?, then ¢f € L?. Thus consider the
mapping My: L?> — L? defined by

Myf = ¢f for every felL’

That is, (Mgf)(X) = ¢(N)f(X) for A€ 2. This is called the multiplication
operator on L? which is linear and bounded (i.e., My € B[L?]). Moreover:

(a) My = M, (e, (Mg f)(A) = ¢(A) fF(A) for X e 2).
(b) My is a normal operator.

(©) 1Myl <[9llo = esssup || = infaens, supre o\ a [9(V)],
where Ng denotes the collection of all A € Ag such that u(A) =0.

(d) o(My) C essR(4) = essential range of ¢
={aeC: p({r € 2: |¢(N) —a| <e}) > 0 for every e > 0}
={a € C: u(¢p~'(Va)) > 0 for every neighborhood V,, of a’}
—N{6(4)" €C: A € Ag and u(2\4) =0} C 6(2)" = R(6)".
If, in addition, pu is o-finite, then

©) 1Mol = 6],
() o(Mj) = essR(9).

Particular case: Suppose §2 is a nonempty bounded subset of C and suppose
©: 2 = 2 C C is the identity function on 2 (i.e., ¢(A) = A for every A€ (2,
which is bounded). Then essR(p) = ({A~ € C: A € A and p(f2\A) =0} C
27, and so ess R(p) N £2 is the smallest relatively closed subset of {2 such that
w(2\(essR(p) N £2)) = 0. Equivalently, 2\ (essR(p) N £2) is the largest rela-
tively open subset of {2 of measure zero. Thus ess R(y) N {2 is the (bounded
and relatively closed) support of p. Summing up, if {2 is a nonempty bounded
subset of C, and @: 2 — §2 is the identity function on {2, then support (1) =
ess R(p) N 2. If, in addition, §2 is closed in C, then support (u) is compact.
Therefore, if A in Ag is nonempty and relatively open, included in the sup-
port of w, then pu(A) > 0. (Indeed, if @ # A C essR(p) N £ is relatively open
and p(A) =0, then [2\(essR(p) N N2)]U A is a relatively open subset of 2
larger than 2\ (ess R(¢) N §2) and of measure zero; which is a contradiction.)

If 2 =N, the set of all positive integers, A, = #(N), the power set of N,
and p is the counting measure (assigning to each set the number of elements
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in it, which is o-finite), then a multiplication operator is reduced to a diagonal
operator on L*(N, C, ) = {2 = (%, where the bounded §(N)-measurable func-
tion ¢:N — C in L>°(N, C, i) = £3° = £5° is the bounded sequence {ay} with
ar = ¢(k) for each k € N, so that | My|| = ||¢]lcc = supy, |a| and o(My) =
R(p)” = {ar} . What the Spectral Theorem says is that a normal operator is
unitarily equivalent to a multiplication operator (Theorem 3.11), which turns
out to be a diagonal operator in the compact case (Theorem 3.3).

Proposition 3.C. Let {2 be a nonempty compact subset of the complex plane
C and let E: Ag — B[H] be a spectral measure (cf. Definition 3.6). For each
AeAg set Cp={A e Ag: Ais a closed subset of A}. R(E(A)) is the small-
est subspace of M such that |Jpce , R(E(A)) C R(E(A)).

Proposition 3.D. Let H be a complex Hilbert space and let T be the unit
circle about the origin of the complex plane. If T € B[H] is normal, then

a) T is unitary if and only if o(T) C T,

b) T is self-adjoint if and only if o(T) C R,

(

(b)

(¢) T is nonnegative if and only if o(T) C [0, 00),

(d) T is strictly positive if and only if o(T) C o, 00) for some a > 0,
(

e) T is an orthogonal projection if and only if o(T) C {0,1}.

Observe that, if T' = ((1) 8) and S = (% }) in B[C?], then S? -T2 = (g S)
Thus O < T < S does not imply T2 < S2. However, the converse holds.

Proposition 3.E. If T, S € B[H] are nonnegative operators, then
T <S5 implies T2 < Sé.

Proposition 3.F. If T = [AdE) is the spectral decomposition of a nonneg-
ative operator T on a complex Hilbert space, then T: = f)\é dE).

Proposition 3.G. If T = [AdE, is the spectral decomposition of a normal
operator T € B[H], and if Ao is an isolated point of o(T), then

{0} # R(E{Ao})) S N (Aol = T).
Every isolated point of the spectrum of a normal operator is an eigenvalue.

Recall: X € B[H, K] intertwines T € B[H] to S € BIK] if XT = SX. If an
invertible X intertwines T to S, then T and S are similar. If, in addition, X
is unitary, then T" and S are unitarily equivalent (cf. Section 1.9).

Proposition 3.H. Let T, € B[H] and T, € B[K] be normal operators. If
X € B[H, K] intertwines T} to Ty (i.e., XT) =T,X), then
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(a) N(X) reduces Ty and R(X)™ reduces T,
so that Ty | (x)+ € BIN(X)*] and Ty|r(x)- € B[R(X)~]. Moreover,

(b) Tiln(x)r and Tylgr(x)- are unitarily equivalent.

A special case of Proposition 3.H says that if a quasiinvertible (i.e., injec-
tive with dense range) bounded linear transformation intertwines two normal
operators, then these normal operators are unitarily equivalent. This happens,
in particular, when X is invertible (i.e., if X is in G[H, K]).

Proposition 3.1. Two similar normal operators are unitarily equivalent.

A subset of a metric space is nowhere dense if its closure has empty in-
terior. Since the spectrum of T' € B[H] is closed, ¢(T) is nowhere dense if
and only if it has an empty interior; that is, o(T)° = @. The full spectrum
o(T)# was defined in Section 2.7 (see Proposition 2.S). Note that the con-
dition ¢(T) = o(T)# is equivalent to saying that C\o(7T) is connected (i.e.,
that p(T') is connected). An operator T' € B[H] is reductive if all its invari-
ant subspaces are reducing. Thus, by Proposition 1.Q, a normal operator is
reductive if and only if its restriction to every invariant subspace is normal.
Normal reductive operators are also called completely normal.

Proposition 3.J. Suppose T € B[H] is a normal operator. If o(T) = o(T)#
and o(T)° = @, then T is reductive. If T is reductive, then o(T)° = @.

There are normal reductive operators D for which o(D) # o(D)#. For
instance, consider the diagonal D = diag{\}x=0 in B[(3] with A, = e?™io*,
where {aj}r>0 is a distinct enumeration of all rationals in [0,1). Being a
diagonal, D is normal (unitary, actually) and o(D) = T (since {ag}i>o is
dense in [0,1]). Thus T = (D) C o(D)* = D~. However, D is reductive (see,
e.g., [35, Example 13.5]). On the other hand, there are normal operators S
with 0(5)° = @ that are not reductive. Indeed, every bilateral shift S has an
invariant subspace M such that the restriction S, = S| is a unilateral shift
(see, e.g., [62, Proposition 2.13]). Since S is unitary (thus normal) and S, is
not normal, it follows by Proposition 1.Q that M does not reduce S. Thus S
is not reductive, although o(S) =T, and so ¢(5)° = @.

Proposition 3.K. Let T be a diagonalizable operator on a nonzero complex
Hilbert space. The following assertions are equivalent.

(a) FEvery nontrivial invariant subspace for T contains an eigenvector.

(b) Every nontrivial invariant subspace M for T is spanned by the eigenvec-
tors of T|am (Le., it is such that M =\ ¢, 7, N = T|pm)).

(¢c) T is reductive.

There are diagonalizable operators that are not reductive. In fact, since
C is a separable metric space, it includes a countable dense subset, and so



3.6 Additional Propositions 89

does every compact subset of C. Let A be any countable dense subset of an
arbitrary nonempty compact subset {2 of C. Let {\x} be an enumeration of A
so that supy, |Ax| < oo (since §2 is bounded). Consider the diagonal operator
D = diag{\} in B[(3]. As we had seen in Proposition 2.L,

o(D)=A" = 1.

Therefore, every closed and bounded subset of the complex plane is the spec-
trum of some diagonal operator on 63_. Hence, if §2° # @, then Proposition
3.J ensures that the diagonal D is not reductive.

Notes: A discussion on diagonalizable operators precedes the characterization
in Proposition 3.A (see, e.g., [66, Problem 6.25]). Diagonal operators are ex-
tended to multiplication operators, whose properties that will be needed in the
text are summarized in Proposition 3.B (see, e.g., [27, IX.2.6], [50, Chapter 7],
and [76, p. 13]). For the technical result in Proposition 3.C, which is required
in the proof of the Fuglede Theorem (Theorem 3.17), see [76, Proposition
1.4]. The remaining propositions depend on the Spectral Theorem (Theorem
3.15). Proposition 3.D considers the converse of Proposition 2.A (see, e.g.,
[66, Problem 6.26]). For Proposition 3.E see, for instance, [63, Problem 8.12].
Proposition 3.F is a consequence of Lemma 3.10 and Proposition 1.M (see,
e.g., [66, Problem 6.45]). Proposition 3.G is an important classical result that
shows how the spectral decomposition of a normal operator behaves similarly
to the compact case of Theorem 3.3 for isolated points of the spectrum (com-
pare with the claim in the proof of Lemma 3.2) — see, e.g., [66, Problem 6.28].
Propositions 3.H and 3.1 follow from Corollary 3.20 (see, e.g., [27, IX.6.10 and
IX.6.11]). Reductive normal operators are considered in Propositions 3.J and
3.K (see [35, Theorems 13.2 and 13.32] and [76, Theorems 1.23 and 1.25]).
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4

Functional Calculus

Fix an operator T in the operator algebra B[#]. Suppose an operator ¢ (7T) in
B[H] can be associated to each function 1: {2 — C on a nonempty set {2, in a
suitable algebra of functions F(£2). The central theme of this chapter inves-
tigates the mapping @r: F(£2) — B[H] defined by @1 (¢p) = ¢(T) for every
¥ in F(£2); that is, the mapping ¢ — ¢ (T") that takes each function % in a
function algebra F'({2) to the operator ¥(T") in the operator algebra B[H]. If
this mapping @ is linear and also preserves product (i.e., if it is an algebra
homomorphism), then it is referred to as a functional calculus for T.

4.1 Rudiments of C*-Algebra

Let A and B be algebras over the same scalar field F. If F = C, then these
are referred to as complex algebras. A linear transformation @: A — B (of the
linear space A into the linear space B) that preserves products (i.e., such that
S(zy) = P(x)P(y) for every x,y in A) is a homomorphism (or an algebra
homomorphism) of A into B. A wunital algebra (or an algebra with identity)
is an algebra with an identity element (i.e., with a neutral element under
multiplication). An element x in a unital algebra A is invertible if there is an
x~ '€ A such that 27 'z = x2~! = 1, where 1 denotes the identity in A. A
unital homomorphism between unital algebras is one that takes the identity
of A to the identity of B. If @ is an isomorphism (of the linear spaces A onto
the linear space B) and also a homomorphism (of the algebra A onto the
algebra B), then it is an algebra isomorphism of A onto B. In this case A and
B are said to be isomorphic algebras. A normed algebra is an algebra A that
is also a normed space whose norm satisfies the operator norm property, viz.,
lzyll < ||l=|| [|y]| for every z,y in A. The identity element of a unital normed
algebra has norm 1. A Banach algebra is a complete normed algebra. The
spectrum o(z) of an element x € A in a unital complex Banach algebra A is
the complement of the set p(z) = {\ € C: Al —z has an inverse in A}, and
its spectral radius is the number 7(z) = sup)¢, (4 |Al- An involution x: A — A
on an algebra A is a map z — z* such that (z*)* = z, (zy)* = y*z* and
(az + By)* = az* + By* for all scalars «, 8 and every z,y in A. A x-algebra
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(or an involutive algebra) is an algebra equipped with an involution. If 4 and
B are x-algebras, then a x-homomorphism (a x-isomorphism) between them is
an algebra homomorphism @: A — B (an algebra isomorphism) that preserves
the involution (i.e., ¢(z*) = &(x)* in B for every = in A — we are using the
same notation for the involutions on A and B). An element z in a *-algebra is
called Hermitian if x* = x and normal if x*x = xa*. An element x in a unital
x-algebra is unitary if x*x = zo* = 1. A C*-algebra is a Banach x-algebra A
such that ||z*z|| = ||z||? for every x in A.

In a *-algebra, (z*)* is usually denoted by z**. The origin 0 in a *-algebra
and the identity 1 in a unital %-algebra are Hermitian. Indeed, since (ax)* =
az* for every z and every scalar «, we get 0* = 0 by setting o = 0. Since
I*z = (I*2)*™ = (2*1)* = (1z*)* = z1* and (z*1)* = 2™ = z, it follows
that 1"z = x1* = z, and so (by uniqueness of the identity) 1* = 1. In a unital
C*-algebra the expression ||1]| = 1 is a theorem (rather than an axiom) since
[I1]]? = [|1*1]] = ||12]| = ||1]| so that ||1|| = 1 because 1 # 0.

Elementary properties of Banach algebras (in particular, C*-algebras) and
of algebra homomorphisms that will be needed in the sequel are brought
together in the following lemma.

Lemma 4.1. Let A and B be algebras over the same scalar field and let
&: A — B be a homomorphism. Take an arbitrary x € A.

(a) If A is a x-algebra, then x =a+1ib where a* = a and b* =b in A.

b) If A, B, and & are unital and x is invertible, then ®(z)~' = &(x~1).

-

c) If A is unital and normed, and x is invertible, then ||z||~! < |z

(
(c)
(d) If A is a unital x-algebra and x is invertible, then (x=1)* = (x*)~L.
(e) If A is a C*-algebra and x*x =1, then ||z| = 1.

(f) If Ais a C*-algebra, then ||z*| = ||z

Suppose A and B are unital complex Banach algebras.

(g) If ® is a unital homomorphism, then o(P(z)) C o(x).

(h) If @ is an injective unital homomorphism, then o(®(x)) = o(x).

n

(i) r(z) = limy, ||z

() If Ais a unital compler C*-algebra and =* = x, then r(x) = ||z
From now on assume that A and B are unital complex C*-algebras.
(k) If @ is a unital x-homomorphism, then ||@(x)| < |z

(&) If @ is an injective unital x-homomorphism, then ||®(z)| = ||z||.

Proof. Let ®: A — B be a homomorphism and take an arbitrary x € A.
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(a) This is the Cartesian decomposition (as in Proposition 1.0). If A is a
x-algebra, then set @ = }(2* +2) € A and b = . (z* — 2) € A so that a* =

s@+at)=a, b*=J(z—2*)=banda+ib= (2" +z —2* +1z) =2

(b) If A and B are unital algebras, @ a unital homomorphism, and z invertible,
then 1 = ®(1) = d(z~ o) = d(xz~?t) = S(a~)P(x) = &(z)P(z71).

(c) If A is a unital normed algebra, then 1 = ||1|| = ||z~ 'z| < |z~ ||z|| when-
ever x is invertible.

(d) If A is a unital *-algebra and if 7'z = z2=! = 1, then 2*(z71)* =
(r72)* = (zz71)* = (x71)*2* =1* =1, and so (z*)7! = (z71)*.

(e) If A is a C*-algebra and if z*z = 1, then ||z||? = ||z*z| = ||1|| = 1.

(f) Let A be a C*-algebra. The result is trivial for z = 0 because 0* = 0. Since
llz)|? = |z*z| < ||=*||||z||, it follows that ||z|| < ||z*|| if = # 0. Replacing =
with z* and recalling that z** = z we get ||z*|| < ||z||.

(g) Let A and B be unital complex Banach algebras, and let @ be a unital
homomorphism. If A € p(z), then A1 — z is invertible in A. Since @ is unital,
SH(A\l —z) = A\l — P(x) is invertible in B by (b). Hence A € p(@(x)). Thus
p(x) C p(®(z)). Therefore, C\p(@(z)) C C\p(z).

(h) If : A — B is injective, then it has an inverse ®~1: R(®) — B on its range
R(P) = &(A) C B which, being the image of a unital algebra under a unital
homomorphism, is again a unital algebra. Moreover, ¢! itself is a unital
homomorphism. Indeed, if y = &(u) and z = &(v) are arbitrary elements in
R(®), then &1 (yz) = &} (@(u) B(v)) = &~} (@(uv)) = uv = >~ ()& (2),
and so @71 is a homomorphism (since inverses of linear transformations are
linear) which is trivially unital (since @ is unital). Now apply (b) so that
@~ 1(y) is invertible in A whenever y is invertible in R(®) C B. If X € p(®(z)),
then y = A\l — @(z) = H(\1 — x) is invertible in R(P), and therefore ¢~ (y) =
@~ 1(®(A\l — z)) = Al — z is invertible in A, which means that A € p(z). Thus
p(@(x)) C pla). Hence p(z) = p(&(x)) by (g).

(i) The proof of the Gelfand-Beurling formula in the complex Banach algebra
B[X] of Theorem 2.10 holds in any unital complex Banach algebra.

(j) If A is a C*-algebra and if 2* = x, then ||z||> = ||z*z|| = ||2?|| and so, by
induction, ||z||?" = ||2?"]|| for every integer n >1. If A is unital and complex,
then r(z) = limy, [|z"[|» = limy, [[22"]|2» = lim, (||=]|**)2» = ||2]| by (i).

(k) Let A and B be complex unital C*-algebras and ¢ a *-homomorphism.
Then ||&(z)|]? = ||®(z)*®(z)|| = ||®(2*)D(z)|| = ||@(x*z)||. Observe that x*z
is Hermitian. Thus @(z*z) is Hermitian since @ is a *-homomorphism. Hence
[@(z*2)|| = r(@(z*x)) < r(z*z) = [la*z]| = ||z]|* by () and (g).

(¢) Consider the setup and the argument of the preceding proof and suppose, in
addition, that the unital *-homomorphism &: A — B is injective. Thus apply
(h) instead of (g) to get (¢) instead of (k). O
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Remark. Lemma 4.1(k) says that a unital +-homomorphism & between unital
complex C*-algebras is a contraction, and so it is a contractive unital *-homo-
morphism. If it is injective, then Lemma 4.1(¢) says that @ is an isometry, and
so an isometric unital *-homomorphism. Since an isometry of a Banach space
into a normed space has a closed range (see, e.g., [66, Problem 4.41]), it follows
that, if a unital *-homomorphism & between unital complex C*-algebras A
and B is injective, then the unital x-algebra R(®) = #(.A) C B, being closed in
the Banach space B, is itself a Banach space, and so R(®) is a unital complex
C*-algebra. Thus the injective unital *-homomorphism @: A — B is such that
&: A — R(P) is an isometric isomorphism (i.e., an injective and surjective
linear isometry), and therefore A and R(®) are isometrically isomorphic unital
complex C*-algebras.

These are the elementary results on C*-algebras that will be needed in
this chapter. For a thorough treatment of C*-algebras the reader is referred,
for instance, to [5], [30], [43], and [74].

Throughout this chapter H stands for a nonzero complex Hilbert space,
so that B[H] is a (unital complex) C*-algebra, where involution is defined as
the adjoint operation. Take an arbitrary nonempty set {2 and let F'(£2) =
C% be an algebra of complex-valued functions on §2, where addition, scalar
multiplication, and product are pointwise defined as usual. If F(£2) is such
that ¢* € F(£2) whenever ¢ € F(2), where ¢* is given by ¢*(\) = ¢(A) for
every A € {2, then complex conjugation defines an involution on F'(£2). In this
case F({2) is a commutative x-algebra. If, in addition, F'({2) is endowed with
a norm that makes it complete (and so a Banach space), and if ||1)*v|| = []10]|?
(which is the case of the sup-norm || - ||s since (¥*¥)(A) = ¥v*(N)Y(A) =
PY(A)W(X) = [p(N)]? for every A € 2), then F(£2) is a (complex) C*-algebra.

Take any operator T in B[H]. The first steps towards a functional calculus
for T" are given by polynomials of T". To each polynomial p: o(T) — C with
complex coefficients, p(A) = Y a; A" for A € o(T'), associate the operator

p(T) = ijoaiTi.

Let P(0(T)) be the unital algebra of all polynomials (in one variable with
complex coefficients) on o(T"). The map @r: P'(o(T)) — B[H] given by

&7 (p) =p(T) for each pe P'(o(T))

is a unital homomorphism from P’(¢(T)) to B[H]. In fact, if ¢(\) = Z;n:o BiN,
then (pg)(X) =321, 2071 @i Bj A" so that Or(pq) =370 Y7L, i BT =
&7(p)Pr(q), and also d7(1) = 1(T) = T° = I. This can be extended from fi-
nite power series (i.e., from polynomials) to infinite power series: if a sequence
{pn}, with p,(A) = Y_}_, a A* for each n, converges in some sense on o(7T') to a
limit ¢, denoted by 1(\) = Y=, s A¥, then we may set (T) = >, s, T*
if the series converges in some topology of B[H]. For instance, if ay = kl! for
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each k>0, then {p,} converges pointwise to the exponential function ¢ such
that ¥ ()\) = e* for every A € o(T) (on any o(T) C C), and so we define
T _ N\ 1k
o) = T

(where the series converges uniformly in B[#]). However, unlike in the preced-
ing paragraph, complex conjugation does not define an involution on P’(c(T))
(and so P'(o(T)) is not x-algebra under it). Indeed, p*(\) = p()) is not a
polynomial in A — the continuous function p(-):o(T) — C given by p(\) =
Yoo A" is not a polynomial in X (for o(T) € R, even if o(T)* = o(T)).

The extension of the mapping @1 to some larger algebras of functions is
the focus of this chapter.

4.2 Functional Calculus for Normal Operators

Let A,y be the o-algebra of Borel subsets of the spectrum o(7") of an oper-
ator T' on a Hilbert space H. Let B(c(T')) be the Banach space of all bounded
A, (ry-measurable complex-valued functions v: o(T) — C on o(T') equipped
with the sup-norm, and let L>°(o(T"), ) be the Banach space of all essentially
bounded (i.e., u-essentially bounded) A, (7)-measurable complex-valued func-
tions ¢: 0(T") — C on o(T'), also equipped with the sup-norm || - ||, for any
positive measure p on A, (). In both cases we have unital commutative C*-
algebras, where involution is defined as complex conjugation, and the identity
element is the characteristic function 1 = x_,, of o(T') (carefully note that
this is not the identity function p(\) = Ax, ., on o(7')). If T' is normal, then
let E: A,y — B[H] be the unique spectral measure of its spectral decompo-
sition T'= [AdE) as in Theorem 3.15.

Theorem 4.2. Let T € B[H] be a normal operator and consider its spectral
decomposition T = [AdE. For every function 1 € B(a(T)) there is a unique
operator Y(T') € B[H] given by

B(T) = / $(N) dEs,

which is normal. Moreover, the mapping @r:B(o(T)) — B[H] such that
&r () = Y(T) is a unital x-homomorphism.

Proof. (T is unique in B[H] and normal for every ¢ € B(c(T")) by Lemmas
3.7 and 3.9. The mapping &r: B(o(T')) — B[H] is a unital *-homomorphism
by Lemma 3.8 and by the linearity of the integral. Indeed,
(a) Pr(ayy +B¢) = (et + BY)(T) = [(av(N) + BH(N)) dEX

= a(T) + Bo(T) = a®r(y) + fPr(d),

(b) @7(1p¢) = (W) (T) = [¥(N)$(N) dEx = (T)H(T) = Pr(v) Pr(¢),
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(c) 7(1) = 1(T) = [dEy = I,

(d) @r(y*) =¢*(T) = [¢(N) dEx = (T)* = D1 (y)",

for every ¢, ¢ € B(o(T)) and every a, 8 € C, where the constant function 1
(i.e., 1(A) =1 for every A € o(T)) is the identity in B(o(T)). O

Let P(o(T)) be the set of all polynomials p(-,-): o(T) x (T) — C in A and
A (or, p(+,-):0(T) — C such that A — p(A, A)), and let C(o(T")) be the set of
all complex-valued continuous (thus A, y-measurable) functions on o(71"). So

P'(e(T)) C P(o(T)) C C(o(T)) C B(a(T)),

where the last inclusion follows from the Weierstrass Theorem since o(T") is
compact — cf. proof of Theorem 2.2. Except for P/(c(T')), these are all unital
x-subalgebras of B(o(T)) and the restriction of the mapping @ to any of
them remains a unital *-homomorphism into B[#]. Thus Theorem 4.2 holds
for all those unital *-subalgebras of the unital C*-algebra B(c(T)). Note that
P’'(o(T)) is a unital subalgebra of P(c(T')), and the restriction of &1 to it is a
unital homomorphism into B[H], and so Theorem 4.2 also holds for P'(o(T"))
by replacing *-homomorphism with plain homomorphism. In particular, for p
in P'(o(T)), say p(A\) = D1y i X', we get, if T is normal,

p(T) z/p(/\) dE) = Z::Oozi//\idEA = Z::OoziTi

and, for p in P(o(T)), say p(A,A) = 370, @i ;AN (cf. Lemma 3.10), we get

n,m R n,m . .

p(T,T%) = / PONAEN =3 ai / NNAEy =3 i T,
The quotient space of a set modulo an equivalence relation is a partition
of the set. So we may regard B(c(T')) as consisting of equivalence classes from
L>(o(T), 1) — bounded functions are essentially bounded with respect to any
measure j. On the other hand, shifting from restriction to extension, it is sen-
sible to argue that the preceding theorem might be extended from B(o(T')) to
some L*°(o(T), u), where bounded would be replaced by essentially bounded.

But essentially bounded with respect to which measure p 7

A measure p on a g-algebra is absolutely continuous with respect to an-
other measure v on the same o-algebra if v(A4) = 0 implies p(A) = 0 for every
measurable set A. Two measures on the same o-algebra are equivalent if they
are absolutely continuous with respect to each other, which means that they
have the same sets of measure zero. That is, u and v are equivalent if, for ev-
ery measurable set A, v(A) = 0 if and only if u(A) = 0. (Note: if two positive
measures are equivalent, it may happen that one is finite but not the other.)

Remark. Let E: A,y — B[H] be the spectral measure of the spectral decom-
position of a normal operator T, and consider the statements of Lemmas 3.7,
3.8, and 3.9 for 2 = o(T"). Lemma 3.7 remains true if B(o(T)) is replaced by
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L>(o(T), p) for every positive measure pi: A,y — R that is equivalent to the
spectral measure E. The proof is essentially the same as that of Lemma 3.7.
In fact, the spectral integrals of functions in L*°(o(T'), 1) coincide whenever
they are equal p-almost everywhere, and so a function in B(o(T)) has the
same integral of any representative from its equivalence class in L>(o(T), p).
Moreover, since p and E have exactly the same sets of measure zero, we get

[6lloc = esssup|p] = inf  sup |p(N)]
AEN (1) AEo(T)\A

for every ¢ € L>(o(T), 1), where N7y denotes the collection of all A € A, (1)
such that pu(A) = 0 or, equivalently, such that E(A) = O. Thus the sup-norm
|¢lloo Of ¢:0(T) — C with respect to p dominates the sup-norm with respect
to Ty, for every x € H. Then the proof of Lemma 3.7 remains unchanged if
B(o(T)) is replaced by L>(o(T'), 1) for any positive measure p equivalent to
E, since |f(z,2)| < ||9]loof dTze = ||¢]lollz]|? for every z € H still holds if
¢ € L>(o(T), ). Hence, for every ¢ € L>®(o(T), i), there is a unique opera-
tor ' € B[H] such that F' = [¢(\)dE) as in Lemma 3.7. This ensures that
Lemmas 3.8 and 3.9 also hold if B(o(T)) is replaced by L>(o(T), p).

Theorem 4.3. Let T € B[H] be a normal operator and consider its spectral
decomposition T = [NdEx. If p is a positive measure on Ag (1) equivalent to
the spectral measure E: A,y — B[H], then for every v € L>(o(T'), ) there
is a unique operator Y(T) € B[H] given by

B(T) = / YN dE,

which is normal. Moreover, the mapping ®r: L (a(T), u) — B[H] such that
& () = Y(T) is a unital x-homomorphism.

Proof. If pi: Ay¢ry — R and E: Ay — B[H] are equivalent measures, then
the above Remark ensures that the proof of Theorem 4.2 still holds. O

There are however instances where it is convenient that a positive measure
p on Ag 7y, besides being equivalent to the spectral measure E, be finite as
well. For example, if ¢ lies in L>°(o(T), 1) and p is finite, then 1 also lies
in L2(o(T), ), since [6]3 = fle2dp < |||, u(o(T)) < o0; this is especially
significant if it is expected that an essentially constant function will be in
L?(o(T), i), as will be the case in the proof of Lemma 4.7 below.

Definition 4.4. A scalar spectral measure for a normal operator is a positive
finite measure equivalent to the spectral measure of its spectral decomposition.

In other words, if T is a normal operator and E is the unique spectral
measure of Theorem 3.15, then a positive finite measure p is a scalar spectral
measure for T if, for every measurable set A, u(A) = 0 if and only if F(A) = O.
Clearly (by transitivity), every positive finite measure that is equivalent to
some scalar spectral measure for T is again a scalar spectral measure for 7.
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Definition 4.5. A separating vector for a collection {C,},cr C B[H] of op-
erators is a vector e € H such that e ¢ N(C) for every O # C € {Cy}er.

Take the collection {E(A)}ac.a,, of all images of the spectral measure F
associated to a normal operator T on ‘H, where (2 is either the disjoint union of
{2y} or o(T) as in proof of Theorem 3.15. For each =,y € H, let 7, ,: Ap —C
be the scalar-valued (complex) measure of Section 3.3 related to F, namely,

T y(A) = (B(A)zsy)  for every A€ .

Lemma 4.6. If T € B[H] is normal, then e € H is a separating vector for
{E(M)}rea,, if and only if Tee is a scalar spectral measure for T.

Proof. Let E: A — B[H] be the spectral measure for a normal operator T in
B[H]. Note that 7, .(A) = ||[E(A)z|? for every A € A and every z € H,
and so the measure 7, ,: Ap — R is positive and finite for every z € H.
Recall that e € H is a separating vector for the collection {E(A)}aca,, if
and only if F(A)e #0 whenever E(A) # O, or equivalently, if and only if
{E(A)e # 0 <= E(A) # O}. Conclusion: e € H is a separating vector for the
collection {E(A)}aca,, if and only if {7 (A) =0 <= E(A) = O}; that is,
if and only if E and m, . are equivalent measures. Since 7. . is positive and
finite, this means that m. . is a scalar spectral measure for 7. O

Lemma 4.7. If T is a normal operator on a separable Hilbert space H, then
there is a separating vector e € H for {E(A)}aca,, and so there is a vector
e € H such that m is a scalar spectral measure for T (by Lemma 4.6).

Proof. Take the positive measure i on Ay, of Theorem 3.11. If H is separable,
then g is finite (Corollary 3.13). Let M, be the multiplication operator on
L2(02, 1) with ¢ € L>®(£2, 1) given by p(A\) = A € o(T) C C for every A € £2.
Let x , € L>°(£2, 1) be the characteristic function of each A € Ag,. Set E'(A) =
M, for every A € Ag so that E': A — B[L?(£2, 1)] is the spectral measure
in L?($2, ) for the spectral decomposition (cf. proof (a) of Theorem 3.15)

M, :/w(A) dE, :/AdEg
of the normal operator M, € B[L?({2, u1)]. Hence, for each f € L*(£2, p),

') = (B f) = (M, f3 f) = / ud Fp = /A | Pdu

for every A € Ag. In particular, set f =1 = x,, (the constant function f(A) =1
for all A € £2, i.e., the characteristic function x, of £2), which lies in L?({2, p)
because . is finite. Note that f =1 = x,, is a separating vector for { E'(A)} ac 4,
since F'(A)1 = Mx,1=x, #0if A # @ in Ap. Thus ', is a scalar spectral
measure for M, by Lemma 4.6. Now, if T € B[] is normal, then T' = M, by
Theorem 3.11. Let E: A, — B[H] be the spectral measure in H for T', given
by E(A) = U*E'(A)U for each A € Ag,, where U is a unitary in B[H, L%(£2, p1)]

™
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(cf. proof (b) of Theorem 3.15). Set e = U*1 € H with the function 1 = x,, in
L?(02, 1). Note that e is a separating vector for { E(A)} se4,, because E(A)e =
U*E'(A)UU*1 = U*E'(A)1 # 0 if E(A) # O (since E'(A)1 # 0 when E'(A) =
UE(A)U* # O). Thus 7. is a scalar spectral measure for T' (Lemma 4.6).
Next, take the spectral measure E: A1y — B[H] such that E(A) = E(UA) for
every A € A, (r) (cf. proof (c) of Theorem 3.15). Thus E(A) # O implies that
E(A)e = E(UA)e # O, and so e is also a separating vector for {E(A)}AeAG(T).
Hence 7., such that 7, .(A) = (E(A)e;e), is a scalar spectral measure for T
(Lemma 4.6). Again, use the same notation: E for FE and Te,e fOr Te c. 0

Remark. The preceding proof shows that the scalar spectral measure 7', for
M, is precisely the measure 11 of Theorem 3.11. Indeed, w7, (A) = || E'(A)1]]? =
[Mx, 112 = [[x,lI* = [, dp = p(A) for every A € Ap. And so is the scalar
spectral measure 7. . for T'. That is, pp = 7, = 7 .. In fact, for every A € Ag,

u(A) = 7, (4) = (E(A)151) = (UB(AU Ue;Ue) = (E(A)ese) = me.o(4).

Theorem 4.8. Let T € B[H] be a normal operator on a separable Hilbert
space M and consider its spectral decomposition T = [NdE\. Let p be an
arbitrary scalar spectral measure for T. For every v € L (o(T), ) there is
a unique operator ¥(T') € B[H] given by

B(T) = / YN dE,

which is normal. Moreover, the mapping @r: L= (o(T), u) — B[H] such that
&1 () =(T) is an isometric unital x-homomorphism.

Proof. All but the fact that @ is an isometry is a particular case of Theorem
4.3. We show that @1 is an isometry. Lemma 3.8, the uniqueness in Lemma
3.7, and the uniqueness of the expression for ¢(T) ensure that, for every x € H,

D7 ()l|* = (W(T) (1) ;s 2) :/w(k)w(k)d@w;x) :/Iw(A)IQd%z'

Suppose @1 (1) = O. Then [|(N)|? dry, = 0 for every @ € H. Lemma 4.7
ensures the existence of a separating vector e € H for {E(A)}aca, - Thus
consider the scalar spectral measure 7. so that [|¢(\)|? dre,. = 0, and hence
1 =01in L*®(o(T), ), which means that ¢» =0 in L>®(o(T), u) for every
measure  equivalent to 7 ; in particular, for every scalar spectral measure
wior T. So {0} = N (D) C L>®(o(T), i), and hence the linear transformation

Sr: L>(o(T), ;) — B[H] is injective; thus an isometry by Lemma 4.1(¢). O

If T is normal on a separable Hilbert space H, then $p: L= (o (T), ) — B[H]
is an isometric unital *-homomorphism between C*-algebras (Theorem 4.8).
Thus @7: L= (o (T), 1) — R(Pr) is an isometric unital x-isomorphism between
the C*-algebras L>°(o(T),u) and R(Pr) C B[H] (see Remark after Lemma
4.1), which is the von Neumann algebra generated by T (see Proposition 4.A).
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Theorem 4.9. Let T € B[H] be a normal operator on a separable Hilbert
space H and consider its spectral decomposition T = [XdEx. For every
¥ € C(a(T)) there is a unique operator ¥(T') € B[H] given by

W(T) = / $(\) dE;,

which is normal. Moreover, the mapping ®7:C(o(T)) — R(Pr) C B[H] such
that &1 () = (T) is an isometric unital x-isomorphism, where R(Pr) is the
C*-algebra generated by T and the identity I in B[H)].

Proof. The set C(o(T)) is a unital x-subalgebra of the C*-algebra B(o(T)),
which can be viewed as a subalgebra of the C*-algebra L (o(T"), ) for every
measure g (in terms of equivalence classes in L (o (T), i) of each function in
B(o(T))). So &r: C(c(T)) — B[H], the restriction of r: L= (o (T), ) — B[H]
to C(o(T)), is an isometric unital *-homomorphism under the same assump-
tions of Theorem 4.8. Hence @7:C(o(T')) — R(Pr) is an isometric unital *-
isomorphism (cf. the paragraph that precedes the theorem statement). Thus it
remains to show that R(®Pr) is the C*-algebra generated by T and the identity
I. Indeed, take R(Pr) = &r(C(o(T))). Since &p(P(o(T))) = P(T,T*), the
algebra of all polynomials in T and T since P(c(T))” = C(o(T)) in the sup-
norm topology by the Stone—Weierstrass Theorem (cf. proof of Theorem 3.11),
and @7:C(o(T')) — B[H] is an isometry (thus with a closed range), it follows
that &7(C(o(T))) = Sr(P(o(T))") = br(P(o(T)))~ = P(T,T*)" = C*(T),
where C*(T) stands for the C*-algebra generated by T and I (see the para-
graph following Definition 3.12, recalling that now T is normal). (|

The mapping & of Theorems 4.2, 4.3, 4.8, and 4.9 such that @7 (¢p) = (T
is referred to as the functional calculus for T', and the theorems themselves
are referred to as the FuncTioNAL CALCULUS FOR NORMAL OPERATORS. Since
o(T) is compact it follows that, for any positive measure p on Ay (7,

C(a(T)) < B(o(T)) < L*(a(T), n)

(again, the last inclusion is interpreted in terms of the equivalence classes in
L>(o(T), j1) of each representative in B(c(T")), as in the Remark that precedes
Theorem 4.3). Thus ¢ lies in L*>(o(T), 1) as in Theorem 4.3 or 4.8 whenever
1) satisfies the assumptions of Theorems 4.2 and 4.9, and so the next result
applies to any of the preceding forms of the Functional Calculus Theorems.
It says that ¢¥(T') commutes with every operator that commutes with T.

Corollary 4.10. Let T = [AdE)\ be a normal operator in B[H]. Take any 1
in L=(o(T), p), where p is any positive measure on A,y equivalent to the
spectral measure E. Consider the operator ¥(T') of Theorem 4.3, viz.,

w(t) = [ 6 ey
in B[H]. If S in B[H] commutes with T, then S commutes with ¥ (T).
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Proof. It ST =TS, then by Theorem 3.17 (cf. proof of Corollary 3.19),
(SUT)i9) = WD) 5"y) = [0 d(Eras ST
= [v dsEsin) = [ 6 dESe ) =(0(T)Sz30)

for every z,y € H (see Lemma 3.7), which means that S¢(T) =¢(T)S. O

If T is a normal operator, then the Spectral Mapping Theorem for poly-
nomials in Theorem 2.8 does not depend on the Spectral Theorem. Observe
that, for a normal operator, the Spectral Mapping Theorem for polynomials
in Theorem 2.7 is a particular case of Theorem 2.8. However, extensions from
polynomials to bounded or continuous functions do depend on the Spectral
Theorem via Theorems 4.8 or 4.9 as we shall see next. The forthcoming The-
orems 4.11 and 4.12 are also referred to as SPECTRAL MAPPING THEOREMS for
bounded or continuous functions of normal operators.

Theorem 4.11. If T is a normal operator on a separable Hilbert space, if
is a scalar spectral measure for T, and if ) lies in L>=(o(T), n), then

o(P(T)) = essR() =ess {tp(A) € C: A € o(T)} = essyp(co(T)).

Proof. If the theorem holds for a scalar spectral measure, then it holds for
any scalar spectral measure. Suppose T  is a normal operator on a separable
Hilbert space. Let u be the positive measure of Theorem 3.11, which is a scalar
spectral measure for T (cf. Remark that follows the proof of Lemma 4.7). Now
set fi = 7c . as in the proof of Theorem 4.7, which is again a scalar spectral
measure for T and, as before, use the same notation for  and ). Take any v in
L>(o(T), ). By Theorem 4.8, &r: L>(o(T), ) — B[H] is an isometric (thus
injective) unital #-isomorphism between C*-algebras and @1 (¢) = ¢(T'). So

o(¢) = o(Pr(¥)) = o(¥(T))

by Lemma 4.1(h). Consider the multiplication operator M, on the Hilbert
space L%(£2, 1) of Theorem 3.11. Since T2 M,,, L?(£2, u) is separable. Since
w(2)” = o(T) (with (X) = A), take ¢ o p € L>(£2, 1) (also denoted by 1) so
that the spectrum o(¢) coincides in both algebras. Since p is a scalar spectral
measure for M, (cf. Remark that follows the proof of Lemma 4.7 again), we
may apply Theorem 4.8 to M. Therefore, using the same argument,

o () = o(P(My)).
Claim. Y(My) = My.

Proof. Let E’ be the spectral measure for M,,, where E'(A) = Mx, with x,
being the characteristic function of A in AQ as in the proof of Lemma 4.7.
Take the scalar-valued measure 7/, = given by 7, (A) = (E"(A)f;g) for every
Ain Ag and each f,g € L%(12, ,u) Recall from "the remark that follows the
proof of Lemma 4.7 that p = 7/, . Observe that, for every A in Ag,
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/AdW'f,g =7, (A) =(E'(N)f;9) = (x.f:9) :/Afgdu://lfgdw;l.

So dn'. = fgdm,, (fg is the Radon-Nikodym derivative of 7/, / with respect
to 7 ,; see proof of Lemma 3.8). Since ¢)(M,) = [1()\) dE} by Theorem 4.8,

WM i) = [0 (B fig) = [wdn,
~ [vsgdm, = [vrodn=0uti0)

for every f,g € L*(£2, 1), and so ¢(My) = My, proving the claimed identity.
Hence, since p is finite (thus o-finite), it follows by Proposition 3.B that

o(Y(T)) = o(Y(My)) = o(My) = essR(1)). 0

Theorem 4.12. If T is a normal operator on a separable Hilbert space, then
o(W(T)) = ¥(o(T)) for every 1 € C(a(T)).

Proof. Recall that C(o(T)) C B(o(T)) C L>®(o(T'), ) for every measure .
Take an arbitrary ¢ € C(o(T")). Since o(T) is compact in C, and ¥ is con-
tinuous, it follows that R(¢) = ¢ (o(T')) is compact (see, e.g., [66, Theorem
4.64]), and so R(¢))~ = R(). Consider the setup of the previous proof: i =
Te,e 18 also denoted by p (the positive measure of Theorem 3.11), which is a
scalar spectral measure for 7" and for M, = T'. From Proposition 3.B we get

essR(Y) = {a € C: p(y " (Bs(a)) > 0 for alle > 0} C R(1),

where B («) stands for the open ball of radius € centered at «, and also that
u(A) > 0 for every nonempty A € A, () open relative to o(T) = o(M,,). All
that has been said so far about g holds for every positive measure equivalent
to it; in particular, it holds for every scalar spectral measure for 7. If there is
an « in R(1)\ess R(1)), then there is an & > 0 such that pu(y~1(B:(a))) = 0.
Since 1 is continuous, the inverse image 1~ (Bc(«)) of the open set B.(«) in C
must be open in o(T), and hence 1»~!(B.(a)) = @. But this is a contradiction
because, since a € R(v), it follows that @ # ¥~ !({a}) C ¥~ (B.(«)). Thus
R()\ess R(¢) = @, and so R(¢) = ess R(). Therefore, by Theorem 4.11,

o(p(T)) = essR(Y) = R(¢) = ¢(a(T)). 0

4.3 Analytic Functional Calculus:
Riesz Functional Calculus

The approach of this section is rather different from that of Section 4.2. How-
ever, Proposition 4.J will show that the Riesz functional calculus, when re-
stricted to a normal operator on a Hilbert space, coincides with the functional
calculus for normal operators of the previous section (for analytic functions).
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Measure theory was the main ingredient for the last four sections of Chap-
ter 3 and also for Section 2 of this chapter. The background for the present
section is complex analysis, where the integrals involved here are all Riemann’s
(unlike the measure theoretic integrals we have been dealing with so far). For
the standard results of complex analysis used in this section the reader is
referred, for instance, to [1], [13], [21], [26], and [79].

An arc is a continuous function from an arbitrary (nondegenerate) closed
interval of the real line into the complex plane, say, a:[0,1] — C, where I" =
R(a) = {a(t) € C: t €]0,1]} is the range of the arc «, which is connected
and compact (continuous image of connected sets is connected, and continuous
image of compact sets is compact). Let G = {#X: @ # X € ©([0,1])} be the
set of all cardinal numbers of nonempty subsets of the interval [0, 1]. Given an
arc a:[0,1] = I" set p(t) = #{s €[0,1): a(s) = a(t)} € G for each t € [0,1).
That is, u(t) € G is the cardinality of the subset of [0, 1] consisting of all
points s € [0,1) such that a(s) = a(t), for every ¢ € [0,1). We say that p(t)
is the multiplicity of the point «(t) € I'. Consider the function p:[0,1) =G
defined by ¢ +— p(t), which is referred to as the multiplicity of the arc a. To
avoid space-filling curves, assume from now on that I" is nowhere dense. A
pair (I, p) consisting of the range I" and the multiplicity x of an arc is called a
directed pair if the direction in which the arc traverses its range I', according
to the natural order of the interval [0, 1], is taken into account. An oriented
curve generated by an arc a:[0,1] — I" is the directed pair (I, 1), and the arc
« itself is referred to as a parameterization of the curve (I', u) (which is not
unique for (I, u)). If an oriented curve (I, ) is such that a(0) = a(1) for some
parameterization a (and so for all parameterizations), then it is called a closed
curve. A parameterization « of an oriented curve (I, i) is injective on [0, 1)
if and only if p =1 (i.e., pu(t) =1 for all ¢ € [0,1)). If one parameterization of
(I, 1) is injective, then so are all of them. A curve (I',1) parameterized by an
arc « that is injective on [0, 1) is called a simple curve (or a Jordan curve).

Thus an oriented curve consists of a directed pair (I, i), where I' C C is the
(nowhere dense) range of a continuous function «:[0,1] — C called a parame-
terization of (I, 1), and p is a G-valued function that assigns to each point ¢
of [0,1) the multiplicity of the point «(t) in I' (i.e., each p(t) says how often
« traverses the point v = «(t) of I'). For notational simplicity we shall refer
to I itself as an oriented curve when the multiplicity p is either clear in the
context or is immaterial. In this case we simple say “I" is an oriented curve”.

By a partition P of the interval [0,1] we mean a finite sequence {¢;}]_,
of points in [0,1] such that 0 =ty, t;—1 <t; for 1 <j <mn, and ¢, = 1. The
total variation of a function a:[0,1] — C is the supremum of the set {v € R:
v = Z?Zl la(t;) — a(t;—1)|} taken over all partitions P of [0,1]. A function
a:[0,1] = C is of bounded variation if its total variation is finite. An oriented
curve I" is rectifiable if some (and so any) parameterization « of it is of bounded
variation, and its length ¢(I) is the total variation of . An arc a:[0, 1] - C is
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continuously differentiable (or smooth) if it is differentiable on the open inter-
val (0, 1), has one-sided derivatives at the end points 0 and 1, and its derivative
a':]0,1] — C is continuous on [0, 1]. In this case the oriented curve I" parame-
terized by « is also referred to as continuously differentiable (or smooth). The
linear space of all continuously differentiable functions from [0, 1] to C is usu-
ally denoted by C'([0, 1]). If there is a partition of [0, 1] such that each restric-
tion 04|[t_7._1 +t,;] of the continuous « is continuously differentiable (i.e., such that
e,y t;) lies in C*([tj—1,15])), then a:[0,1] = C is a piecewise continuously
differentiable arc (or piecewise smooth arc), and I' parameterized by it is an
oriented piecewise continuously differentiable curve (or an oriented piecewise
smooth curve). In this case it is known from advanced calculus that I" is rectifi-

able (« is of bounded variation) with length £(I") = E;.l:l 41 |a[tJ s ]( )|dt.

A continuous function ¢: I" — C has a Riemann—Stieltjes integral associ-
ated with parameterization «:[0,1] — I" of a rectifiable curve I',

/ vo dA/w o).

If, in addition, « is smooth, then

| wta@yda = [ wat o i
0 0

Now consider a bounded function f:I"— ), where ) is a Banach space. Let
a:[0,1] — I" be a parameterization of an oriented curve I', and let P = {t;}7_,
be a partition of the interval [0, 1]. Recall that the norm of P is the number
|IP]| = maxi<;<n(t; —tj—1). A Riemann-Stieltjes sum for the function f with
respect to a based on a given partition P is a vector

S(f,a,P) = Zj Jlalm) (alty) —altji-1) € Y

with 7; € [tj_1,;]. Suppose there is a unique vector S € ) with the following
property: for every € > 0 there is a . > 0 such that, if P is an arbitrary partition
of [0,1] with || P|| < ., then || S(f, a, P) — S|| < ¢ for all Riemann-Stieltjes sums
S(f,, P) for f with respect to a based on P. When such a vector S exists,
it is called the Riemann—Stieltjes integral of f with respect to a, denoted by

5= [ 1nir= [ fae)dato.

If the Y-valued function f:I"— ) is continuous, and if I" is rectifiable, then
it can be shown (exactly as in the case of complex-valued functions; see, e.g.,
[21, Proposition 5.3 and p. 385]) that there exists the Riemann—Stieltjes in-
tegral of f with respect to a. If a1 and as are parameterizations of I, then
for every § > 0 there are partitions P; and P, with norm less than ¢ such that
S(f, a1, P1) = S(f,az, P»). Given a rectifiable oriented curve I" and a contin-
uous Y-valued function on I, then the integral || r f(X) dX does not depend on
the parameterization of I', and we shall refer to it as the integral of f over I.
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Let C[I',Y] and B[I',Y)] be the linear spaces of all Y-valued continuous or
bounded functions on I, respectively, equipped with the sup-norm, which are
Banach spaces because I' is compact and ) is complete. Recall that, since I" is
compact, then C[I', Y] C B[I, V]. It is readily verified that the transformation
J: CII Y] = Y, assigning to each f in C[I, Y] its integral in Y, is linear and
bounded (i.e., linear and continuous — [ € B[C[I, Y], V]). Indeed,

| [ sova] < swp st [ laao) = 1t e,

and therefore, for every L € B[Y, Z], where Z also is a Banach space,

/f )dA = /Lf

The reverse (or the opposite) of an oriented curve I' is an oriented curve
denoted by —I" obtained from I" by reversing the orientation of I". To reverse
the orientation of I means to reverse the order of the domain [0, 1] of its
parameterization « or, equivalently, to replace a(t) with a(—t) for ¢ running
over [—1,0]. Reversing the orientation of a curve I' has the effect of replacing

[r F) AN = [ f(a(t) da(t) with [} f(a(t)da(t) = [_. f(A)dA so that

/J FdA = —/Ff(A) A

Also note that the preceding arguments and results all remain valid if the
continuous function f is defined on a subset A of C that includes the curve I’
(by simply replacing it with its restriction to I', which remains continuous).
In particular, if A is a nonempty open subset of C and I' is a rectifiable curve
included in A, and if f: A — ) is a continuous function on the open set A,
then f has an integral over I' C A C C, viz., [, f())dA.

Recall that a topological space is disconnected if it is the union of two dis-
joint nonempty subsets that are both open and closed. Otherwise, the topo-
logical space is said to be connected. A subset of a topological space is called
a connected set (or a connected subset) if, as a topological subspace, it is a
connected topological space itself. Take any nonempty subset A of C. A com-
ponent of A is a maximal connected subset of A, which coincides with the
union of all connected subsets of A containing a given point of A. Thus any
two components of A are disjoint. Since the closure of a connected set is con-
nected, any component of A is closed relative to A. By a region (or a domain)
we mean a nonempty connected open subset of C. Every open subset of C is
uniquely expressed as a countable union of disjoint regions that are compo-
nents of it (see, e.g., [21, Proposition 3.9]). The closure of a region is sometimes
called a closed region. Carefully note that different regions may have the same
closure (sample: a punctured open disk).

If I' is a closed rectifiable oriented curve in C and if ¢ € C\I, then a
classical and important result in complex analysis says that the integral
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1
wl“(g): 271ri/F)\_Cd)‘

has an integer value that is constant on each component of C\I" and zero
on the unbounded component of C\I". The number w,.(¢) is referred to as
the winding number of I" about (. If a closed rectifiable oriented curve I is a
simple curve, then C\I" has only two components, just one of then is bounded,
and I is their common boundary (this is the JorpaAN CURVE THEOREM). In this
case (i.e., for a simple closed rectifiable oriented curve I'), w.(¢) takes on only
two values for each ¢ € C\I', either 0 or +1, and if for every ¢ in the bounded
component of C\I" we get w,.(¢) = 1, then we say that I' is positively (i.e.,
counterclockwise) oriented and, otherwise, if w,.(¢) = —1, then we say that
I' is negatively (i.e., clockwise) oriented; and for every ¢ in the unbounded
component of C\I" we get w,.(¢) = 0. If I' is positively oriented, then the
reverse curve —I is negatively oriented, and vice versa. These notions can be
extended as follows. A finite union I" = U;nzl I of disjoint closed rectifiable
oriented simple curves I; is called a path, and its winding number w . (¢) about
(€ C\I" is defined by w,.(¢) =372, pr(C) A path I' is positively oriented if
for every ¢ € C\I" the winding number w_({) is either 0 or 1, and negatively
oriented if for every ¢ € C\I" the winding number w,.(¢) is either 0 or —1. If a
path I' = U;n:l I3 is positively oriented, then the reverse path —I" = U;n:l —I;
is negatively oriented. The inside (notation: ins I') and the outside (notation:
out I') of a positively oriented path I" are the sets

ins '={¢eC:w,(¢)=1} and outI'={(eC: w,(¢) =0}

From now on all paths are positively oriented. Note that if I = U;n:l Ijis a
path and if there is a finite subset {I7;/}%,_; of I" such that Iy C ins I’y 41,
then these nested (disjoint closed rectifiable oriented) simple curves {I7j}
are oppositely oriented, with I, being positively oriented, because w,(¢) is
either 0 or 1 for every ¢ € C\I. An open subset of C is a Cauchy domain
(or a Jordan domain) if it has finitely many components whose closures are
pairwise disjoint, and its boundary is a path. The closure of a Jordan domain
is sometimes referred to as a Jordan closed region. Also observe that if I" is
a path, then {I", ins I', out I'} is a partition of C. Since a path I' is a closed
set in C (finite union of closed sets), and since it is the common boundary
of ins I" and out I, it follows that ins I" and out I' are open sets in C, and
their closures are given by the union with their common boundary,

(ins )" =IUins ' and (owtI)"=IUoutI.

If I' is a path, if ) is a Banach space, and if f:I" — ) is a continuous
function (so that f has an integral over each I;), then we define the integral
of the Y-valued f over the path I' C C by

Af(A)dA—ZZI/Uf(A)dA.
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Again, if f: A — )Y is a continuous function on a nonempty open subset A of
C that includes a path I, then we define the integral of f over the path I’
as the integral of the restriction of f to I' over I' C A C C; that is, as the
integral of f|.:I" — ) (which is continuous as well) over the path I':

| rnin=[ slpoyan

Therefore, if we are given a nonempty open subset A of C, a Banach space
Y, and a continuous function f: A — ), then we have seen how to define the
integral of f over any path I" included in A.

The CaucHY INTEGRAL FORMULA says that if ¢: A — C is an analytic func-
tion on a nonempty open subset A of C that includes a path I' and its inside
ins I' (i.e., 'Uins I' € A C C) then, for every ¢ € ins I,

w(C) = 271m‘ . ;\M_)\)C

In fact, this is a most common application of the general case of the Cauchy
Integral Formula (see, e.g., [21, Problem 5.0]). Observe that the assumption
I'uinsI' Cc ACC (i, (ins ')~ C ACC) simply means that I’ C A CC
and C\A C out I' (i.e., w(¢) = 0 for every ( € C\A), and the assumption
¢ € ins I' C A is equivalent to saying that ¢ € A\I" and w(¢) = 1. Since the
function ¥ (-)[(-) — ¢]~*: " — C is continuous on the path I', it follows that
the above integral may be generalized to a )Y-valued function.

d.

Thus consider the following special case in a complex Banach space ).
Throughout this chapter X will denote a nonzero complex Banach space. Set
Y = B[X], the Banach algebra of all operators on X. Take any operator T'
in B[X] and let Rr: p(T) — G[X] be its resolvent function, which is defined
by Rr(\) = (A —T)~ ! for every A in the resolvent set p(T'), which in turn
is an open and nonempty subset of C (cf. Section 2.1). Let ¢: A — C be an
analytic function on a nonempty open subset A of C such that AN p(T) is
nonempty. Recall from the proof of Theorem 2.2 that Rr: p(T) — G[X] is
continuous, and so is the product Y Ryp: AN p(T') — B[X], which is defined by
(YR1)(A) = Pp(A)Rr(X\) € B[X] for every M in the open subset AN p(T') of C.
Then we can define the integral of ¢ Ry over any path I' C AN p(T),

/w(x) Re(\) d/\:/ P(A) (M —T)"1dr € BJA].
r r

That is, the integral of the C-valued function ¥(-)[(-) — ¢]~*: A\{¢} — C, for
each ¢ € ins I', on any path I" such that (ins I")~ C A, is generalized to the
B[X]-valued function ¢(-)[(-)] —T]~': AN p(T) — B[X], for each T € B[X],
on any path I such that I"C AN p(T).

We shall see below that ¥Ry in fact is analytic, where the definition of
a Banach-space-valued analytic function on a nonempty open subset of C is
exactly the same as that for a scalar-valued analytic function.
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If 2 is a compact set included in an open subset A of C (so 2 C A C C),
then there exists a path I" C A such that 2 C ins I and C\A C out I' (see,
e.g., [27, p. 200]). As we have seen before, this is equivalent to saying that
2 CinsI' C (ins I')~ C A. Take an operator T' € B[X]. Set 2 = o(T'), which
is compact. Now take an open subset A of C such that o(T) C A. Let I" be
any path such that I" C A and o(7T') C ins I' C A. That is, for a given open
set /A, let the path I satisfy

o(T)Cins I' C (insI')” C A.
Since p(T') = C\o(T), the above inclusions ensure that I C AN p(T) # 2.

Lemma 4.13. If 1: A — C is an analytic function on a nonempty open subset
A of C, then the integral

/ V(A Re(\) dA :/ W) (M — T)~Ld)
r r
does mot depend on the choice of any path I' that satisfies the assumption

o(T)Cins I' C (insI')” C A.

Proof. Let T be an arbitrary operator in B[X] and take its resolvent func-
tion Rr:p(T) — G[X] so that Rp(\) = (M —T)~! for every A € p(T). Let
1: A — C be an analytic function on an open set A C C that properly includes
o(T), so that there is a path I" satisfying the above assumption. If there was
only one of such a path, then there was nothing to prove. Thus suppose I’
and I'” are distinct paths satisfying the above assumption. We shall show that

B Rr(VdA = [ $(3) Re(V) dX.
r r

Claim 1. The product ¥ Rp: AN p(T) — B[X] is analytic on AN p(T).

Proof. First note that AN p(T) # @. The resolvent identity of Section 2.1
ensures that if A and v are distinct points in p(7T'), then

RT(/\) — RT(V)

'

+ Rr(v)* = (Rr(v) = Rr(\)) Rr(v)

(cf. proof of Theorem 2.2). Since Rr: p(T) — G[X] is continuous,

RT(/\) — RT(V)
A—v

lim
A—v

+RT(V)2} < lim

A—v

Re(v) — RT()\)HHRT(V)H )

for every v € p(T'). Thus the resolvent function Rr: p(T) — G[X] is analytic on
p(T') and so it is analytic on the nonempty open set AN p(T'). Since the func-
tion ¢: A — C also is analytic on A N p(T"), and since the product of analytic
functions on the same domain is again analytic, it follows that the product
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function Y Rr: AN p(T) — B[X] such that (¢ R7)(A) = v(A)Rr(\) € B[X] for
every A € AN p(T) is analytic on AN p(T"), concluding the proof of Claim 1.

The CaucHY THEOREM says that if ¢: A — C is analytic on a nonempty open
subset A of C that includes a path I' and its inside ins I', then

/Fw()\)dA =0

(see, e.g., [21, Problem 5.0]). This can be extended from scalar-valued func-
tions to Banach-space-valued functions. Let ) be a complex Banach space,
let f: A — Y be an analytic function on a nonempty open subset A of C that
includes a path I" and its inside ins I, and consider the integral [ r ).

Claim 2. If f:A— ) is analytic on a given nonempty open subset A of C
and if I" is any path such that (ins ")~ C A, then

/f )dA = 0.

Proof. Take an arbitrary nonzero n in Y* (i.e., take a nonzero bounded linear
functional 1 : Y — C), and consider the composition o f: A — C of n with
an analytic function f:A — ), which is again analytic on A. Indeed,

‘n(f(k)) —n(f(®)) fw)

21D ] < i |7

- ')

for every pair of distinct points A and v in A. Since both 7 and the integral
are linear and continuous,

o [ s0a) =S, [ rova) =377 n( [ o)

=37 [ ntsonar= [ oo

The Cauchy Theorem for scalar-valued functions says that [, 7(f()\))d\ =0
(because 7 o f is analytic on A). Therefore, ([} f(A) dX) = 0. Since this holds
for every n € Y* the Hahn—-Banach Theorem (see, e.g., [66, Corollary 4.64])
ensures the claimed result, viz., [ f(A) = 0.

Take the nonempty open subset ins IV N ins I'” of C, which includes o(T).
Let A be the open component of ins I"” N ins I including o (T"). Consider the
(rectifiable positively oriented) simple curve I' C IV U I'” consisting of the
boundary of A, and so ins I' = Aand A~ = (ins I')~ = AU I'. Observe that

o(T)Cins ' C (ins I')” C(ins I"Nins I'")~ C A

Thus I' € AN p(T) # @. Set A= ins I\ A (nonempty, since I” and I"” are dis-
tinct). Orient the boundary of A so as to make it a (positively oriented) path
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rcru(- F)sothatmsf ASmcemsF’ AUAWlthAﬁA @ and
I, T, and I are positively oriented, S ) dX = [ f(N) dA+ [% f(N) d for
every B[X]-valued continuous function f Whose domain includes (ins I ’ )~. So

B(N) Ry(A) d = / B(N) Re(A) dA + /~ BN Rr(N) d
I I I

But Claim 1 ensures that ¥Ry is analytic on AU p(T") and therefore, since
A~ = (ins I)~ C AU p(T), Claim 2 ensures that [~ ()\) Rr()\) d\ = 0. Hence

90 ReO) A = [ 0() Rr(3) i
r r
Similarly (by exactly the same argument),

V) Re () dr = [ 9() R () ax o

I

Definition 4.14. Take an arbitrary T' € B[X]. If ¢): A — C is analytic on an
open set A C C that includes the spectrum o(T') of T and if I" is any path such
that o(T) C ins I C (ins I')~ C A, then define the operator ¢(T) in B[X] by

= 2m/¢ YRr(\)d\ = Q;i/Fw(A) (M —T)"tan.

After defining the integral of 1) Ry over any path I" such that I' C AN p(T),
and after ensuring in Lemma 4.13 its invariance for any path I" such that
o(T) Cins I' C (ins I')~ C A, then it is clear that the preceding definition of
the operator ¢(T') is motivated by the Cauchy Integral Formula.

Given an operator T in B[X], we say that a complex-valued function
is analytic on o(T) (or analytic on a neighborhood of o(T)) if it is analytic
on an open set that includes o(T"). By a path about o(T') we mean a path I’
whose inside (properly) includes o(T") (i.e., a path such that o(7") C ins I').
Thus what is behind Definition 4.14 is that, if ¢ is analytic on o(7T'), then the
above integral exists as an operator in B[X], and the integral does not depend
on the path about o(T") whose closure of its inside is included in the open set
upon which v is defined (i.e., it is included in the domain of ).

Lemma 4.15. If ¢ and ¢ are analytic on o(T) and if T is any path about
o(T) such that o(T) C ins I' C (ins I')~ C A, where the nonempty open set
A C C is the intersection of the domains of ¢ and 1, then

S(T)H(T) =, /F SN B(N) R (M) dA.

so that ¢(T)YY(T) = (¢¢)(T) since ¢ in analytic on o(T).

Proof. Let ¢ and ¢ be analytic on o(T'). Thus ¢ 1) is analytic on the intersection
A of their domains. Let I" and I be arbitrary paths such that
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o(T)Cins ' C (ins ')~ C ins I'" C A

Thus, by Definition 4.14 and by the resolvent identity (cf. Section 2.1),
S(T)Y(T) = (glm- /F ¢(A) Rr()\) dA)(Q}m. /F () Re(v) dz/)
== [ [ o00w) Rrh) B dvay
== [ [ o) (=) (B ) - Br(w) dv i
—— i [ [ o) =) Rr ) dvan
ke [ [ o000) (-0 Rew) dxa
=~ /Fqb(A)( ROt )~ du)RT()\) dX
+ /F/WV)(/FM)\)()\—V)_ld/\>RT(z/) dv.

Since A € I', it follows that A € ins I/, and hence [y, ¢(v)(A—v) tdy =
(27i)1p(N) by the Cauchy Integral Formula. Moreover, since v € I, it follows
that v € out I" (so ¢(\)(\ — v)~! is analytic on ins I which includes I"), and
hence [ ¢(A)(A —v)~1dX = 0 by the Cauchy Theorem. Therefore,

HT)P(T) = ,k, /F d(N) Y (\) Ry (N) dA. O

Given an operator T' € B[X], let A(c(T")) denote the set of all analytic
functions on the spectrum o(T) of T. That is, v € A(o(T)) if ¢p: 4 — C is
analytic on an open set A C C that includes o(T). It is readily verified that
A(o(T)) is a unital algebra, where the domain of the product of two functions
in A(o(T)) is the intersection of their domains, and the identity element 1 in
A(o(T)) is the constant function 1(A\) = 1 for all A € A. Note that the identity
function also lies in A(o(T)) (i-e., if ¢: A — A C C is such that p(\) = A for
every A € A, then ¢ € A(o(T))). The next theorem is the main result of this
section. (Recall that X is an arbitrary nonzero complex Banach space.)

Theorem 4.16. Riesz FuncrioNaL CaLcuLus. Take any operator T € B[X].
For every function 1 € A(o(T)), let the operator ¥(T) € B[X] be defined as
in Definition 4.14, viz.,

W(T) = 41, /F (X)) Rr () dX.

The mapping Pr: A(o(T)) — B[X] such that () = Y(T) is a homomor-
phism. Moreover,
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@T(p):p(T)ZQ}ﬂ/FZj a; M Rp(\) d\ = Z ajTj

for every polynomial p(\) = Y, ;X in one variable with complex coeffi-
cients (i.e., for every p € P'(c(T)) C A(c(T))). In particular,

or(1) =1UT) = ,}, /FRT(A) d\=T"=1,

where 1 denotes the constant function, 1(\) =1 for all \ in a neighborhood
of o(T), so that ®r takes the identity element 1 of A(c(T)) to the identity
operator I in B[X], and hence ®r is a unital homomorphism; and

Pr(e) = o(T) = ok, [ ARr()aA=T.

where @ is the identity function: p(X) = X for X\ in a neighborhood of o(T).
Furthermore, if ¢ has a power series expansion () = > pey cax A¥ with radi-
us of convergence greater than r(T'), and so on a neighborhood of o(T), then

Pr(¥) = (1) = 4 /F ZZO:OO"“ ARr(A) dA = Z}ioak T,

where the series Y e ap T* converges in B[X]. Actually, if {1} is a sequence
in A(o(T)) that converges uniformly on every compact subset of its domain
A (such that o(T) Cins I' C (ins I')~ C A) to ¢ € A(o(T)), then {Dr(¢n)}
converges in B[X] to P (v). Thus Pr:(A(o(T)), | - |lo) = B[X] is continuous.

Proof. Since the integral [.(-)Ry d\: A(o(T)) — B[H] is a linear transforma-
tion of the linear space A(c(T")) into the linear space B[X], it follows that
&r: A(o(T)) — B[X] is a linear transformation. That is,

¢T(a¢+/3w>:(a¢>+/3w>(T>f2m/< b+ B9)(N) Re(A) dA
—ag [R5, [ o) R i
I I
= ad(T) + BH(T) = adr(9) + BDr ()

for every «, 8 € C and every ¢, v € A(c(T)). Moreover, by Lemma 4.15,

r(69) = (60)(T) = 2m/<<z>w>< ) Ry (A) dA
= [ SOVBN) Br(N) i = D) H(T) = ()21 (1)

for every ¢, ¢ € A(o(T)). Thus @ is a homomorphism. Recall: the preceding in-
tegrals do not depend on the path I" such that o(T") C ins I" C (ins I')~ C A.
Suppose 1 is analytic on the whole complex plane (i.e., suppose A = C, which
is the case if ¢ is a polynomial), and let I' be any circle about the origin
with radius 0 greater than the spectral radius of T'; that is, r(T") < 4. Since
r(T) < |A| for every A € I', it follows by Corollary 2.12(a) that
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(27i) 9 / P(\) Rp(\) d\ = / YA Wl T d\

= I/FT/JO\) i d\ + ZkZITk/Fw()\) )\kl_*_1 d\

for every ¢ € A(o(T)), where the above series converges uniformly (i.e., it
converges in the operator norm topology of B[X]). Next consider two special
cases consisting of elementary polynomials. First let ¢ = 1 so that

T )—IQ}W/ d)\+z Tk271”/>\,}+1d)\:1+0:],

since 27r [p X dA=1(0) = 1 by the Cauchy Integral Formula and, for k>1,
Jr i dX = 0. Indeed, with a((6) = pe® for every 6 € [0, 2] we get [} dA =
O%oz(H)_lo/(H) df = f;ﬂp_le_wpiewde = ifo%cl@ = 2mi and, for k>1, we
also get [ i1 dA = f;ﬂa(ﬂ)’(’”l)a’(ﬂ) df = fo%p’(k*l)e’i(k“)ez'pede =
z'p*kf%e’ike df = 0. Now let 1) = ¢, the identity function, so that

—IQ}M/ d)\+T2m/ dA+Z T’“m/ LdAN=0+T+0=T,
since ,!. [-d\ = 0 by the Cauchy Theorem (ie., ,., [.d\ = Qﬂ o/ (0)do =
ip f edf = 0) and the other two integrals were computed above Thus

T? = o(T) = . /F PN Rr(\) dA = L /F N Ry (A) dA

by Lemma 4.15, and so a trivial induction ensures that

=k [ YRy

for every integer j > 0. Therefore, by linearity of the integral,

AT =307 o = ok, [ P ROy

whenever p(\) = Z;nzo aj N ; that is, for every polynomial p € P'(o(T)). Next
we extend this result from finite power series (i.e., from polynomials) to infinite
power series. To say that a function v has a power series expansion 1 (\) =
> e o @k A¥ on a neighborhood of o(T') means that the radius of convergence of
the series Y- ay A* is greater than r(T'), which implies that the polynomials
pn(A) = Y i_o ar A* make a sequence {p, }32, that converges uniformly to v
on a closed disk whose boundary is a circle I' of radius r(T") 4+ ¢ about the
origin for some ¢ > 0, which in turn implies that ¢ € A(¢(T))). Thus, since
the integral is linear and continuous (i.e., since [ € B[C[I', B[X]], B[X]]), and
according to Corollary 2.12(a), it follows that

oo
Y(T) = Zk:oak T*.
Indeed,
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_ 1 _ 1 > k
W(T) = o /F@Z’()‘) Re(A)dA =, /F (Zkzoak)\ )RT()\) d\
— > 1 k _ o k
=3 (L /F N Rp()dx) =307 Th,

where the operator series Y ;- g T* converges uniformly (i.e., it converges

in the operator norm topology to ¢ (T') € B[X]). In fact, since the scalar series
Yo @k A® converges uniformly on I to ¢ € A(o(T)),

[U(T) = pu(T)I| = 5

[ ) =) B 0|
L / Rr()) d/\H
I

IN

sup |1(A) — pn(N)| ‘
el

sup |1/1(>\) —pn(A)| —0 as n— oo.
el

Hence @1 (pn) — P7(¢) in B[X]. The same argument shows that if {1),,}°2 ; is
a sequence of functions in A(o(T")) that converges uniformly on every compact
subset of its domain to ¢ € A(o(T)), then &7 (v,) — Pr(v) in B[X]. O

Corollary 4.17. Take any operator in T € B[X]. If ¢ € A(o(T)), then (T
commutes with every operator that commutes with T.

Proof. This is the counterpart of Corollary 4.10. Let .S be an operator in B[X].
Claim. If ST =TS, then Rp(\)S = SRr(X) for every A € p(T).

Proof. S = SN —T)(AM[ =T) "' = (M -T)S(\ -T)"1if ST =TS, and
so Rr(\)S = (M =T)" YA = T)S(AI —T)~* = SRr(\) for X € p(T).

Therefore, according to Definition 4.14, since S lies in B[X],
1 1
T) = A A)d\ = A A)dA
SUT) =5, [ s R =, [ o) SRe(Y)

1
- /Fw(A) Rr(V)S d = (T)S. 0

Theorem 2.7 is the Spectral Mapping Theorem for polynomials, which
holds for every Banach space operator. For normal operators on a Hilbert
space, the Spectral Mapping Theorem was extended to larger classes of func-
tions in Theorems 2.8, 4.11, and 4.12. Back to the general case of arbitrary
Banach space operators, Theorem 2.7 can be extended to analytic functions,
and this is again referred to as the SPECTRAL MAPPING THEOREM.

Theorem 4.18. Take an operator T € B[X] on a complex Banach space X.
If 9 is analytic on the spectrum of T (i.e., if ¥ € A(o(T))), then
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Proof. Take T' € B[X] and ¢: A — C in A(o(T)). If X € o(T') (so that A € A),
consider the function ¢: A — C defined by ¢(A) = 0 and ¢(v) = YN ~¥) for
(

A—v
every v € A\{A}. Since the function ¥(\) — ¢¥(:) = ¢(-)(A —-): A = C lies in
A(o(T)), Lemma 4.15, Theorem 4.16, and Corollary 4.17 ensure that

BT = 0T) = 5L, [ ) = 0] Re ) v
= i / (A=) ¢(v) Rr(v) dv
I
— (\T=T)§(T) = (T) (\ - T).

If (X)) € p(
B[X]. Since

S

(T)), then ¥(A\)I —(T) has an inverse [p(N\)I —(T)]~*
M = (T) = ¢(T) (M = T), we get

[T = (T (T) (M = T) = [N = (D)) (M = (T)] =
(M —T) ¢(T) [N — (1) 7' = (NI — p(T)] [N —(T)] 7t = 1.

Thus AI — T has a left and a right bounded inverse, and so it has an inverse
in B[X], which means that A € p(T), which is a contradiction. Therefore, if
A€ o(T), then ¥(\) € o(y(T)), and hence

Y(o(T)) = {Y(\) €C: A€ a(T)} Co(y(T)).

@

Conversely, take any v & (o (T)), which means that v —1(A) # 0 for every

A€ o(T), and consider the function ¢'(-) = w() : A" = C, which lies in
A(o(T)) with A" C A. Take I" such that o(T) C ins I' C (ins I')~ C A as in

Definition 4.14. Then Lemma 4.15 and Theorem 4.16 ensure that
§ (1) ol = () = T = TN D) = L, [ Reyar=1.

Thus vI —¢(T) has a bounded inverse, ¢'(T) € B[X], and so v € p(y)(T)).
Equivalently, if v € o(¢)(T")), then v € ¢(o(T')). That is,

o((T)) S ¢(a(T)). 0

4.4 Riesz Decomposition Theorem

and Riesz Idempotents

A clopen set in a topological space is a set that is both open and closed in
it. If a topological space has a nontrivial (i.e., proper and nonempty) clopen
set, then (by definition) it is disconnected. Consider an operator T'€ B[X] on
a complex Banach space X. There are some different definitions of spectral
set. We stick to the classical one [39, Definition VIL.3.17]: A spectral set is a
clopen set in the spectrum o(T") (i.e., a subset of o(T") C C that is both open
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and closed relative to o(T")). Suppose A C o(T') is a spectral set. Then there
is a function ¥4 € A(c(T')) (analytic on a neighborhood of ¢(T')) such that

3) = 1, A€ A,
val) = 0, Meo(D)\A.

It does not matter which value ¥ () takes for those A in a neighborhood of
o(T) but not in o(T). Recall that if A is nontrivial (i.e., if @ # A # o(T)),
then o(T) must be disconnected. Set Ea= EA(T) = ¢¥a(T) so that

Ea=a(T) =, /F PaN) Re(N)dA = .1 /F Re(A) dA

for any path I such that ¢(7') C ins I" and (ins I')~ is included in a neighbor-
hood of ¢(T') as in Definition 4.14, and I'x is any path for which A C ins I's
and o(T)\A C out I'a. The operator Ea € B[X] is referred to as the Riesz
idempotent associated with A. In particular, the Riesz idempotent associated
with an isolated point A of the spectrum of T', namely, Eqy,; = Eppy (1) =
Yo} (T), will be denoted by

Ey, = Q}Ti/r Rr(N) dA = Q;i/r (M —T)~"dA,
A A

0 0

where I\, is any simple closed rectifiable positively oriented curve (e.g., any
positively oriented circle) enclosing Ag but no other point of o(T).

Let T be an operator in B[X]. It is readily verified that the collection of all
spectral subsets of o(T") forms a (Boolean) algebra of subsets of o(T"). Indeed,
the empty set and whole set o(T") are spectral sets, complements relative to
o(T) of spectral sets remain spectral sets, and finite unions of spectral sets
are spectral sets, and so are differences and intersections of spectral sets.

Lemma 4.19. Take any operator T € B[X] and let Ea € B[X] be the Riesz
idempotent associated with an arbitrary spectral subset A of o(T).

(a) EA is a projection such that
(a1) B3 =0, Eyqry =1 and Eyprpa=1-FEa.
If Ay and As are spectral subsets of o(T), then
(a2) Eajna, = Ea,Ea, and  Ea,un, = Ea,+Ea,— Ea Ea,.
(b) EA commutes with every operator that commutes with T.
(¢) R(EA) is a subspace of X that is S-invariant for every operator S € B[X]

that commutes with T.

Proof. (a) Lemma 4.15 ensures that a Riesz idempotent deserves its name:
Ea = E? so that Ea € B[X] is a projection. Observe from the definition of
the function 14 for an arbitrary spectral subset A of o(7T') that
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(i) Yo=0, Yor)y=1, Yerpa=1-1va,
(i) Yaina, =va,da, and  Yaua, = Pa+Ya, —Yapa,.
Since Ea= 9a(T) = ,L, [ ¥a(A)Rr(A)dA for every spectral subset A of

271

o(T), where I' is any path as in Definition 4.14, the identities in (a1) and (az)
follow from the identities in (i) and (ii), respectively (using the linearity of
the integral, Lemma 4.15, and Theorem 4.16).

(b) Suppose S € B[X] commutes with T. Corollary 4.17 ensures that
ST =TS implies SEA = FEAS.

(¢) Thus R(FA) is S-invariant. Moreover R(EA) is a subspace (i.e., a closed
linear manifold) of X since EA is bounded and R(Ea) = N(I — EA). In
particular, R(EA) is an invariant subspace for T'. a

Theorem 4.20. Take T € B[X]. If A is any spectral subset of o(T), then

o(Tlre.)) = A.

Moreover, the map A — Ea that assigns to each spectral subset of o(T) the
associated Riesz idempotent Ea € B[X] is injective.

Proof. Consider the results in Lemma 4.19(a;). If A = o(T'), then Ea = I so
that R(Ea) = &, and hence 0(T'|g(g,)) = o(T'). On the other hand, if A = &,
then Ea = O so that R(E4) = {0}, and hence T'|g(g,): {0} — {0} is the null
operator on the zero space, which implies that o(T'|z(g,)) = @. In both cases
the identity o(T'|r(g,)) = A holds trivially. (Recall that the spectrum of a
bounded linear operator is nonempty on every nonzero complex Banach space.)
Thus suppose @ # A # o(T). Let a € A(o(T)) be the function that defines
the Riesz idempotent F A associated with A,

1, AEA,

vald) = { 0, Aea(T)\A,

so that
Ea=a(T) =, / ba(N) Rr(A) dA
I

for any path I' as in Definition 4.14, and let ¢ € A(c(T")) be the identity
function on o(T'), that is,

p(A) =X forevery Xeo(T),

so that (cf. Theorem 4.16)
T—o(T) = L, [ e R
r

Claim 1. o(TEA) = AU{0}.
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Proof. Since TEA = o(T)YA(T) and

ATval) =k, [ eis R =L [ (pva)) B
r r
and since ¢ ¥ € A(o(T)), the Spectral Mapping Theorem ensures that

o(TEa) = (pa)(o(T)) = ¢(o(T)) Ya(o(T)) = o(T) Ya(o(T)) = AU {0}
(cf. Lemma 4.15 and Theorems 4.16 and 4.18).
Claim 2. o(TEA) = o(T|r(E,))U{0}.

Proof. Since E, is a projection, R(Ea) and N(EA) are algebraic comple-
ments, which means that R(EA) NN (Ea) = @ and X = R(EA) N (Ea)
— plain direct sum (no orthogonality in a pure Banach space setup). Thus,
with respect to the complementary decomposition X = R(EA) @ N (EAa), we
et B = (50) = 160, and s TE = (775 3) = Ty ©.0 he
cause AT =TEA. Then Al —=TEA = (M —T|g(g,)) © M for every A € C,
and hence A € p(EAT) if and only if A € p(T'|z(g,)) and X # 0. Equivalently,
A € o(EAT) if and only if A € o(T'|g(p,)) or A = 0.

Claim 3. o(T|r(p,)) U{0} = AU {0}.

Proof. Claims 1 and 2.

Claim 4. 0€ A <= 0€ (T |r(E4))-

Proof. Suppose 0 € A. Thus there exists a function ¢, € A(o(T)) such that

3 - 0, AE A,
%ol ){ AL Neo(D)\A

Observe that ¢, lies in A(o(T)) and
pp,=1=va on oT),
and hence, since o(T) = T and ¢,(T) € B[],
Tho(T) = ¢(T)T =1 —9a(T) =1 - Ea.

If 0 ¢ o(T|r(E4)), then Tl (g,) has a bounded inverse on the Banach space
R(EA), which means that there exists an operator [T'|g(g,)] " on R(E ) such
that T|R(E4)[T|R(E4)]71 = [T|R(EA)]’1T|R(EA) = I. Consider the operator
[T|r(EA)) ' Ea in B[X] so that, since TYa(T) = ¢a(T)T,

T([Tlr(pa) B+ 6,(T)) = (ITlr(5a) " Ba+6,(T))T =1 € Blx].

Then T has a bounded inverse on X, namely, [T'|g(g,)] " Ea + ¢, (T), so that
0 € p(T), which is a contradiction (since 0 € A C ¢(T')). Therefore,
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0c A implies 0¢€o(T|rEa))-

Conversely, suppose 0 € A. Thus there is a function ¢, € A(o(T)) such that
A A€ A,

PN = { 0, A€ o(T)\A.

Again, observe that ¢ ¢, lies in A(o(T)) and
¢¢, =ta on o(T),

and hence, since p(T') =T and ¢, (T) € B[X],

T¢,(T) =&, (T)T = 9a(T) = Ea.

Since ¢, (T)YA(T) = Ya(T) ¢, (T) by Lemma 4.15, it follows that the operator
¢, (T') is R(Ea)-invariant. So ¢, (T')|gr(g,) lies in B[R(EA)], and is such that

TrEA) & (D)rEL) = 6 (D) R(EA) T IR(EL) = EalR(EL) =1 € B[R(EA)]

Then T'|g (g ) has a bounded inverse on R(E4), namely, ¢, (T)|r(g,), so that
0 € p(T|r(E4))- Thus 0 & A implies 0 € o(T'|r(g,))- Equivalently,

0€o(T|r(p,)) implies 0€ A.

This concludes the proof of Claim 4.

Claims 3 and 4 ensure the identity

o(Tlre.)) = A.

Finally consider the map A +— E that assigns to each spectral subset of
o(T) the associated Riesz idempotent Ea € B[X]. We have already seen at
the beginning of this proof that if Eo = O, then o(T'|g(g,)) = @. Hence

Ear=0 = A=g

by the above displayed identity (that holds for all spectral subsets of o(T)).
Take arbitrary spectral subsets A; and Ay of o(T'). From Lemma 4.19(a),

Eapna, = Ean(o(m)\a,) = Ea,(I — Ea,) = Ea, — Ea, Ea,,
where Ea, and Ea, commute since Ea, Fa, = Ea,na, = Ea,Ea,, and so
(Ea, — Ea,)? = Ea, + Ea, — 2EA,En, = Expa,+ Eapa, = Eava,,
where A1V Ay = (A1\A2) U (Az\Ay) is the symmetric difference. Thus
Ean, =Ean, = Fawn, =0 = AVAy=0 = A=A,

since A1VA; = @ if and only if Ay = As, which proves injectivity. O
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Remark. Let T be an operator in B[X] and suppose o(T) is disconnected, so
that there are nontrivial sets in the algebra of all spectral subsets of o(T"). We
show that to each partition of o(T") into spectral sets there is a corresponding
decomposition of the resolvent function Ry. Indeed, consider a finite partition
{4, }}j—; of nontrivial spectral subsets of o(T); that is,

@ # A; # o(T) are clopen subsets of o(T') for each j =1,...,n

such that

r'l 1Aj =o(T) with A;NA;, =2 whenever j# k.
]:

Consider the Riesz idempotent associated with each A;, namely,

Ea, =, /F Rr(\) dA.
A

J

The results of Lemma 4.19 are readily extended for any integer n > 2 so that
each E 4, is a nontrivial projection (O +# Ep; = EAJ.2 # I) and

S Ba =1 with EsEa, =0 whenever j# k.
je

Take an arbitrary A € p(T'). For each j =1,...,n set

T;=TEs, and R;(\) = Rr(\)Ea,
in B[X] so that

n

=T and ijle(/\)zRT()\).

Observe that these operators commute. Indeed, recall that TRp(A\) = Rp (M) T,
and TEA; = EA,;T, and hence RT(/\)EAJ. = E, Rr(X) (cf. Corollary 4.17 and
Lemma 4.19). Therefore, if j # k, then

T;Ty, = Rj(A)Rp(\) =TuR;j(A) = R;(N)Ty, = O.
On the other hand, for every j =1,...,n,
TjR;(A) = Rj(\Tj = TRr(M) Ea,
and, since (A — T)Rp(\) = Rr(A)(M = T) =1,
(AEA, = Tj)R;(N) = Rj(A\)(AEa, — Tj) = Ea,.
Moreover, Claim 1 in the proof of Theorem 4.20 says that

O'(Tj) = Aj U {0}
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Note that the spectral radii are such that r(7;) < r(7T'). Since T]lC =TV E,,
for every nonnegative integer k, it follows by Corollary 2.12 that

_ -1 1 > (r\k 1 T \k
B (A) = N =T)" By = Zk:o(Q Ea; = Zk:o( A )
it A in p(T) is such that 7(T") < |\| and, again by Corollary 2.12,

TEAJ.

Ry () = W =TEx) " =43 () =1y ()

if X in p(T}) is such that 7(Tj) < |\|, where the above series converge uniformly
in B[X]. Hence, if r(T') < |A|, then

Rj(\) = Rr(A\)Ea; = Rra; = Ry,
where each R; can actually be extended to be analytic in p(7}).

The properties of Riesz idempotents in Lemma 4.19 and Theorem 4.20 lead
to a major result in operator theory, which says that operators whose spectra
are disconnected have nontrivial hyperinvariant subspaces. (For the original
statement of the Riesz Decomposition Theorem see [77, p. 421].)

Corollary 4.21. (Rigsz DECOMPOSITION THEOREM). Let T' € B[X] be an oper-
ator on a complex Banach space X. If o(T) = Ay U Ag, where Ay and Ay are
disjoint nonempty closed sets, then T has a complementary pair { My, Ma} of
nontrivial hyperinvariant subspaces, viz., My = R(Ea,) and Mg = R(E4,),
such that o(T|pm,) = A1 and 0(T|pm,) = Ao

Proof. If A; and As are disjoint closed sets in C such that o(T) = Ay U Ag,
then they are both clopen subsets of o(T') (i.e., spectral subsets of o(T")), and
hence the Riesz idempotents Ea, and Ea, associated with them are such
that their ranges M, = R(E4,) and My = R(E4,) are subspaces of X' that
are hyperinvariant for 7' by Lemma 4.19(c). Since A; and Ay are nontriv-
ial (i.e., @ # Ay # o(T) and @ # As # o(T)), it follows that o(T') is discon-
nected (since they are both clopen subsets of o(T")) and the projections Fa,
and Ea, are nontrivial (i.e., O # Ea, # I and O # Ea, # I by the injectiv-
ity of Theorem 4.20), and so the subspaces M; and My are nontrivial (i.e.,
{0} # R(Ea,) # X and {0} # R(Ea,) # X). Lemma 4.19(a) ensures that
Ea+ Ea, =1 and Ex, Ea, = O, which means that E4, and Ea, are com-
plementary projections (not necessarily orthogonal even if X were a Hilbert
space), and so their ranges are complementary subspaces (i.e., My + My = X
and M; N My = {0}) as in Section 1.4. Finally, Theorem 4.20 ensures that
0(T|m,) = 41 and 0(T|pm,) = As. O

Remark. Since M1 = R(E4,) and My = R(EA,) are complementary sub-
spaces (i.e., My + Mo = X and M; N Mz = {0}), it follows that X can be
identified with the direct sum M; @ Mz (not necessarily an orthogonal di-
rect sum even if X were a Hilbert space), which means that there exists a
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natural isomorphism ¥: X — M; @& My between the normed spaces X and
Mi ® Ms (see, e.g., [66, Theorem 2.14]). The normed space My ® My is
not necessarily complete and the invertible linear transformation ¥ is not
necessarily bounded. In other words, X ~ M; & My, where ~ stands for al-
gebraic similarity (i.e., isomorphic equivalence) and @ for direct (not neces-
sarily orthogonal) sum. Thus, since M; and My are both T-invariant (recall
that both Ea, and Ea, commute with 7' by Lemma 4.19), it follows that
T ~ T|pmy @ T|pm,, which means WTW ! = T|aq, & T|pm,. (If X were Hilbert
and the subspaces orthogonal, then we might say that they reduce T'.)

We say that a pair A; and A of subsets of o(T") are complementary spec-
tral sets for T if, besides being spectral sets (i.e., subsets of o(7T') that are both
open and closed relative to o(T')) they also form a nontrivial partition of o (T');
that is, @#Al #U(T), @75 Ao #U(T), ALU A, ZO'(T), and A1 NA; =0@.
Observe that the Riesz Decomposition Theorem says that, for every pair of
complementary spectral sets, the ranges of their Riesz idempotents are com-
plementary nontrivial hyperinvariant subspaces for T, and the spectra of the
restrictions of T to those ranges coincide with themselves.

Corollary 4.22. Let Ay and Ay be complementary spectral sets for an op-
erator T € B[X], and let Ea, and Ea, be the Riesz idempotents associated
with them. If X € Ay, then

Ea,(N(M =T)) = {0},
Ea, (RO =T)) =R(Ea,),
Ea,(N(M =T)) =N\ —T) C R(Ea,),
Ea, (RO =T)) =R((Al = T)Ea,) C R(Ea, ).

so that
R —T)=Ex (R —T)) +R(Ea,).

If dimR(Ea,) < 00, then AimN (A —T') < oo and R(A —T) is closed.

Proof. Let T be an operator on a complex Banach space X.

Claim 1. If A; and Ay are complementary spectral sets and A € C, then

(a) N =T)=EA N —T)) + Ea,(N(M = T)),

(b) R —=T)=FEa (RN =T))+ Ea, (RN =T)).

Proof. Let Ea, and Ea, be the Riesz idempotents associated with A; and
Ay. Lemma 4.19(a) ensures that R(Ea,) and R(Ea,) are complementary
subspaces (i.e., ¥ = R(Fa,)+R(Ea,) and R(Fa,) NR(Ea,) = @, since Ay

and A, are complementary spectral sets, so that Fa, and E, are comple-
mentary projections). Thus (cf. Section 1.1), there is a unique decomposition
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r=u+v=FEaxz+ Epx

for every vector € X, with u € R(Ea,) and v € R(Ea,), where u = Ea,x
and v = Ea,x (since Ea, (R(Ea,)) = {0} and Ea,(R(EAa,)) = {0} because
Ea, Ea, = Ea,En, = 0). So we get the decompositions in (a) and (b).

Claim 2. If A € o(T)\ A for some spectral set A of o(T), then
EAWNO —=T))={0} and EA(R( —T))=R(Ex).

Proof. Let A be any spectral set of o(T') and let EA be the Riesz idempotent
associated to it. Since R(E ) is an invariant subspace for T (cf. Lemma 4.19),
take the restriction T'|z(p,) € B[R(EA)] of T to the Banach space R(EA). If
has a bounded inverse, where I|g(g,) = Ealr(e,) stands for the identity on
R(EA). Thus, since R(FA) is T-invariant,

Rejs, (N (A = T)Ea

= (M|rEs) — Tlr(Ea) " MlrEas) — Tlr(EL))EA
=Ilrg)Ea = Ea,

where Ry, , 0 p(T|r(Ea)) = G[R(E4)] is the resolvent function of T'|g(f.,)-
Now take an arbitrary @ € N (A — T). Since EAT = TE,

Ear = Ry () (M = T)Eaz = Ry (A) BA(M = T)z = 0.

Therefore,
EAWN( —T)) ={0}.

Moreover, since
(M —=T)Ea = AEA —TEA = Mg — Tlr(Ea)

it follows that, if A € o(T)\ 4, then A € p(T'|z(k,)), by Theorem 4.20 (where
T|r(EA) € B[R(EA)]), so that (see diagram of Section 2.2)

R(A =T)Ea) =R(M|r(ps) — TIrR(EA)) = R(EA).
Since TEA = EAT, and A(R(B)) = R(AB) for all operators A and B,
EA(RM —=T)) = R(EaAM = T)) = R((M = T)Ea) = R(Ea).
This concludes the proof of Claim 2.

From now on suppose A € A;. In this case, Claim 2 ensures that
Ea,(N(AM =T)) = {0},

and so it follows by Claim 1(a) that
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N —T)=FEa, (N —T)) CR(EAx, ).
Hence
dimR(Ea,) <o = dim(N(\ —T)) < oo.

Again, from Claim 2 we get
EA(RA —T)) =R(Ea,).
Thus, from Claim 1(b),
R —T)=FEa (RA-T))+R(Ea,),
where (since TEA = EAT and A(R(B)) = R(AB) for all A and B),
EA,(RIM —T))=R(Ea, (M —T)) =R(M —T)Ea,) CR(EA,).

Recall that R(E 4, ) is a subspace (i.e., a closed linear manifold) of X (Lemma
4.19). If R(Ea,) is finite dimensional, then Ea, (R(A — T')) is finite dimen-
sional, and so R(AI — T) is the sum of a finite-dimensional linear manifold
and a closed linear manifold, which is closed (cf. Proposition 1.C). Hence,

dim(R(Ea,)) <oo = RN —T) is closed. O

Remark. Let Ag be an isolated point of the spectrum of an operator T' in
B[X]. A particular case of the preceding corollary for Ay = {A\g} says that, if
dimR(E),) < 0o, then dim N (Aol —T') < oo and R(AoI — T) is closed. We
shall prove the converse in Theorem 5.19 (the next chapter):

dimR(E),) < 0o <= dimN(MI —T) < 0o and R(AgI —T) is closed.

Also note that A\oI — T'|g(g, ) is a quasinilpotent operator on R(E),). Indeed,
0

O'(T|R(EAO)) = {Ao} according to Theorem 4.20, and so the Spectral Mapping

Theorem (Theorem 2.7) ensures that

O'(/\()I - T|R(Exo)) = {O}

Corollary 4.23. Let T € B_|X] be a compact operator. If X\ € o(T)\{0},
then X is an isolated point of o(T) such that

dim R(E)) < oo,
where Ey € B[X] is the Riesz idempotent associated with it, and
{0} AFNWAN —T) CR(E)N) CN((M-T)")
for some a positive integer n such that

R(Ex) € N\ — T)" 1.
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Proof. Let T be a compact operator on a nonzero complex Banach space X'. We
refer to the results of Section 2.6, which were proved on a Hilbert space but,
as we had mentioned there, still hold on a Banach space. If A € o(T)\{0},
then A is an isolated point of o(T) by Corollary 2.20. Take the restriction
T|r(g,) € B[R(E\)] of T to the Banach space R(E4), which is again compact
(Proposition 1.V). Recall from Theorem 4.18 that o(T'|z(g,)) = {A}. If A # 0,
then 0 € p(T|r(Eg,)), and so the compact operator T'|g(g,) € Boo[R(EN)] is
invertible, which implies that (cf. Proposition 1.Y)

dimR(E)) < 0.

Set m = dimR(FE)). Note that m # 0 because E) # O by the injectivity of
Theorem 4.20. Since o(T'|r(g,)) = {\} we get by the Spectral Mapping The-
orem (cf. Theorem 2.7) that o(AM — T'|g(g,)) = {0}; that is, the operator
M — T|r(E,) is quasinilpotent on the m-dimensional space R(E)). This im-
plies that A\l — T'|g(g,) in B[R(E))] is a nilpotent operator for which

(AL = Tlr(z))™ = O.

Indeed, this is a purely finite-dimensional algebraic result that is obtained
together with the well-known Cayley—Hamilton Theorem (see [48, Theorem
58.2]). Thus (since E) is a projection that commutes with 7" whose range is
T-invariant), it follows that

M -T)"E)=0.
Moreover, since X # {0} we get O # (A — T)° = I, and so (since E) # O)
(M —T)°Ey # O.
Thus there exists an integer n € [1,m] such that
M —-T)"Ex=0 and (M —-T)"'E, #O0.
In other words,
R(Ey) CN(A -T)") and R(E\) N -T)" L.

(Recall that AB = O if and only if R(B) C N (A), for all operators A and B.)
The remaining assertions are readily verified. In fact, {0} # N(A — T') since
A € o(T)\{0} is an eigenvalue of the compact operator T' (by the Fredholm
Alternative of Theorem 2.18), and N (Al —T) C R(E)) by Corollary 4.22. O

Remark. Corollary 4.23 and Proposition 4.F ensure that, if T' € B_[X] (i.e.,
it T'is compact) and A € o(T')\{0}, then X is a pole of the resolvent function
Rr:p(T) — G[X], and the integer n in the statement of the preceding result
is the order of the pole A\. Moreover, it follows from Proposition 4.G that

R(Ex) = N((\ = T)™).
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4.5 Additional Propositions

Consider a set S C B[H] of operators on Hilbert space H. The commutant S’
of S is the set 8" = {T' € B[H]: T'S = ST for every S € S} of all operators
that commute with every operator in S, which is a unital subalgebra of B[H].
The double commutant S” of S is the unital algebra 8” = (S’)". The DoUBLE
CoMMUTANT THEOREM says that if A is a unital C*-subalgebra of B[H], then
A~ = A" where A~ stands for the weak closure of A in B[H] (which coincides
with the strong closure — see [27, Theorem IX.6.4]). A von Neumann algebra
A is a C*-subalgebra of B[#] such that A = A", which is unital and is weakly
(thus strongly) closed. Take a normal operator on a separable Hilbert space
H. Let A*(T) be the von Neumann algebra generated by T € B[H], which is
the intersection of all von Neumann algebras containing T', and coincides with
the weak closure of P(T,T*) (see the paragraph following Definition 3.12).

Proposition 4.A. Consider the setup of Theorem 4.8. The range of @1 co-
incides with the von Neumann algebra generated by T (i.e., R(Pr) = A*(T)).

Proposition 4.B. Take T € B[X]. If Y € A(o(T)) and ¢ € A(oc(¥(T))), then
(¢o1p) € A(o(T)) and ¢(¢(T)) = (¢ o )(T). That is,
B(D) = ok, [ SO Rr (3 dx

where I' is any path about o(T) such that o(T) C ins I' C (ins I')~ C A, and
the open set A C C is the domain of ¢ o).

Proposition 4.C. Let Ea € B[X] be the Riesz idempotent associated with a
spectral subset A of o(T'). The point, residual, and continuous spectra of the
restriction T'|r(p,) € B[R(EA)] of T € B[X] to R(EAa) are given by

O'P(T|R(EA)) ZAQUP(T), UR(TlR(EA)) = Aﬂo‘R(T), UC(TlR(EA)) = AﬂUC(T).
Proposition 4.D. If )\ is an isolated point of the spectrum o(T) of an oper-

ator T € B[X], then the range of the Riesz idempotent E\, € B[X] associated
with A is given by

R(Ex,) = {z € X: ||(Ao] — T)"z||» — 0}.

Proposition 4.E. If )y is an isolated point of the spectrum o(T) of an
operator T € B[X], then (with convergence in B[X])

Rr(\) = (M —T)" = ZZO:_OO(/\ —2o)F T
=3 A=A T o+ D0 (A= 20) T,

for every X in the punctured disk Bsy(Ao)\{0} ={A € C: 0< |\ —Xg| < dp} C
p(T), where dg = d(No, o(T)\{Xo}) is the distance from Ao to the rest of the
spectrum, and Ty, € B[X] is such that
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27

Ty =,k / (A= Xo) "D Ry (A) dA

F’\O
for every k € Z, where I'y, is any positively oriented circle centered at Ao with
radius less than d.

An isolated point of o(T') is a singularity (or an isolated singularity) of
the resolvent function Rr: p(T') — G[X]. The expansion of Ry in Proposition
4.E is the Laurent expansion of Ry about an isolated point of the spectrum.
Note that, for every positive integer k (i.e., for every k € N),

T = Ex, (T = XDt = (T = X\I)* " 1Ey,,

and so T_; = FE),, the Riesz idempotent associated with the isolated point Ag.
The notion of poles associated with isolated singularities of analytic functions
is extended as follows. An isolated point of o(T") is a pole of order n of Ry,
for sone n € N, if T_,, # O and T}, = O for every k < n (i.e., n is the largest
positive integer such that T_, # O). Otherwise, if the number of nonzero
coefficients Ty with negative indices is infinite, then the isolated point Ay of
o(T) is said to be an essential singularity of Ry.

Proposition 4.F. Let Ay be an isolated point of the spectrum o(T) of
T € B[X], and let Ex, € B[X] be the Riesz idempotent associated with Xo.

(a) The isolated point Ao is a pole of Ry of order n if and only if
NI —T)"Ey, =0 and (\I—T)"'E,, #O.

Therefore, if Ao is a pole of Ry of order n, then

(b) {0} # R((Nol = T)"'Ex,) SN (Mol —T),

and so Ao is an eigenvalue of T (i.e., Ao € op(T)). Actually (by item (a) and
Corollary 4.22), Ao is a pole of Rr of order 1 if and only if

(c) {0} # R(Ex,) = N(AoI = T).

Proposition 4.G. Take T € B[X]. If X\ is a pole of Ry of order n, then
R(Ex,) =N((MoI —T)") and R(EA)=R((AI—-T)"),

where Ey, denotes the Riesz idempotent associated with Ao and Ea denotes
the Riesz idempotent associated with the spectral set A = o(T)\{ o}

Proposition 4.H. Let Ea be the Riesz idempotent associated with a spectral
subset A of o(T). If dimR(FA) < oo, then A is a finite set of poles.

Proposition 4.1. Take T € B[X]. Let A be a spectral subset of o(T), and let
E A € B[X] be the Riesz idempotent associated with A. If 1 € A(o(T)), then

Y € Ao(TrE,))) and Y(T)|rEr) = V(Tr(EA)), s0 that
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For a normal operator on a complex Hilbert space, the functional calculus
of Sections 4.2 and 4.3 (cf. Theorems 4.2 and 4.16) coincides for every analytic
function on a neighborhood of the spectrum.

Proposition 4.J. If T = [AdE\ € B[H] is the spectral decomposition of a
normal operator T on a Hilbert space H and if ¢ € A(o(T)), then

o) = [oyas = gL [ v Re()
r
with the first integral as in Lemma 3.7 and the second as in Definition 4.14.

Consider Definition 3.6. The notion of spectral measure E:Agn — B[X]
(carrying the same properties of Definition 3.6) can be extended to a (complex)
Banach space X where the projections E(A) for A € Ay, are not orthogonal
but are bounded. If an operator T' € B[X] is such that E(A)T = TE(A) and
o(T|r(Ea))) € A™ (see Lemma 3.16), then T is called a spectral operator (cf.
[41, Definition XV.2.5]). Take ¢ € B({2), a bounded Ap-measurable complex-
valued function on 2. An integral [¢()\)dE\ can be defined in this Banach
space setting as the uniform limit of integrals [¢,(X) dEx = Y1, a; E(A;) of
measurable simple functions ¢, = Y| a;x, (i.e., of finite linear combina-
tions of characteristic functions x, of measurable sets A; € Ag) — see, e.g.,
[40, pp. 891-893]. If a spectral operator T' € B[X] is such that T'= [AdE},
then it is said to be of scalar type (cf. [41, Definition XV.4.1]). Proposition 4.J
holds for Banach space spectral operators of scalar type. In this case, the pre-
ceding integral [AdE\ = [¢(\)dEy (of the function ¢(A) = A € C for every
A € 02, defined as the limit of a sequence Y ., 3;F(A;) of integrals of sim-
ple functions) coincides with the integral of Theorem 3.15 if X is a Hilbert
space, and if the spectral measure E: Ay — B[X], with 2 = o(T), takes on
orthogonal projections only.

Proposition 4.K. If T = [AdE\ € B[H] is the spectral decomposition of a
normal operator T' on a Hilbert space H, then the orthogonal projection E(A)
coincides with the Riesz idempotent E, for every clopen A in Ay (ry:

E(A) :/AdEA = Q}Ti/F Rr(\) d\ = Ey.
A

In particular, let T = >, A\iE) be the spectral decomposition of a compact
normal operator T on a Hilbert space, with {Ax} = op(T") and {Ex} being
a countable resolution of the identity where each orthogonal projection Ej is
such that R(Ey) = N(AxI —T) (cf. Theorem 3.3). Take any nonzero eigen-
value A, in o(T)\{0} = op(T)\{0} = { A }\{0} so that dim N'(A\p ] —T) < oo
(cf. Theorems 1.19 and 2.18 and Corollary 2.20). Each orthogonal projection
E}; coincides with the Riesz idempotent E}, associated with each isolated point
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0 # A, of o(T") according to Proposition 4.K. Therefore, by Corollary 4.23 and
Proposition 4.G, it follows that N(A\ I —T) = N((AI —T)™) = R(E»,),
where the integer ny, is the order of the pole Ay and the integer dim R(E}y, ) =
dim N (A\xI — T) < oo is the finite multiplicity of the eigenvalue Ag. Note that
dim R(E), ) is sometimes called the algebraic multiplicity of the isolated point
A of the spectrum, while dim N (A1 — T') — the multiplicity of the eigen-
value \; — is sometimes referred to as the geometric multiplicity of \g. In
the preceding case (i.e., if T' is compact and normal), these multiplicities are
finite and coincide.

Proposition 4.L. Every isolated point of the spectrum of a hyponormal op-
erator is an eigenvalue. In fact, if Ao is an isolated point of o(T), then

{0} # R(Ex,) SN (Aol = T)

for every hyponormal operator T € B[H], where E, is the Riesz idempotent
associated with the isolated point X\g of the spectrum of T.

Notes: For Proposition 4.A see, for instance, [27, Theorem IX.8.10]. Propo-
sition 4.B is the composition counterpart of the product-preserving result
of Lemma 4.15 (see, e.g., [56, Theorem 5.3.2] or [39, Theorem VII.3.12]).
For Proposition 4.C see [39, Exercise VII.5.18] or [87, 1st edn. Theorem
5.7-B]. Proposition 4.D follows from Theorem 4.20, since, by Theorem 2.7,
Mol —T|r(E,,) is quasinilpotent so that limy, [[(A] —T)"x » =0 whenever
x € R(E\). For the converse see [87, 1st edn. Lemma 5.8-C|. The Laurent
expansion in Proposition 4.E and also Proposition 4.F are standard results
(see [27, Lemma VII.6.11, Proposition 6.12, and Corollary 6.13]). Proposition
4.G refines the results of Proposition 4.F — see, e.g., [39, Theorem VII.3.24].
For Proposition 4.H see [39, Exercise VII.5.34]. Proposition 4.1 is a conse-
quence of Theorem 4.20 (see, e.g., [39, Theorem VIIL.3.20]). Proposition 4.J
also holds for Banach space spectral operators of the scalar type (cf. [41,
Theorem XV.5.1]), and Proposition 4.K is a particular case of it for the char-
acteristic function in a neighborhood of a clopen set in the o-algebra of Borel
subsets of o(T). Proposition 4.L is the extension of Proposition 3.G from nor-
mal to hyponormal operators, which is obtained by the Riesz Decomposition
Theorem (Corollary 4.21) — see, for instance, [66, Problem 6.28].
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5
Fredholm Theory

The central theme of this chapter investigates compact perturbations. We shall
be particularly concerned with properties of the spectrum of an operator that
are invariant under compact perturbations; that is, properties of the spectrum
of T that are also possessed by the spectrum of T+ K for every compact
operator K. As in Sections 1.8 and 2.6, we assume throughout this chapter
that all operators lie in B[H], where H stands for a nonzero complex Hilbert
space, although part of the theory developed here applies equally for operators
on Banach spaces.

5.1 Fredholm Operators and Fredholm Index

Let B, [H] be the (two-sided) ideal of all compact operators from B[H]. An op-
erator T € B[H] is left semi-Fredholm if there exist A € B[H] and K € B, [H]
such that AT = I + K, and right semi-Fredholm if there exist A € B[H] and
K € B_[H] such that TA =TI + K. We say that T € B[H] is semi-Fredholm
if it is either left or right semi-Fredholm, and Fredholm if it is both left and
right semi-Fredholm. Let F; and F, be the classes of all left semi-Fredholm
operators and of all right semi-Fredholm operators:

Foe={T € B[H]: AT =1+ K for some A € B[H] and some K € B,[H]},

Fr={T € B[H]: TA=1+ K for some A € B[H] and some K € B, [H]}.

The classes of all semi-Fredholm and Fredholm operators from B[#] will be
denoted by SF and F, respectively;

SF=FUF, and F=FNF.
According to Proposition 1.W, K € B [#] if and only if K* € B_[H]. Thus
TeF, ifandonlyif T*e€ F,.

Therefore,

C.S. Kubrusly, Spectral Theory of Operators on Hilbert Spaces, 131
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TeSF ifandonlyif T*e SF,
TeF ifandonlyif T*e F.

The following properties on kernel and range of a Hilbert space operator and
its adjoint (Lemmas 1.4 and 1.5) will often be used throughout this chapter:

N(T*)=HOR(T)” =R(T)*,
R(T*) is closed if and only if R(T) is closed.

Theorem 5.1. (a) An operator T € B[H] is left semi-Fredholm if and only if
R(T) is closed and N(T) is finite dimensional.
(b) Hence,

Fo={T € B[H]: R(T) is closed and dimN(T) < oo},

Fr ={T € B[H]: R(T) is closed and dimN(T*) < co}.
Proof. Let A, T, and K be operators on H, where K is compact.

(a1) If T is left semi-Fredholm, then there are operators A and K such that
AT =T+ K,and so N(T) CN(AT) =N+ K) and R(AT) = R(I + K).
The Fredholm Alternative (Corollary 1.20) says that dim N (I + K) < oo and
R(I + K) is closed. Therefore,

(i) dim NV(T) < oo,
(ii) dim T(N(AT)) < oo,
(iii) R(AT) is closed.

This implies that
(iv) T(N(AT)*) is closed.

Indeed, the restriction (AT)|pxra7)s : N(AT)* — H is bounded below by (iii)
since (AT)|n(a): is injective with range R(AT') (Theorem 1.2). Thus there
exists an o > 0 such that a|lv|| < [|[ATv|| < ||A| ||Tv]| for every v € N (AT)>L.
Then T|par)r: N(AT)+ — H is bounded below, and so T'|y47r). has a
closed range (Theorem 1.2 again), proving (iv). But (ii) and (iv) imply that

(v) R(T) is closed.

In fact, since H = N(AT) + N(AT)* by the Projection Theorem, it follows
that R(T) = T(H) = TIN(AT) + N(AT)L) = TN (AT)) + T(N(AT)1).
Thus assertions (ii) and (iv) ensure that R(T") is closed (since the sum of a
closed linear manifold and a finite-dimensional linear manifold is closed —
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see Proposition 1.C). This concludes the proof of (v) which, together with (i),
concludes half of the claimed result.

(a2) Conversely, suppose dimN(T) < oo and R(T) is closed. Since R(T)
is closed, it follows that T'|x(py.: N(T)*— H (which is injective because
N(T|nr¢ry+) = {0}) has a closed range R(T|n(r)=) = R(T). Hence it has a
bounded inverse on its range (Theorem 1.2). Let E' € B[H] be the orthogonal
projection onto R(E) = R(T|(ryr) = R(T), and define A € B[H] as follows:

A= (T|N(T)L)71E.

If u € N(T), then ATwu = 0 trivially. On the other hand, if v € N'(T)*, then
ATv = (TlN(T)L)_lETL/\/‘(T)L'U = (TlN(T)L)_lTlN(T)LU = v. Thus, for every
r=u+vin H = N(T)+N(T)*, we get ATx = ATu+ ATv =v = E'x,
where E' € B[H] is the orthogonal projection onto A/(T)*. Therefore,

AT =1+ K,

where —K = I — E’ € B[H] is the complementary orthogonal projection onto
the finite-dimensional space N (T). Hence K is a finite-rank operator, and so
compact (Proposition 1.X). Thus T is left semi-Fredholm.

(b) Recalling that T € F if and only if T* € F,., and R(T™) is closed if and
only if R(T") is closed (Lemma 1.5), item (b) follows from item (a). O

Corollary 5.2. Take an operator T € B[H)].

(a) T is semi-Fredholm if and only if R(T) is closed and N(T) or N(T*) is
finite dimensional.

(b) T is Fredholm if and only if R(T) is closed and both N(T) and N (T*)
are finite dimensional.

In other words,

SF ={T € B[H]: R(T) is closed, dimN(T) < co or dimN(T*) < oo},

F ={T € B[H]: R(T) is closed, dimN(T) < co and dimN(T*) < oo}.
Therefore, the complement of F,

BH|\F = BH]\(Fe N Fr) = (B[H]\ F¢) U (B[H]\ F+),
is the union of
B[H]\F, = {T € B[H]: R(T) is not closed or dimN(T) = oo},
BH|\F, = {T € B[H]: R(T) is not closed or dimN(T*) = co}.

Proof. Recall that SF = F, U F, and F = Fy N F,-. Apply Theorem 5.1. [
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Let Z be the set of all integers and set Z = Z U {—o00} U {+0o0}, the ex-
tended integers. Take any T in SF so that N(T) or N(T*) is finite dimen-
sional. The Fredholm index ind (T') of T in SF is defined in Z by

ind(T) = dim N(T') — dim N (T™).

It is usual to write «(7T) = dimN(T) and B(T) = dim N(T*), and hence
ind(T) = «(T) — B(T). Since T* and T lie in SF together, we get

ind(T™) = —ind (T).

Note: B(T) = o(T*) = dmR(T)* = dim(H o R(T)~) = dim(H/R(T)"),
where the last identity is explained in the forthcoming Remark 5.3(a).

Recall from Theorem 5.1 that T € F; implies dim N (T') < oo and, dually,
T € F, implies dim N'(T*) < co. Therefore,

T e F, implies ind(T) # +oo,
T e F, implies ind(T)# —oc.
In other words, if T € SF = Fy U F,., then
ind(T) = 400 implies T € F\Fe = F\F,
ind(T) = —oco implies T € F\F, = F,\F.

Remark 5.3. (a) BanacH SPAacE. If T is an operator on a Hilbert space H,
then N (T*) = R(T)* = Ho R(T)~ by Lemma 1.4. Thus Theorem 5.1 and
Corollary 5.2 can be restated with AN'(T*) replaced by H © R(T')~. However,
consider the quotient space H/R(T)~ of H modulo R(T')~, consisting of all
cosets  + R(T')~ for each x € H. The natural mapping of H/R(T)~ onto
HOR(T)™ (viz., v + R(T)~ — Ex where E is the orthogonal projection on
R(T)4) is an isomorphism. Then dim(H/R(T)~) = dim(H © R(T)~). There-
fore we get the following restatement of Corollary 5.2.

T € B[H)] is semi-Fredholm if and only if R(T) is closed and N (T') or
H/R(T) is finite dimensional. It is Fredholm if and only if R(T) is
closed and both N'(T') and H/R(T) are finite dimensional.

This is how the theory advances in a Banach space. Many properties, among
those that will be developed in this chapter, work smoothly in any Banach
space. Some of them, in order to be properly translated into a Banach space
setting, will behave well if the Banach space is complemented. A Banach space
is complemented if every subspace of it has a complementary subspace (i.e., if
there exists a subspace N of X' such that M+ N =X and M NN = {0} for
every subspace M of X). However, if a Banach space is complemented, then it
is isomorphic to a Hilbert space [72] (i.e., topologically isomorphic, after the
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Inverse Mapping Theorem). For instance, Proposition 1.D (on complementary
subspaces and continuous projections) is a significant exemplar of a result that
acquires its full strength only on complemented Banach spaces (which are
identified with Hilbert spaces). Only Hilbert spaces (up to an isomorphism)
are complemented. We shall stick to Hilbert spaces.

(b) FiniTE RANK. It was actually proved in Theorem 5.1 that

T'is left semi-Fredholm if and only if there exists an operator A € B[H)]
and a finite-rank operator K € B[H] such that AT =1 + K.

Since T is right semi-Fredholm if and only if T* is left semi-Fredholm, which
means that there exists a finite-rank operator K such that AT* = I 4+ K or,
equivalently, such that TA* = I + K*, and since K is a finite-rank operator
if and only if K* is (see, e.g., [66, Problem 5.40]), it follows that

T'is right semi-Fredholm if and only if there exists an operator A € B[H]
and a finite-rank operator K € B[H] such that TA=1+ K.

So the definitions of left semi-Fredholm, right semi-Fredholm, semi-Fredholm,
and Fredholm operators are equivalently stated if “compact” is replaced with
“finite-rank”. For Fredholm operators we can even have the same A when
stating that I — AT and I —TA are of finite rank (cf. Proposition 5.C).

(¢) Finite DiMENsIONAL. Take any operator T € B[H]. Recall from linear alge-
bra that dimH = dim N(T) + dim R(T') (see, e.g., [66, Problem 2.17]. Since
H = R(T)~ @ R(T)* by the Projection Theorem, it follows that dimH =
dim R(T) + dim R(T)*. Thus, if H is finite dimensional (so that A(T) and
N(T*) are finite dimensional), then ind (T') = 0. Indeed, if dim H < oo, then

dim N/(T) — dim N (T*) = dim N(T) — dim R(T)*
= dimN(T) + dim R(T") — dim H
=dimH —dimH = 0.
Since linear manifolds of finite-dimensional spaces are always closed, it follows

by Corollary 5.2 that on a finite-dimensional space every operator is Fredholm
with a null index. That is,

dmH <o = {TeF:ind(T)=0}=B[H]

(d) FrEepHOLM ALTERNATIVE. If K € B_[H] and A # 0, then R(\ — K) is
closed and dim N (A — K) = dim N (Al — K*) < oo. This is the Fredholm
Alternative for compact operators of Corollary 1.20, which can be restated in
terms of Fredholm indices, according to Corollary 5.2, as follows.

If KeB_[H] and X\ # 0, then A — K is Fredholm with ind(AI— K) = 0.

But ind (M — K) = 0 means dim N (A — K) = dimR(A — K)* (recall that
dim N (A — K*) = dimR(M — K)* by Lemma 1.5), and this implies that
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N(AI — K) = {0} if and only if R(M — K)~ = H (equivalently, if and only
if R(A — K)t = {0}). Since R(M — K) is closed if A\] — K is Fredholm, we
get another form of the Fredholm Alternative (cf. Theorems 1.18 and 2.18).

If K eB_[H] and X #0, then N(A\ — K)={0} < R(A —K)="H,
which means that \I — K s injective if and only if it is surjective.

(e) FrepHoLM INDEX. Corollary 5.2 and some of its straightforward conse-
quences can also be naturally rephrased in terms of Fredholm indices. Note
that dim NM(T) and dim N (T*) are both finite if and only if ind (T') is finite
(reason: ind (T") was defined for semi-Fredholm operators only, so that if one
of dim N(T) or dim M(T™) is infinite, then the other must be finite). Thus, T
is Fredholm if and only if it is semi-Fredholm with a finite index, and so

TeSF = {TeF < |[ind(T)| <oo}.
Since F/\F, = F/\F and F,\F; = F,\F, it follows that
TeSF = {TeF\F +— ind(T)=+oc},
TeSF = {TeF\F < ind(T)=—o0}.

(f) Propuct. Still from Corollary 5.2, a nonzero scalar operator is Fredholm
with a null index. This is readily generalized:

If TeF, then vT € F and ind(yT) = ind(T") for every v € C\{0}.

A further generalization leads to the most important property of the index,
namely its logarithmic additivity: ind (ST) = ind (S) + ind (T") whenever such
an addition makes sense.

Theorem 5.4. Take S,T € B[H].

(a) If S,T € Fy, then ST € Fy. If S,T € F., then ST € F,.
(Therefore, if S,T € F, then ST € F.)

(b) If S,T € Fp or S,T € F, (in particular, if S,T € F), then
ind(ST) = ind (S) + ind(T).

Proof. (a) If Sand T are left semi-Fredholm, then there are A, B, K, L in B[H],
being K, L compact, such that BS =1+ L and AT = I + K. Then

(AB)(ST) = A(I + L)T = AT + ALT = I + (K + ALT).

But K + ALT is compact (because B [H] is an ideal of B[#]). Thus ST is left
semi-Fredholm. Summing up: S,T € F; implies ST € Fy. Dually, S,T € F,
if and only if S* T* € F,, which (as we have seen above) implies T*S* € Fy,
which means that ST = (T*5*)* € F,.
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(b) We shall split the proof of ind (ST) = ind (S) + ind (T) into three parts.

(b1) Take S, T € Fy. First suppose ind (S) and ind (T") are both finite or, equiv-
alently, suppose S,T € F = Fy N F,.. Consider the surjective transformation
L:N(ST) — R(L) C H defined by

Lz =Tz forevery =ze€N(ST),

which is clearly linear with NV (L) = N (T) NN (ST) by the very definition of
L. Since N(T) C N(ST), it follows that

Ify € R(L) = L(N(ST)), then y = Lz = Tz for some vector z € H such that
STz =0, and so Sy =0, which implies that y € R(T) NN (S). Therefore,
R(L) CR(T) NN(S). Conversely, if y € R(T) NN (S), then y = Tz for some
vector € H and Sy = 0, so that STz = 0, which implies that z € N (ST)
and y = Tx = Lz € R(L). Thus R(T) N N(S) C R(L). Hence,

R(L) = R(T) NN(S).

Again, as is well known from linear algebra, dim X = dim N (L) + dim R(L)
for every linear transformation L on a linear space X (see, e.g., [66, Problem
2.17]). Thus, with X = N(ST), and recalling that dim M(S) < oo,

dimN(ST) = dim N(T) + dim (R(T") NN (S))
=dimN(T) + dim N (S) + dim (R(T) NN (S)) — dim N (S).
Since R(T) is closed, R(T) NN (S) is a subspace of N(S), so that (by the
Projection Theorem) N'(S) = R(T) NN(S) & (N (S) © (R(T) NN(S))), and
hence dim (N(S) & (R(T) NN (S))) = dimN(S) — dim (R(T) NN (S)) (be-
cause dim N (S) < oo). Thus

dim N /(T) 4+ dim N (S) = dim N(ST) + dim (N(S) & (R(T) N N(9))).

Swapping T with S* and S with 7 (which have finite-dimensional kernels
and closed ranges), it follows by Lemma 1.4 and Proposition 1.H(a,b) that

dim N (S*) + dim NV (T*) = dim N (T*S*) + dim(N(T*) © (R(S*) N N(T*)))
= dim N'((ST)*) +dim(R(T)=© (N(S)" N (T)L))
= dimN((ST)*) + dim(R(T)* © (R(T) + N(S))*
=dim N ((ST)*) + dim(N(S) & (R(T) N N(S))).

Therefore,

dim N (S) — dim N (S™) + dim N(T) — dim N (T™)
=dim N (ST) — dimN((ST)*),
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and so
ind(ST) = ind (S) + ind (7).

(b2) Recall that if S, T € Fy, then ind (S),ind (T") # +oo. Suppose S,T € F;
and one of ind (S) or ind (T") is not finite, which means that ind (S) = —oo or
ind (T') = —oo. If ind(S) = —o0, then dim A/(S*) = oo, and so dim R(S)+ =
dim N (S*) = oc. Since R(ST) C R(S), we get R(S)L C R(ST)*, and hence
dim N((T'S)*) = dim R(ST)*+ = co. Since T'S € F, by item (a), Theorem 5.1
says that dim N(T'S) < co. Thus ind(T'S) = dim N (T'S) — dim N ((T'S)*) =
—00. On the other hand, if ind (S) # —oo, then ind (T) = —oo, and the same
argument leads to ind (ST') = —o0. So, in both cases, ind (ST) = ind (T'S) and

ind (ST) = —co = ind (S) + ind (T).

(bs) Finally, suppose S,T € F,.. Thus S* T* € Fp, which (as we have seen in
(b1) and (b2)) implies that ind (7%S*) = ind(S*T*) = ind(S*) + ind (7).
But ind (S*) = —ind(S), ind(T*) = —ind(T), ind (7T*S*) = ind((ST)*) =
—ind(ST), and ind (S*T*) = ind ((T'S)*) = —ind (T'S). Thus, if S,T € F,,

ind(ST) = ind (S) + ind (7). O

If S, T € SF\F, so that ind (S) and ind (T") are both not finite, then the ex-
pression ind (S) + ind (T") makes sense as an extended integer in Z if and only
if either ind (S) = ind (T") = o0 or ind (S) = ind (T") = —oco. But this is equiv-
alent to saying that either S,T € F.\F = F\F; or S,T € F)\F = Fo\Fr.
Therefore, if S,T € SF with one of them in F,.\F; and the other in F,\F,,
then the index expression of Theorem 5.4 does not make sense. Moreover, if
one of them lies in F,\F; and the other lies in Fy\F,, then it may hap-
pen that their product is not in SF. For instance, let H be an infinite-
dimensional Hilbert space, and let S, be the canonical unilateral shift (of
infinite multiplicity) on the Hilbert space ¢3(H) = @ oH (cf. Section 2.7).
It is readily verified that dim M (S, ) = oo, dim N (S7) = 0, and R(S,) is closed
in £2(H). In fact, N(S,) = (2(H) © ProyH = H, N(S]) = {0}, and
R(S;) = {0} ® Pi_,H. Therefore, S, € F,\F; and S} e F,\F, (accord-
ing to Theorem 5.1). However, it is easy to see that S,S} ¢ SF. Indeed,
S, S = O @ I (where O stands for the null operator on H and I for the iden-
tity operator on @;’;17{) does not lie in SF because it is self-adjoint and
dim NV (S, S7) = oo (cf. Theorem 5.1 again).

Corollary 5.5. Take any nonnegative integer n. If T € Fy (or T € F,.), then
T € Fy (or T™ € F;) and

ind(T™) = nind(T).

Proof. The result holds trivially for n = 0 (the identity is Fredholm with index
zero), and tautologically for n = 1. Thus suppose n > 2. Theorem 5.4 says
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that the claimed result holds for n = 2. By using Theorem 5.4 again, a trivial
induction ensures that the claimed result holds for each n > 2. O

The null operator on an infinite-dimensional space is not Fredholm, and so
a compact operator may not be Fredholm. However, the sum of a Fredholm
operator and a compact operator is a Fredholm operator with the same index.
In other words, the index of a Fredholm operator remains unchanged under
compact perturbation, which is referred to as the index stability.

Theorem 5.6. Take T € B[H] and K € B_[H].
(a) TeFy < TH+KeF, and TeF < T+KEeF,.

In particular,
TeF << T+KecF and TeSF <<= T+KeSF.

(b) Moreover, for every T € SF,
ind(T + K) = ind(T).

Proof. (a) If T € Fy, then there exist A € B[H] and K; € B._[H] such that
AT =1+ K;.So A € F,. Take an arbitrary K € B__[H]. Set Ko = K; + AK,
which lies in B [H] because B, [H] is an ideal of B[H]. Since A(T + K) =
I+ K, it follows that T+ K € Fy. Therefore, T' € F, implies T + K € Fy.
The converse also holds because T'= (T'+ K) — K. Hence

TeF, <+<— T+K-celkF.

Dually, if T € F, and K € B_[H], then T* € F;, and K* € B_[H], so that
T*+ K* € Fy, and hence T + K = (T* + K*)* € F,.. Therefore,

TeF << T+KeclkF,.

(b) First suppose T € F;. The Fredholm Alternative of Corollary 1.20 says
that I + K7 and I + K5 are Fredholm operators with Fredholm indices zero
(see Remark 5.3(d)). Therefore, AT = I + K; € F with ind(AT) = 0 and
AT+ K) =1+ K, € F with ind(A(T + K)) = 0. Note that, since T € Fp,
then A€ F,.. If T € F, then T+ K € F by item (a). In this case, applying
Theorem 5.4 for operators in F,., we get

ind(T+ K)+ind(A) =ind (A(T+ K)) =0 =ind (AT) = ind (A) + ind (T).

Since ind(T") is finite (under the assumption that T € F), it follows that
ind (A) = —ind (7)) is finite as well, and so we may subtract ind (A) to get

ind(T + K) = ind(T).

On the other hand, if T € F,\F = Fo\Fr, then T + K € F,\F, by (a). In
this case (see Remark 5.3(¢)),
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ind(T+ K) = —oco = ind(T).
Dually, if T € F,\F and K € B_[H], then T* € F,\F and K* € B_[H]. So
ind(T+ K) = —ind(T* + K*) = —ind(T™) = ind (7). O
Remark 5.7. (a) InDEX oF A. We have established the following assertion in
the preceding proof.

If T € F and A € B[H] is such that AT = I + K for some K € B_[H],
then A € F and ind(A) = —ind(7T') = ind (7).

Moreover, if T € F, then T € F,, so that TA =TI + K for some K € B_[H].
Thus A € Fy. Therefore, a similar argument leads to the dual statement.

If T € F and A € B[H] is such that TA = I + K for some K € B_[H],
then A € F and ind(A) = —ind(T") = ind (7).

(b) WEYL OPERATOR. A Weyl operator is a Fredholm operator with null index
(equivalently, a semi-Fredholm operator with null index). Let

W ={T e F: nd(T) =0}

denote the class of all Weyl operators from B[H]. Since T € F if and only if
T* € F and ind (T*) = —ind(T), it follows that

TeW <« TreW.

Items (c), (d), and (f) in Remark 5.3 ensure that (i) every operator on a
finite-dimensional space is a Weyl operator,

dmH <o = W =B[H],
(ii) the Fredholm Alternative can be rephrased as
KeB, JH] and A\#20 — MM -KeW,
and (iii) every nonzero multiple of a Weyl operator is again a Weyl operator,
TeW = ~TeW forevery ve C\{0}.

In particular, every nonzero scalar operator is a Weyl operator. In fact, the
product of two Weyl operators is again a Weyl operator (by Theorem 5.4),

S TeWwW = STeWw.
Thus integral powers of Weyl operators are Weyl operators (Corollary 5.5),

TeW = T"eW forevery n € Nj.
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On an infinite-dimensional space, the identity is Weyl but not compact; and
the null operator is compact but not semi-Fredholm. Actually,

TeFNB H < dmH<oo (<= TeWnB,H]).

(Set T'= —K in Theorem 5.6 and, for the converse, see Remark 5.3(c).) Also
note that, if 7' is normal, then N(T) = N(T*T) = N(TT*) = N(T*) by
Lemma 1.4, and so every normal Fredholm operator is Weyl,

T normalin F — T e&W.

Since T € B[H] is invertible if and only N (T') = {0} and R(T") = H (Theorem
1.1), which happens if and only if T* € B[H] is invertible (Proposition 1.L),
it follows by Corollary 5.2 that every invertible operator is Weyl,

TegGH = Tew.
Theorem 5.6 ensures that, for every compact K € B, [H],

TeW — T+KeW.

5.2 Essential Spectrum and Spectral Picture

An element a in a unital algebra A is left invertible if there is an element a,
in A (a left inverse of a) such that a;a = 1, where 1 stands for the identity in
A, and it is right invertible if there is an element a, in A (a right inverse of a)
such that aa, = 1. An element a in A is invertible if there is an element a~!
in A (the inverse of a) such that a=*a = aa~! = 1. Thus a in A is invertible
if and only if it has a left inverse ay in A and a right inverse a, in A, which
coincide with its inverse a~! in A (since a, = agaa, = ay).

Lemma 5.8. Take an operator S in the unital Banach algebra B[H).
(a) S is left invertible if and only if it is injective with a closed range
(i.e., N(S) = {0} and R(S)” = R(9)).
(b) S is left (right) invertible if and only if S* is right (left) invertible.
(¢c) S is right invertible if and only if it is surjective (i.e., R(S) = H).
Proof. S € B[H] is said to have a bounded inverse on its range if there exists
S~ e B[R(S),H] such that S™1S =T in B[H] and SS~! = I in B[R(9)]).
Claim. S is left invertible if and only if it has a bounded inverse on its range.

Proof. If Sy € B[H] is such that S¢S = I, then S¢|r(s) € B[R(S),H] is such
that Selr(s)S = I € B[H]. Consider the operator SS¢|r(s) in B[R(S)], and
take any y in R(S). Thus y = Sz for some = in H, and so Sy|g(syy = S¢Sz =
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x. Then S S¢|r(s)y = Sz =y, and hence S S¢|r(s) = I € B[R(S)]. Set S~ =
Selr(s) € BIR(S),H], and get S™'S =TI in B[H] and SS~' = I in B[R(9)].
Conversely, any extension of S~! € B[R(S),H] over the whole space H (cf.
Proposition 1.G(b)) is a left inverse of S € B[#]. This proves the Claim.

(a) But S has a bounded inverse on its range if and only if it is injective (i.e.,
N(S) ={0}) and R(S) is closed, according to Theorem 1.2.

(b) Since S;S =1 (S8, =1I) if and only if S*S; =1 (S;S* =1), it follows
that S is left (right) invertible if and only if S* is right (left) invertible.

(c) Thus we get from items (a) and (b) that S is right invertible if and only if
N(S5*) = {0} and R(S*) is closed, or equivalently (cf. Lemmas 1.4 and 1.5),
R(S) = R(S)~ = H; which means that R(S) = H. O

Let T be an operator in B[H]. The left spectrum o¢(T) and the right spec-
trum o,.(T) of T € B[H] are the sets

0o(T) = {\ € C: X =T is not left invertible},
0r(T) = {A € C: AXI — T is not right invertible},
so that the spectrum o(T') of T € B[H] is given by

o(T) = {X € C: A\I =T is not invertible} = o4(T) U o, (T).

Corollary 5.9. Take an operator T € B[H].

oo(T)={X e C: R(\I =T) is not closed or N(A\ —T) # {0}},

(A =T)

or(T) = {X € C: R(\I = T) is not closed or N(A\ —T*) # {0}}
={AeC: R(\[ —T) is not closed or R\ —T)™ #H}
={AeC: RI\[-T) #M"}.

Proof. Take T € B[H] and A € C. Set S = A — T in B[H]. By Lemma 5.8,
S is not left invertible if and only if R(S) is not closed or S is not injective
(i.e., or N(S) # 0). This proves the expression for o4(T). By Lemma 5.8, S is
not right invertible if and only if R(S) # H, which means that R(S) # R(S)~
or R(S)~ # H, which in turn is equivalent to saying that R(S) # R(S)~ or
N(5*) # {0} (Lemma 1.5), thus proving the expressions for o,.(T'). O

By Corollary 5.9 and Theorem 2.6 (see also the diagram of Section 2.2),
oo(T) = o(T)\or,(T) = oap(T),  or(T) = o(T)\op,(T) = oar(T")",

and so
o¢(T) and o,(T) are closed subsets of C.
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Indeed, oap(T) is closed (cf. Theorem 2.5). Note that op, (T') and og, (T)
are open in C (cf. Remarks following Theorems 2.5 and 2.6), and therefore
oap(T) = o(T)\ow (T) = o(T) (1 (C\o, (T)) and o4 p (T*)* = o(T)\p, (T) =
o(T) N (C\op,(T)) are closed (and bounded) in C, since o(T) is closed (and
bounded); and so is the intersection

oo(T) N o (T) = o(T)\(0p,(T) Uog, (T)) = oap(T) Noap(T*)*.

The fact that each op, (T) and og, (T) is an open subset of C, and so each
o¢(T) and o,(T) is a closed subset of C, it a consequence of the property
that T lies in the unital Banach algebra B[#] (so that o(T') is a compact
set), which actually happens in any unital Banach algebra. Also recall that
(S¢S)* = S*S; and (SS,)* = S}S* so that S¢ is a left inverse of S if and
only if S; is a right inverse of S and S, is a right inverse for S if and only if
Sy is a left inverse for S* Therefore (as we can also infer from Corollary 5.9),

oo(T)=0.(T*)" and o.(T)=0e(T*)".

Consider the Calkin algebra B[H]/B.[H] — the quotient algebra of B[H]
modulo the ideal B [H] of all compact operators. If dimH < oo, then all
operators are compact, so that B[H] /B, [H] is trivially null. Thus, whenever
the Calkin algebra is brought into play, it will be assumed that dim H = oc.
Since B_[H] is a subspace of B[H], it follows that B[H]/B.[H] is a unital
Banach algebra whenever H is infinite dimensional. Define the natural map
(or the natural quotient map) m: B{H] — B[H] /B[] by

m(T)=[T)={S € B[H]: S=T + K for some K € B_[H]} =T + B, [H]

for every T in B[H]. Recall that the origin of the linear space B[H]/B.[H] is
[0] = B, [H] € B[H]/B.[H], the kernel of the natural map = is

N(m) ={T € B[H]: =(T) =[0]} = B, [H] C B[H],
and 7 is a unital homomorphism. Indeed, since B [H] is an ideal of B[H],
T(T+T) = (T+T') +Boo[H] = (T + Bu[H]) + (T" + B [H]) = 7(T) +7(T"),
T(TT") = (TT") + B [H] = (T + B [H]) (T" + B, [H]) = «(T) n(T"),
for every T,T' € B[H], and «(I) = [I] is the identity element of the algebra
B[H] /B, [H]. Moreover, the norm on B[H] /B, [H] is given by

I[7]

I= dof AT+ K[ <[|T1,
eEB_[H]

oo

so that 7 is a contraction.

Theorem 5.10. Take any operator T € B[H]. T € F; (or T € F;) if and
only if w(T) is left (or right) invertible in the Calkin algebra B[H]/B,JH].
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Proof. We show that the following assertions are pairwise equivalent.

(a) T € Fy.

(b) There is a pair of operators {A, K} with A € B[H] and K € B_|[H] such
that AT =T+ K.

(c) There exists a quadruple of operators {A, K1, Ko, K3} with A € B[H] and
K1, Ko, K3 € B, [H] such that (A + K )(T + K3) = I + Ks.

(d) 7(A)w(T) = (1), identity in B[H]/B,[H], for some w(A) in B[H]/B.[H].
(e) m(T) is left invertible in B[H]/B J[H].

By definition, (a) and (b) are equivalent, and (b) implies (c) trivially. If (c)
holds, then there exist B € [A] = 7w(4), S € [T] = n(T), and J € [I] = «(I)
such that BS = J. Therefore, n(A)n(T) = [A][T] = [B][S] = n(B)x(S) =
m(BS) =n(J) = [J] = [I] = n(I), so that (c) implies (d). Now observe that
X e m(A)n(T) = 7(AT) if and only if X = AT + K; for some K; € B, [H],
and X € 7(I) if and only if X = I + K for some Ky € B, [H]. Therefore, if
m(A)m(T) = w(I), then X = AT + K, if and only if X = I + K>, and hence
AT =T+ K with K = Ky — K3 € B,[H]. Thus (d) implies (b). Finally, (d)
and (e) are equivalent by the definition of left invertibility.

Outcome: T' € Fy if and only if 7(T") is left invertible in B[H]|/B.[H]. Dually,
T € F, if and only if #(T) is right invertible in B[H]/B.[H]. O

The essential spectrum (or the Calkin spectrum) o.(T') of T € B[H] is the
spectrum of 7(7T") in unital Banach algebra B[H] /B, [H],

and so 0.(T) is a compact subset of C. Similarly, the left essential spectrum
ove(T) and the right essential spectrum o,..(T) of T € B[H] are defined as the
left and the right spectrum of 7(T") in the Calkin algebra B[H]/B.[H]:

00e(T) = o¢(n(T)) and 0y (T) = o (n(T)),

and so
0e(T) = 00e(T) U 0, (T).

By using only the definitions of left and right semi-Fredholm operators,
and of left and right essential spectra, we get the following characterization.

Corollary 5.11. If T € B[H], then
o0e(T) = {N € C: M - T € B[H|\F:¢},
ore(T) ={N€C: X[ - T € B[H\F, }.
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Proof. Take T € B[H]. Theorem 5.10 says that \I —T ¢ Fp if and only if
m(AI —T) is not left invertible in B[H]/B.[H], which means (definition of
left spectrum) that A € op(w(T")). But o¢(T) = o¢(n(T)) — definition of
left essential spectrum. Thus A € o4 (T) if and only if \I — T & Fy. Dually,
A € 0,e(T) if and only if A\ —T & F,. O

Corollary 5.12. (ATKINSON THEOREM).

0o.(T)={NeC: X[ - T € B[H|\F}.
Proof. The expressions for o4.(T) and 0,..(T) in Corollary 5.11 lead to the
claimed identity, since 0.(T) = 0¢e(T) U 01 (T) and F = Fo N F,. O

Thus the essential spectrum is the set of all scalars A for which A\l — T is
not Fredholm. The following equivalent version is also frequently used [7].

Corollary 5.13. (ATKINSON THEOREM). An operator T € B[H] is Fredholm if
and only if its image 7(T) in the Calkin algebra B[H] /B [H] is invertible.

Proof. Straightforward from Theorem 5.10: T' is Fredholm if and only if it is
both left and right semi-Fredholm, and «(T) is invertible in B[H]/B.[H] if
and only if it is both left and right invertible in B[H]/B.[H]. O

This is usually referred to by saying that 1" is Fredholm if and only if T is
essentially invertible. Thus the essential spectrum o, (T") is the set of all scalars
A for which AI — T is not essentially invertible (i.e., A\I — T is not Fredholm),
and so the essential spectrum is also called the Fredholm spectrum.

We have already seen that, in the unital Banach algebra B[H], the sets
0¢(T) and o,(T') are closed in C, because o(T) is a compact subset of C.
Similarly, in the unital Banach algebra B[H] /B [H],

00e(T) and o.(T) are closed subsets of C,
since 0 (T') =0 (w(T")) is a compact set in C. From Corollary 5.11 we get
C\oe(T) ={X € C: X[ =T € Fu},
C\ore(T)={A€C: X[ =T € F,},
which are open subsets of C. Thus, since SF = Fy U F,., it follows that
C\(00e(T) N 07e(T)) = (C\oee(T)) U (C\oe(T)) = {A € C: X[ - T € SF},
which is again an open subset of C. Therefore, the intersection
ove(T)Nore(T) = {)\ eC: \N[-Te¢e B['H]\S}_}

is a closed subset of C. Observe that, since F = F; N F,., the complement of
the union oy (T) U 0y (T) is given by (cf. Corollary 5.12)
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C\oe(T) = C\ (00 (T) Uore(T))
= (C\owe(T)) N (C\ove(T)) = {A € C: \XI =T € F},

which is an open subset of C.

Corollary 5.14. If T € B[H], then
o1e(T) = {A € C: R(AI —T) is not closed or dimN (A —T) = oo},
ore(T) ={X € C: R(AI = T) is not closed or dimN(A —T*) = oco}.

Proof. Theorem 5.1 and Corollary 5.11. g
Note that, by Corollaries 5.9 and 5.14,

00e(T) Cop(T) and  0,.e(T) C o (T)

and so
o.(T) C o(T).

Corollary 5.14 also shows that
00e(T) = 0re(T*)* and  0,.e(T) = 00 (T*)",

and hence
0e(T) = 0 (T*)".

Moreover, by the previous results and the diagram of Section 2.2,
0c(T) € 06e(T) € 0e(T) = o(T)\or, (T) = 0ap(T),
0c(T) =00(T*)* S oe(T")* = 0re(T) € 0, (T) = o(T)\op(T) = 0ap(T")",

so that
90e(T) N 0re(T) € o(T)\ (op, (T) Uor, (T)),

which is an inclusion of closed sets, and therefore
07 (T) U0, (T) € o(T)\ (0200(T) N 070 (T)) € €\ (02(T) N 0,e(T)),
which is an inclusion of open sets.
Remark 5.15. (a) FiniTE DiMENSIONAL. For any T' € B[H],
0.(T)#@ <= dimH = cc.

Actually, since 0.(T") was defined as the spectrum of 7(7") in the Calkin alge-
bra B[H]/B.[H], which is a unital Banach algebra if and only if # is infinite
dimensional (in a finite-dimensional space all operators are compact), and
since spectra are nonempty in a unital Banach algebra, it follows that
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dmH =00 = o.(T)#2@.

However, if we take the expression in Corollary 5.12 as the definition of the
essential spectrum, viz., o.(T) = {A € C: (\[ —T) € B[H]\F}, then the
converse holds by Remark 5.3(c):

dmH <o = o.(T)=2.

(b) ATkINSON THEOREM. An argument similar to that in the proof of Corollary
5.13, using each expression for oy (T') and o,..(T") in Corollary 5.11 separately,
leads to the following result.

An operator T € B[H] lies in Fy (or in F,.) if and only if its image
7m(T) in the Calkin algebra B[H)] /B [H] is left (right) invertible.

(c) CompacT PERTURBATION. Observe that, for every K € B [H],
0(T+K)=0.(T).

Indeed, since (T + K) = w(T), it follows by the very definition of ¢.(T") in
B [H]/B[H] that o.(T) = o(n(T)) = o(n(T + K)) = 0.(T + K), for every
K € B_|H]. Similarly, the definitions of o4.(T) and of oy..(T) in B, [H]/B[H]
ensure that o (T) = o¢(m(T)) = o¢(7(T + K)) = 00 (T + K), and 0,.(T) =
or(m(T)) = 0 (7(T + K)) = 0,e(T + K), for every K € B_[H]. Thus

(T +K) =00 (T) and  0.(T + K) = 0pe(T).
This invariance consists of an important feature of Fredholm theory.
Now take any operator T in B[H]. For each k € Z\{0} set
or(T)={A€C: M =T € SF and ind(\ —T) = k}.

Recall that a component of a set in a topological space is any maximal con-
nected subset of it. A hole of a set in a topological space is any bounded com-
ponent of its complement. If a set has an open complement (i.e., if it is closed),
then a hole of it must be open. We shall show that each o (T") with finite index
is a hole of o (T') that lies in o(T") (i.e., if k € Z\{0}, then 01(T) C o(T)\o(T)
is a bounded component of the open set C\c.(T)), and hence it is an open
set. Moreover, we also show that o4 (T) and o_o(T) are holes of ,..(T") and
of 04 (T') that lie in 04, (T) and o,(T) (in fact, 0400 (T) = 0pe(T)\0re(T) is a
bounded component of the open set C\o,(T"), and 0_ oo (T) = 0re(T)\0re(T)
is a bounded component of the open set C\oy.(T')), and hence they are open
sets. The sets 0400 (T") and 0_ (1) — which are holes of 0,..(T") and of o4 (T')
but are not holes of o.(T") — are called pseudoholes of o¢(T).

Let opr(T) denote the set of all eigenvalues of T' of finite multiplicity,
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JPF(T) = {)\ € JP(T)Z d1m/\/()\I — T) < OO}
={AeC: 0<dimN(\ -T) < oo}.
Observe from the diagram of Section 2.2 and Corollary 5.14 that

oap(T) = 0e(T) U opr(T).
Theorem 5.16. For cach k € Z\{0},
(a) ow(T) = o_p(T*)*.
If k€ Z\{0}, then
(b) op(T)={AeC: \I =T € F and ind(\[ - T) = k}

c UPF(T)a 0 <k,
=\ ope(T), <0,

so that o (T) C o(T), and
Ukez\{o}ak(T) ={AeC: X[ -T€F and ind(\I -T) #0}
={AeC: \[-T e F\W}
C{reC: AI-TeF} = C\o(T).
If k= +to0, then

(€)  04e(T) Cop(T)\opr(T) and  0—oo(T) S op(T") \opr(T7)",
and hence
Ukez\{o}ak(T) C op(T)Uor(T) C o(T).
Moreover,
04oo(T)={A€C: X =T € SF and ind(M —T) = +o0}
= {A eC: \N[-Te ]:r\]:g}
= 00e(T)\ore(T) € C\ove(T),
0-o(T)={N€C: X[ =T €8F and ind(\I - T) = —o0}
= {A eC: \N[-Te }'g\}}}
= 0re(T)\owe(T) € C\oee(T),
which are all open subsets of C, and hence
040o(T) Coe(T) and o_oo(T) C o (T).

Furthermore, if
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(d) Z+\{O} = N denotes the set of all extended positive integers, and
Z \{0} = —N denotes the set of all extended negative integers, then

op, (T) C Ukez+\{0}0k(T)
={A€C: X[ -T€SF and 0<ind(A\ -T)},

or, (T) C ngz*\{g}g’“(T)
= {)\ €C: M —-TeSF and ind(M -T) < 0},

so that

op (T)Uor,(T) € UkeZ\{O}Uk(T)
={AeC: X[ -T€SF and ind(\[ -T) #0}
C{AeC: M =T e€SF} =C\(04e(T) Nore(T)),
which are all open subsets of C.

(e) If k is finite, then o (T) is a hole of 0¢e(T)Nore(T) (and therefore, a
hole of 0.(T)). Otherwise, 01oo(T') is a hole of 04e(T) and o_oo(T) is a
hole of 0ve(T), and so o (T') is an open subset of C for every k € Z\{0}.

Proof. (a) Recall that A\I — T € SF if and only if \] — T* € SF, and also that
ind(AMl —T) = —ind (AI — T™*). Hence A € 0 (7T) if and only if A € o_(T*).

(b) The expression for o1 (T) — with SF replaced with F — holds since for
finite k all semi-Fredholm operators are Fredholm (cf. Remark 5.3(e)). Take
any k € Z\{0}. If £ > 0 and X\ € o1(T), then 0 < ind (A — T') < co. Hence

0 <dimN(A —T*) <dimN (A —T) < oo,

and so 0 < dim N(A — T') < co. Thus ) is an eigenvalue of T' of finite multi-
plicity. Dually, if £ < 0 (i.e., =k > 0) and A € o4 (T) = o_(T*)*, then X is an
eigenvalue of T* of finite multiplicity. To close the proof of (b), observe that

C\oe(T)={XeC: X -T € F}
according to Corollary 5.12.
(¢) If X € 0400(T), then
0 <dimNA —T") <dimN (A —T) = oo,

so that A is an eigenvalue of T" of infinite multiplicity. Dually, if A € 0_(T) =
O4oo(T*)*, then A is an eigenvalue of 7™ of infinite multiplicity. The expres-
sions for 040 (T") and o_(T') follow from Remark 5.3(e) and also from Corol-
lary 5.11. Recall that o4 (T) and o,.(T) are closed in C, and so 04 (T) and
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0_oo(T) are open in C. Moreover, the expressions for 04 (7T") and o_o(T)
and Corollary 5.12 ensure that these sets are subsets of o¢ (7).

(d) Recall from Section 1.3 that M~ = H if and only if M+ = {0}. Hence
R(M —T)~ = H if and only if N(AM —T*) = {0} by Lemma 1.4. In other
words, R(AM —T)~ = H if and only if dim A (Al — T™*) = 0. Thus, according
to the diagram of Section 2.2, we get

op,(T) = {A € C: R(AM—T) is closed, 0 =dim V(A = T*) £ dim N (A - T)}
={AeC: R(\[-T) s closed, 0=dim N (A —=T*), ind(A —=T) >0}.

Therefore, by Corollary 5.2,

op,(T)={A€C: \[-T € SF, 0 =dimN (A -T), ind(\I -T) > 0}

C{AeC: N -TeSF, nd\-T)>0} = Ukez+\{0}0k(T)-

Dually (cf. item (a) and Theorem 2.6),
o0 @ (U, )

- (Ukeﬁ\{o}a’k(T)*) - Ukez*\{o}gk(T)'

Finally, note that
C\oe(T) Nope(T) ={A€C: X =T € SF}
according to Corollary 5.11, as we had verified before.

(e) Recall from item (d) that
Ukez\{o}gk (T) C C\ove(T) N0ye(T) = {N€C: M - T € SF}.

Take any A € Uyez 1030k (T) so that AI =T € SF. Proposition 5.D ensures
that ind (v — T') is constant for every v in a punctured disk B.(A)\{0} cen-
tered at A for some positive radius €. Thus, for every pair of distinct extended
integers j, k € Z\{0}, the sets 0;(T") and o4 (T) are not only disjoint, but they
are (bounded) components (i.e., maximal connected subsets) of the open set
C\0re(T) N0y (T), and hence they are holes of the closed set o4 (T') N e (T).
By item (b), if j, k are finite (i.e., if j,k € Z\{0}), then o;(T") and o4 (T') are
(bounded) components of the open set C\o.(T") = C\ore(T) U o, (T) and, in
this case, they are holes of the closed set o.(T'). By item (c), 0400(T) and
0_oo(T) are (bounded) components of the open sets C\o,(T") and C\o.(T),
and 80 0400(7T) and o_o(T') are holes of the closed sets o,..(T") and o4 (T),
respectively. Thus, in any case, o;(T) is an open subset of C. Therefore,
Ukez(o3o%(T) is open as claimed in (d). O
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The following figure illustrates a simple instance of holes and pseudoholes
of the essential spectrum. Observe that the right and left essential spectra,
ove(T) and o,..(T), differ only by pseudoholes 01 (T).

0e(T) = 0pe(T) U 04 (T)

Uk(T) |

O¢e (T) & n m Ore (T)

L L)

0—oo(T) = ore(T)\ore(T) Oto0(T) = e (T)\ore(T)

Fig. § 5.2. Holes and pseudoholes of the essential spectrum

Now, for k = 0, we define oo(T") as the following subset of o(T').
oo(T)={ € o(T): X =T € SF and ind(\] - T) =0}
={Ae€o(T): \[-T€F and ind(\I - T) =0}
={Xea(D): X -T e W}.

According to Corollary 5.2, the diagram of Section 2.2, and Theorem 2.6, such
a subset of the spectrum can be rewritten as

oo(T) ={A€o(T): RN —T) is closed and
dim N (A = T) = dimN(A] — T*) < oo}
={Aeop(T): RAM-=T) =R —T)" #H and
dimN (A = T) =dimN (A - T*) < o}
={Xeop,: dmN(A —T) =dimN (A - T*) < o},

where op, (T) = {A € op(T): RIN[ = T)" =R(M —T) # H}. In fact,
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0'0(T) - JPF(T) N JPF(T*)* C (Tp(T) N UP(T*)*.

Thus .
Uo(T) = 0’0(T ) .

Remark 5.17. (a) FREDHOLM ALTERNATIVE. According to Remark 5.3(d),
it K € B [H] and A # 0, then A\I — K is Fredholm with ind(AM — K) = 0,
which means that \I — K is Weyl (i.e., A\l — K € W — see Remark 5.7(b)).
Since 0¢(K) = {A € o(K): A\l — K € W}, the Fredholm Alternative can be
restated, once again, as follows (compare with Theorem 2.18):

KeB[H] = o(K)\{0} = 0oo(K)\{0}.

(b) FiniTE DIMENSIONAL. Remark 5.3(c) says that if A is finite dimensional,
then every operator is Weyl (i.e., if dimH < oo, then W = B[H]). Thus,

dmH <o = o(T)=00(T).

(c) CompacT PERTURBATION. The expressions for 0 (T'), 0400 (T), and 0400 (T'),
viz., op(T) = {A € C: A\ = T € F and ind(AI — T') = k} for every k € Z\{0},
O40o(T) = 04 (T)\Ore(T), and 0_oo(T) = 01 (T)\0e(T) as in Theorem 5.16,
together with the results of Theorem 5.4, ensure that the sets o, (T") for each
k € Z\{0}, 04 (T), and 045 (T), also are invariant under compact pertur-
bation (Remark 5.15(c)). That is, for every K € B [H],

ox(T + K) =o0i(T) for every ke Z\{0}.

However, such an invariance does not apply to oo(T). Why? Observe that if
A € 0o(T), then the definition of oo(T) forces A to be in o(T"), while in the
definition of oy (T) for k # 0 this happens naturally. In fact, the definition of
oo(T) forces A to be in op(T'). Example: If dim H < oo (where all operators
are compact), and if T'= I, then we get 0o(T) = o(T) = {1} and oo(T — T) =
o(T —T) = {0}. That is, there is a compact K = —T such that

{0} = 00(T + K) # 00(T) = {1}.

This will be generalized in the proof of Theorem 5.24, where it is shown that
oo(T) is never invariant under compact perturbation.

The partition of the spectrum o(7") obtained in the following corollary is
called the spectral picture of T' [75].

Corollary 5.18. (SPECTRAL PicTuRE). If T € B[H], then

o(T)=0c.(T)U Ukezak(T)
and

0e(T) = (00e(T) N 0re(T)) U0 40e(T) Uo—_oo(T),
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where
oo (T) N Ukezak(T) =g,

ox(T)Noj(T) =@ for every j, k€ Z such that j # k,

and
(00e(T) N 07e(T)) N (0400(T) U 4oc) = 2.

Proof. The collection {0} (T}, is clearly pairwise disjoint. According to
Theorem 5.16(b), and by the definition of oo (T),

Ukezak(T) ={\€o(T): X[ -T € F}.
Since o.(T) C o(T), it follows by Corollary 5.12 that
oo(T)={N€a(T): NI-T ¢ F}.

Hence we get the partition of the spectrum: o(T') = 0o(T') U U,y & (T) with
0e(T) NUpey ok(T) = @. Since 0.(T) = 04(T) U e (T) € o(T), it also fol-
lows from Corollary 5.11 that

o0e(T)Nore(T)={A€a(T): N —T ¢ SF} C 0.(T).
Moreover, Theorem 5.16(c) ensures that
0T Uo-(T)={N€0(T): X =T € SF\F},

and that 0400(T)No_(T) = @. Thus we get the following partition of
the essential spectrum: o¢(T) = (o¢e(T) N are( )) U too(T) U o_oo(T) with

(00e(T) N 0re(T)) N (0400 (T) U0soc) = O

Recall that the collection {04 (T")}rez\ {0} consists of pairwise disjoint open
sets (cf. Theorem 5.16), which are subsets of o(T")\o.(T). These are the holes
of the essential spectrum o.(T"). Moreover, o1 (T) also are open sets (cf.
Theorem 5.16), which are subsets of o (T"). These are the pseudoholes of o.(T)
(they are holes of 0,..(T") and o4.(T)). Thus the spectral picture of T' consists
of the essential spectrum o, (7T'), the holes oy (T') and pseudoholes o4 (T) (to
each is associated a nonzero index k in Z\{0}), and the set oo (7). It is worth
noticing that any spectral picture can be attained [25] by an operator in B[H)]
(see also Proposition 5.G).

5.3 Riesz Points and Weyl Spectrum
The set oo(T) will play a rather important role in the sequel. It consists of

an open set 79(7") and the set 7o (7T') of isolated points of o(T) for which their
Riesz idempotents have finite rank. The next proposition says that m(7T) is
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precisely the set of all isolated points of o(T) that lie in oo(T"). Let E) € B[H)]
be the Riesz idempotent associated with an isolated point A of the spectrum
o(T) of an operator T' € B[H)].

Theorem 5.19. If X is an isolated point of o(T), then the following asser-
tions are pairwise equivalent.

(a) A€ oo(T).
(b) A ou(D).
(¢c) MM-TeF.
(d) RN —T) is closed and dim N (A —T) < cc.
(
(

e) AN ow(T)Nor(T).

)
f) dimR(Ey) < 0.

Proof. Let T be an operator on an infinite-dimensional complex Hilbert space.

(a)=(b)=-(c). By definition, we have oo(T) = {A€o(T): N[ -T e W} =
{ANeo(T): N[ —Te€ F and ind(A] —T) = 0}. Thus (a) implies (c) tautolog-
ically, and (c) is equivalent to (b) by Corollary 5.12.

(¢)=(d). By Corollary 5.2, \I — T € F if and only if R(M — T) is closed,
dim N (M —T) < oo, and dim N (A] —T*) < co. Thus (c) implies (d) trivially.

(d)=(e). By Corollary 5.14, 04 (T) Nore(T) = {A € C: R(M —T) is not
closed or dim N (A —T) = dim N (Al — T*) = oo}. Thus (d) implies (e).

From now on suppose A is an isolated point of the spectrum o(T) of T

(e)=>(a). Observe that, if A € o(T)\oo(T), then A € 0e(T) U Uyez (03 0%(T)
by Corollary 5.18, where UkEZ\{O} or(T) is an open subset of C by Theorem
5.16. So it has no isolated point. Thus, if A is an isolated pont of o(T")\oo(T),
then A lies in 0. (T') = (0¢e(T) N 0re(T)) U (0400 (T) U 0_o(T)), where the set
040o(T)Uo_oo(T) is open in C, and hence it has no isolated point as well (cf.
Theorem 5.16 and Corollary 5.18 again). Therefore, A € o4.(T) Nore(T). In
other words, if A is an isolated point of o(T) and A ¢ 04(T) N0y (T), then
A € 0o(T). Thus (e) implies (a).

This concludes the proof that (a), (b), (c), (d), and (e) are pairwise equivalent.
Next we show that (f) also is equivalent to them.

(f)=-(d). If A is an isolated point of o(T), then A = {\} is a spectral set for
the operator T'. Thus Corollary 4.22 ensures that (f) implies (d).

(a)=(f). Let m:B[H] — B[H]/B,[H] be the natural map of B[H] into the
Calkin algebra B[H]/B.[#], which is a unital homomorphism of the unital
Banach algebra B[H] to the unital Banach algebra B[H] /B, [H], whenever the
complex Hilbert space H is infinite dimensional.
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Claim. f T € B[H] and v € p(T), then v € p(w(T)) and

-1

(I —=T)") = (vr(I) — =(T))

Proof. Observe that, since B, [H] is an ideal of B[H],

(I —T) ol —T) = ((vI —T)"" + B [H]) (vI = T) + B, [H])
=Wl -T)'(vI = T) + B_[H]
=1+ B [H]==() = [I],

where 7(I) = [I] is the identity in B[H]/B.[H]. Therefore,
(Wl =T)") = (sl =T)) "= (WI =T + B [H])) "= (va(I) = =(T)) "},

completing the proof of the claimed result.

Suppose the isolated point A of o(T') lies in o¢(T"). According to Corollary
5.18, A & 0.(T"), which means, by definition, that X\ € o(7(7")), and hence
A € p(m(T)). That is, An(I) — w(T) is invertible in B[H]/B,[H]. Since the
resolvent function of an element in a unital complex Banach algebra is ana-
lytic on the resolvent set (cf. proof of Claim 1 in the proof of Lemma 4.13),
it then follows that (v (I) — 7(T))~': A — B[H]/B.[H] is analytic on any
nonempty open subset A of C such that (ins I'\)~ C A, where I'y is any sim-
ple closed rectifiable positively oriented curve (e.g., any positively oriented
circle) enclosing A but no other point of (7). Thus the Cauchy Theorem (cf.
Claim 2 in the proof of Lemma 4.13) says that [}, (vm(I) — 7(T)) tdv = [O],
where [O] = 7(0) = B_[H] is the origin in Calkin algebra B[H] /B [H]. Then,
with Ex =, [, FA(Z/I — T)~!dv standing for the Riesz idempotent associated
with A, and since m: B[H] — B[H]/B,[H] is linear and bounded,

m(Ey) = 21”/1“ 7T((VI — T)_l) dv = 21”/1“ (mr(]) — 7T(T))_ dv = [0],

which means that E) € B [#H]. But the restriction of a compact operator
to an invariant subspace is again compact (cf. Proposition 1.V), and so the
identity I = Ex|g(g,): R(Ex) — R(Ex) on R(E)) is compact, and therefore
dim(R(E))) < oo (cf. Proposition 1.Y). Thus (a) implies (f). O

A Riesz point of an operator T is an isolated point A of o(T") for which
the Riesz idempotent E has finite rank (i.e., for which dimR(E)) < o0). Let
0iso(T') denote the set of all isolated points of the spectrum o(T),

iso(T) = {X € o(T): Ais an isolated point of o(T')},
so that its complement in o(7T),

Oace(T) = o(T)\0iso(T),
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is the set of all accumulation points of o(T"). Let 7o(T") denote the set of all
isolated points of o(T') that lie in 0o(T"); that is,

7TQ(T) = O'iso(T) n Uo(T).

Recall: 09(T) C op,(T) C op(T). Thus Theorem 5.19 says that mo(T) is
precisely the set of all Riesz points of T, which are eigenvalues of T,

7T0(T) = {)\ € UiSO(T)Z dlmR(E/\) < OO} - JP(T),
and also that
Oiso(T)\0e(T) = 0is0(T) Noo(T) C op, (T) C op(T).

Summing up (cf. Theorem 5.19 and the diagram of Section 2.2):

To(T) = {X € op(T): X € 010(T) and A € 60(T) } = 0450(T) N 00(T)

={Aeop(T): A€ 0iso(T) and A € 0c(T) } = iso(T)\0e(T)

= {A€0p(T): X € 0iso(T) and dimR(E)) < oo}

={Aeop(T): A€ 0iso(T) and A & (0¢e(T) N0re(T)) }
={A€0op(T): X € 0io(T), dimN(AI = T) < o0, and R(AI —T) is closed }
={A€op,(T): X € 05o(T) and dimN'(A —T) = dim N (Al — T*) < oo}.

Let 79(T") denote the complement of mo(T) in oo (T),
70(T) = oo(T)\mo(T') € op,(T),
so that {mo(T"),70(T") } is a partition of oo (7T"). That is, oo(T) N 7(T) =@ and

O'Q(T) = To(T) U 7T0(T).

Corollary 5.20. 71¢(T) is an open subset of C.

Proof. Observe that 70(T") = oo(T)\7o(T) C o(T) has no isolated point. More-
over, if A € 79(T"), then A\ — T € W and A € C\or(T) N oy (T) (by Theorem
5.19). Thus (since A is not an isolated point), it follows by Proposition 5.D
that there exists a nonempty open ball B.()\) centered at A and included in
7o(T). Therefore 79(T) is an open subset of C. O

Let Jo(T) denote the boundary of o(T'), as usual.

Corollary 5.21. If X € 0o(T), then either X is an isolated point of o(T) in
7o(T) or X € 04e(T) N ore(T).

Proof. It A € 9o(T), then X\ ¢ (Ukez\{o}ak(T) U0 4o0o(T) U0_o(T)) because
this is a subset of the closed set o(T") that is open in C (cf. Theorem 5.16). Thus
A € (00e(T) Nore(T)) Uoo(T) by Corollary 5.18. But oo(T) = 17o(T) Umo(T),
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where 7o(T") = 0iso(T) Noo(T), and so mo(T") consists of isolated points only.
However A € 79(T") because 7(T') also is a subset of closed set o(T) that is
open in C (Corollary 5.20). Thus A € (0¢e(T) Noye(T)) Umo(T). O

Let moo(T) denote the set of all isolated eigenvalues of finite multiplicity,
7T00(T) = Uiso(T) N UPF(T).
Since 0¢(T) C opp(T), it follows that mo(T") C mo(T). Indeed,

70(T) = 0is0(T) N00(T) C 0is0(T) Nopr(T) = moo(T).

Corollary 5.22. 7o(T) = {\ € moo(T): R(M —T) is closed}.

Proof. If A € mo(T'), then A € moo(T") and R(AM —T) is closed (since A € ao(T)).
Conversely, if R(A —T') is closed and X € moo(T'), then R(M — T') is closed
and dim N'(AI — T') < oo (since A € opp(T)), which means by Theorem 5.19
that A € o¢(T) (since A € 0iso(T)). Thus A € 0450 (T) Noo(T) = mo(T). O

The set mo(T') of all Riesz points of T is sometimes referred to as the set
of isolated eigenvalues of T of finite algebraic multiplicity (sometimes also
called normal eigenvalues of T [55, p. 5], but we reserve this terminology for
eigenvalues that satisfy the inclusion of Lemma 1.13(a)). The set moo(T") of all
isolated eigenvalues of T' of finite multiplicity is sometimes referred to as the
set of isolated eigenvalues of T of finite geometric multiplicity.

The Weyl spectrum of an operator T € B[H] is the set
ow(T) = ﬂKeme]a(T + K),

which is the largest part of o(T) that remains unchanged under compact
perturbations. That is, 4, (T') is the largest part of o(T) such that

ow(T + K)=04,(T) forevery K € B, [H]
Another characterization of o, (7T") will be given in Theorem 5.24.

Lemma 5.23. (a) If T € SF with ind(T) <0, then T € Fy and there exists
a compact operator K'e€ B, [H] such that T + K’ is left invertible (i.e., such
that there exists an operator A’ € B[H] for which A/(T + K') =1I).

(b) If T € SF with ind(T) > 0, then T € F, and there exists a compact op-
erator K" € B [H] such that T + K" is right invertible (i.e., such that there
exists an operator A" € B[H] for which (T + K")A" =1).

(c) If T € SF, then ind(T') = 0 if and only if there exists a compact opera-
tor K € B, [H] such that T + K is invertible (i.e., such that there exists an
operator A € B[H] for which A(T + K) = (T + K)A=1).
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Proof. Take an operator T in B[H].

Claim. If T € SF with ind(T') <0, then T' € F,; and there is a compact
(actually, a finite-rank) operator K € B, [H] such that N (T + K) = {0}.

Proof. Take T' € SF. If ind (T') < 0, then dim NV (T") — dim N (T*) < 0. Thus
dim NV(T') < dim NV (T*) and dim N (T") < oo (so that T' € F; by Theorem 5.1).
Let {e;}?; be an orthonormal basis for A'(T') and let B be an orthonormal
basis for N (T*) = R(T)* (cf. Lemma 1.4), whose cardinality is not less than
n (since dim N'(T') < dim N'(T*)). Take any orthonormal set { fx}_; € B and
define a map K:H — H by

K= Z:=1<x ;ej)f; forevery =z €H,

which is clearly linear, and bounded as well (a contraction, actually). In fact,
this is a finite-rank operator (thus compact); that is, K lies in By[H] C B, [H],
whose range is included in R(7T)*. Indeed,

R(K) € \/{f;1y € \/B = N(T*) = R(T)*.

Take any x € N(T) and consider its Fourier series expansion with respect to
the orthonormal basis {e;}?_;, namely, z = > ", (z;e;)e;. Observe that

H:v||2 = Z?_1|<x;ei>|2 = HKxH2 for every x € N(T).

Now, if z € N(T + K), then Tx = —Kz, and hence Tz € R(T) N R(K) C
R(T)NR(T)* = {0}, so that Tx =0 (i.e., z € N(T)). Thus ||z| = | Kz| =
|Tz|| = 0, and hence = = 0. Therefore we get the claimed result:

N(T + K) = {0}.

(a) If T € SF with ind(T') <0, then T' € F; and there exists K € B, [H] such
that (T + K) = {0} by the preceding claim. Now 7'+ K € F; according to
Theorem 5.6, and so R(T + K) is closed by Theorem 5.1. Thus T + K is left
invertible by Lemma 5.8.

(b) If T € SF with ind(T") > 0, then T* € SF with ind(7T*) = —ind(T) < 0.
Therefore, according to item (a), T* € Fy, so that T € F,., and there exists
K € B, [H] such that T* + K is left invertible. Hence T'+ K* = (T™ + K)* is
right invertible with K* € B_[H] (cf. Proposition 1.W).

(¢) T € SF with ind(T') = 0, then T' € F and there exists K € B_[H] such
that N (T + K) = {0} by the preceding claim. Since ind (T + K) = ind(T") =
0 (Theorem 5.6), we get N'((T + K)*) = {0}. So R(T + K)* = {0} (Lemma
1.4), and hence R(T' + K) = H. Thus T + K is invertible (Theorem 1.1).
Conversely, if there exists K € B, [H] such that T 4+ K is invertible, then
T + K is Weyl (recall that every invertible operator is Weyl), and so is T
(Theorem 5.6); that is, T € F with ind (T") = 0. O
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According to the claim in the preceding proof, the statement of Lemma
5.23 holds if “compact” is replaced with “finite-rank” (see Remark 5.3(b)).

Theorem 5.24. (ScHECHTER THEOREM). If T' € B[H|, then
ow(T) = o.(T) UUkEZ\{O}ak(T) = o(T)\oo(T).

Proof. Take an operator T in B[H].
Claim. If A € oo(T), then there is a K € B_[H] such that A & o(T + K).

Proof. If XA € o¢(T), then \I — T € SF with ind (A — T') = 0. Thus, according
to Lemma 5.23(c), A\l — (T + K) is invertible for some K € B_[H], which
implies that A € p(T + K). This completes the proof of the claimed result.

Recall from Corollary 5.18 that
o(T)=0c.(T)U Ukez\{o}ak(T) Uaoo(T),

where the above sets are all pairwise disjoint, so that

o(T) = U(T)\(ae(T) U Ukez\{o}gk(T)>'

Take an arbitrary A € o(T). If A lies in oe(T") U Uyep 03 0%(T), then A lies in
oe(T' + K) UUpen {0y ok (T + K) for every K € B [H], since

0.(T+K)=0.(T) and op(T+ K)=0,(T) for every k € Z\{0}

for every K € B [H] (cf. Remarks 5.15(c) and 5.17(c)). On the other hand,
if A € 0¢(T), then the preceding claim ensures that there exists K € B__[H]
for which A € o(T + K). Therefore, as the largest part of o(7') that remains
invariant under compact perturbation is o, (7T,

0w(T) = 0.(T) U Ukez\{o}ok(T) = o(T)\oo(T). 0

Since 0., (T) C o(T) by the very definition of o,,(T), we get
0e(T) C 0(T) C o(T).

Chronologically, Theorem 5.24 precedes the spectral picture of Corollary 5.18
[81]. Since 0, (T) C o(T)\oe(T') for all k € Z, it also follows that

Ow (T)\Ue(T) = Ukez\{o}ak (T),

which is the collection of all holes of the essential spectrum. Thus

0o(T) = 0,(T) UkEZ\{O}ak(T):Q
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(i.e., if and only if the essential spectrum has no holes). Since o, (T") and
00(T") are both subsets of o(T), it follows by Theorem 5.24 that oo(T") is the
complement of 0, (T) in o(T),

o0(T) = o(T)\ow(T),
and therefore {0, (T"),00(T)} forms a partition of the spectrum o(T):
o(T)=0uw(T)Uoo(T) and o,(T)Noo(T)=02.

Thus
ow(T)=0(T) <<= o0o(T)=2,

and so, by Theorem 5.24 again,
0.(T)=0u(T)=0(T) = Ukezak(T) =0.

Moreover, the Weyl spectrum o,,(T) is always a compact set in C because it
is, by definition, the intersection ﬂKeme] o(T 4+ K) of compact sets in C,
and so 0o(T) is closed in C if and only if 0(T") = 7o(T) C 0iso(T) (Why?).
Here is a third characterization of the Weyl spectrum of T' € B[H].

Corollary 5.25. For every operator T € B[H],
ow(T)={N€C: X - T € BH|\W}.

Proof. If X\ € p(T), then AT — T is invertible, and so AT — T € W (invertible
operators are Weyl). Therefore, if \T' — T ¢ W, then A € o(T'), and the result
follows from Theorem 5.24 and the definition of oo (7T'):

ow(T) =o(T)\oo(T) and oo(T)={rco(T): X\ -TeW}. O
Then the Weyl spectrum o, (T) is the set of all scalars A for which \I — T'
is not a Weyl operator (i.e., for which A — T is not a Fredholm operator of

index zero). Since an operator lies in W together with its adjoint, it follows
by Corollary 5.25 that A € o,,(T) if and only if A € o, (T*):

0w (T) = 0 (T)".

Theorem 5.24 also gives us another characterization of the set W of all Weyl
operators from B[H] in terms of the set o¢(T) = o(T)\ow(T).

Corollary 5.26.
W={T eB[H]: 0€p(T)Uao(T)} ={T € F: 0€ p(T)Uao(T)}.

Proof. Take T € B[H].If T € W, then T € F and T + K is invertible for some
K € B_[H] by Lemma 5.23(c), which means that 0 € p(T + K) or, equiva-
lently, 0 € o(T + K), and so 0 & 0,(T + K). Thus 0 & 0,,(T") (cf. definition
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of the Weyl spectrum that precedes Lemma 5.23), and hence 0 € p(T') U 0¢(T)
by Theorem 5.24. The converse is (almost) trivial: if 0 € p(T") U 0¢(T), then
either 0 € p(T), so that T' € G[H] C W by Remark 5.7(b); or 0 € 0o(T"), which
means that 0 € o(T) and T € W by the very definition of o¢(T). This proves
the first identity, which implies the second one since W C F. O

Remark 5.27. (a) FiniTE DiMENSIONAL. Take any operator T' € B[H]. Since
0e(T) C 04 (T), it follows by Remark 5.15(a) that

ow(l) =29 = dmH< o
and, by Remark 5.3(c) and Corollary 5.25,

dmH <o = o0,{T)=2.
Thus
ow(T)#2 <= dimH = 0.

(b) MorE oN FINITE DIMENSIONAL. Let T' € B[H] be an operator on a finite-
dimensional space. Then B[] = W by Remark 5.3(c) so that oo(T") = o(T) by
the definition of oo(T). Moreover, Corollary 2.9 ensures that o(T") = 0iso(T)
(since #0(T) < 00), and o(T') = opp(T) (since dimH < oo). Hence,

dmH <o = O'(T) = O'PF(T) = Uiso(T) = O'Q(T) = WQ(T) = 7T00(T)
and so, either by Theorem 5.24 or by item (a) and Remark 5.15(a),
dmH <o = 0.(T)=0,(T)=2.

(¢) FreDHOLM ALTERNATIVE. The Fredholm Alternative has been restated
again and again in Corollary 1.20, Theorem 2.18, Remark 5.3(d), Remark
5.7(b), and Remark 5.17(a). Here is an ultimate restatement of it. If K is
compact (i.e., K € B_[H]), then o(K)\{0} = 0¢(K)\{0} (Remark 5.17(a)).
But o(K)\{0} C giso(K) by Corollary 2.20, and mo(K) = 0iso(K) Noo(K).
Therefore (compare with Theorem 2.18 and Remark 5.17(a)),

KeB[H = o(K)\{0} =m(K)\{0}.
Since 7T0(K)= UiSO(K)ﬂUQ(K) g UiSO(K)ﬂUPF(K)Z 7T00(K) g O'PF(T) g O'p(T)7
o(K)\{0} = opr (K)\{0} = moo (K)\{0} = mo(K)\{0}.

(d) More oN CompAcT OPERATORS. Take a compact operator K € B, [H]. Re-
mark 5.3(d) (Fredholm Alternative) says that, if A # 0, then A\I — K € W.
Thus, according to Corollary 5.25, 0, (K)\{0} = @. If dimH = oo, then
ow(K) = {0} by item (a). Since 0.(K) C 0,,(K), it follows by Remark 5.15(a)
that, if dimH = oo, then @ # o.(K) C {0}. Hence,

K e B [H] and dimH =00 = 0.(K)=0,(K)={0}.



162 5. Fredholm Theory

Therefore, by the Fredholm Alternative of item (c),
Ke B, [H] and dimH =00 = o(K)=m(K)U{0}, ou,(K)={0}.

(e) NorMAL OPERATORS. Recall that T is normal if and only if A\ — T is
normal. Since every normal Fredholm operator is Weyl (see Remark 5.7(b)),
and according to Corollaries 5.12 and 5.25, it follows that

T normal = 0.(T) = 0,(T).

Take any T € B[H] and consider the following expressions (cf. Theorem
5.24 or Corollary 5.25, and the very definitions of oo (7"), mo(T"), and mo(T") ).

0'0(T) = O’(T)\(Tw(T), 7T0(T) = O'iSO(T)m(To(T), 7T00(T) = O’iSO(T)QO'pF(T).

The equivalent assertions in the next corollary define an important class of
operators. An operator for which any of those equivalent assertions holds is
said to satisfy Weyl’s Theorem. This will be discussed later in Section 5.5.

Corollary 5.28. The assertions below are pairwise equivalent.
(a) O'Q(T) = 7T00(T).
(b) o(T)\7oo(T) = 0w (T).

Moreover, if
0'0(T) = Uiso(T)

(i.e., if 0w(T) = 0acc(T)), then the above equivalent assertions hold true. Con-
versely, if any of the above equivalent assertions holds true, then

7T0(T) = WOQ(T).

Proof. By Theorem 5.24, o(T)\oo(T) = 04, (T'), and so (a) implies (b). I

holds, then oo(T) = o(T)\ow(T) = o(T)\(o(T)\moo(T)) = moo(T), because
7mo0(T) C o(T'), and so (b) implies (a). Moreover, if 0g(T) = 0iso(T) (or, if
their complements in ¢(T) coincide), then (a) holds because oo(T') C opp(T).
Conversely, if (a) holds, then mo(T") = 0iso(T) N 00(T) = 0iso(T) N (T') =
mo0(T") because oo (T") C 0iso(T). O

f(b)

5.4 Ascent, Descent, and Browder Spectrum

Take any T € B[H] (or, more generally, take any linear transformation of linear
space into itself). Let Ny be the set of all nonnegative integers, and consider
the nonnegative integral powers T of T'. It is readily verified that, for n € Ny,

N(T™) CN(T™)  and  R(T™TH) C R(T™),

which means that {N(T™)} and {R(T™)} are nondecreasing and nonincreas-
ing (in the inclusion ordering) sequences of subsets of H, respectively.
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Lemma 5.29. Let ng be an arbitrary integer in Ng.
(a) If N(TT0t)y = N(T™0), then N(T™F1) = N(T™) for every n > ny.
(b) If R(T™+) = R(T™), then R(T"!) = R(T™) for every n > ny.

Proof. (a) Rewrite the statements in (a) as follows.
N(T™T) = N(T™) = N(T™TF) = (T ) for every k> 0.

The claimed result holds trivially for £ = 0. Suppose it holds for some k > 0.
Take an arbitrary z € N(T™0+k+2) g0 that Tt (Tx) = Trotk+2y = 0,
Thus Tz € N(Tmotk+tl) = N(T™0+k) and so Trotktly = Tmotk(Ty) =
0, which implies that 2 € N(T"tk+1) Hence, N (T70t++2) C N(Tmoth+D),
But N (Tmotk+ly C N(Tm0+5+2) since {N(T™)} is nondecreasing. Therefore
N(Trotk+2) = N(Tmo+k+1) and the claimed result holds for k + 1 whenever
it holds for k, which completes the proof of (a) by induction.

(b) Rewrite the statements in (b) as follows.
R(T™ ) = R(T™) = R(T™ ) =R(T™TF) for every k>1.

The claimed result holds trivially for k& = 0. Suppose it holds for some integer
k > 0. Take an arbitrary y € R(T™ k*1) so that y = Tmotk+ly = T (Tmotky)
for some = € H, and hence y = Tu for some u € R(T"0FF). If R(T™0+F) =
R(T™0H*+1) then u € R(T™++1) and so y = T(T™+F+1y) for some v € H.
Thus y € R(T"0*+2). Therefore, R(T"0T*+1) C R(T"0+T++2). Since the se-
quence {R(T™)} is nonincreasing, it follows that R(Tmo+k+2) C R(Tmotk+1),
Hence R(T™0Hk+2) = R(T™o+k+1). Thus the claimed result holds for k + 1
whenever it holds for k, which completes the proof of (b) by induction. O

Let Ng = Ng U {400} denote the set of all extended nonnegative integers
with its natural (extended) ordering. The ascent and descent of an operator
T € B[H] are defined as follows. The ascent of T' is the least (extended) non-
negative integer such that N'(T"*1) = NV(T™), that is,

asc(T) = min {n € Ny: N(T™) = N(T™)},

and the descent of T is the least (extended) nonnegative integer such that
R(T™1) = R(T™), that is

dsc(T) = min {n € Ng: R(T""") =R(T™)}.

Note that the ascent of T is null if and only if T is injective, and the descent of
T is null if and only if T is surjective. Indeed, since N'(I) = {0} and R(I) = H,
asc(T) — N(T) = {0},

=0
dsc(T)=0 <= R(T)=H.
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Again, the notion of ascent and descent holds for every linear transformation
of linear space into itself, and so does the next result.

Lemma 5.30. Take any operator T € B[H].
(a) If asc(T) < oo and dsc(T) =0, then asc(T) = 0.
(b) If asc(T') < oo and dsc(T') < oo, then asc(T) = dsc(T).

Proof. (a) Suppose dsc(T") = 0 (i.e., suppose R(T) = H). If asc(T") # 0 (i.e., if
N(T) # {0}), then take 0 # 21 € N(T) NR(T') and 2, x5 in R(T') = H such
that 1 = Txy and x5 = Txs, and so x; = T?z3. Continuing this way, we can
construct a sequence {z, },>1 of vectors in H = R(T") such that z,, = T'zp41
and 0 # z; = T"x,, 41 lies in N(T), and so T" 12,1 = 0. This implies that
Tpy1 € N(TPHF)\N(T") for each n>1, and hence asc(T) = oo by Lemma
5.29. Summing up: If dsc(T") = 0, then asc(T") # 0 implies asc(T") = co.

(b) Set m = dsc(T), so that R(T™) = R(T™*!), and set S = T|g(pm). It
is readily verified by using Proposition 1.E that R(T™) is T-invariant, and
so S € B[R(T™)]. Note that R(S) = S(R(T™)) = R(ST™) = R(T™*) =
R(T™). Thus S is surjective, which means that dsc(S) = 0. Moreover, since
asc(S) < oo (because asc(T') < ), it follows by (a) that asc(S) = 0. That is,
N(S) = {0}. Take x € N(T™*!) and set y = T™x in R(T™), so that Sy =
T+ g = 0. Thus y = 0, and hence x € N(T™). Then N(T™*!) C N(T™),
and so N (T™+1) = N(T™) since {N(T™)} is nondecreasing. This implies that
asc(T) < m by Lemma 5.29. To prove the reverse inequality, suppose m # 0
(otherwise apply (a)) and take z in R(T™ 1)\ R(T™) so that z = T™ 'y and
Tz =T(T™ 1u) = T™u lies in R(T™), for some u in H. Since T™(R(T™)) =
R(T?™) = R(T™), we get Tz = T™v for some v in R(T™). Now note that
T (u—v) = Tz—=Tz = 0 and T Y(u—v) = 2 —T™ 1y # 0 (reason:
T 1y € R(T?™~1) = R(T™) since v € R(T™), and 2 ¢ R(T™)). Therefore,
(u—v) € N(T™)\N(T™ 1), and so asc(T) > m. Outcome: If dsc(T)=m
and asc(7T') < oo, then asc(T) = m. O

Lemma 5.31. If T € F, then asc(T) = dsc(T*) and dsc(T') = asc(T™*).

Proof. Take any T € B[H]. We shall use freely the relations between range
and kernel, involving adjoints and orthogonal complements, of Lemma 1.4.

Claim 1. asc(T) < oo if and only if dsc(T*) < oco.

dsc(T) < oo if and only if asc(T™) < oo.
Proof. Take an arbitrary n € Ny. If asc(T') = oo, then N (T™)
that V(T C N(T™)* or, equivalently, R(T*"*+1)~ c R(T*")~, which
implies that R(T*("+1) c R(T*"), and therefore dsc(T*) = co. Dually, if
asc(T*) = oo, then dsc(T) = oco. That is,

asc(T) =00 = dsc(T*) =00 and asc(T*) =00 = dsc(T) = cc.
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If dsc(T) = oo, then R(T"*!) C R(T™) so that R(T™)*tC R(T"*!)* or,
equivalently, N'(T*") C N(T*™*1)  and therefore asc(T*) = oo. Dually, if
dsc(T*) = oo, then asc(T") = oo. That is,

dsc(T) =00 = asc(T*) =00 and dsc(T*) =00 = asc(T) = .

Summing up: asc(T") = oo if and only if dsc(7T™*) = oo and dsc (T') = oo if and
only if asc(T™*) = oo, which completes the proof of Claim 1.

Claim 2. If dsc(T) < oo, then asc(T*) < dsc(T).
If dsc(T™) < oo, then asc(T) < dsc(T™).

Proof. If dsc (T') < oo, then set ng = dsc(T") € Ng and take any integer n > ng.
Thus R(T") = R(T™), and hence R(T™)~ = R(T™)~ so that N (T*")+ =
N (T*™)+, which implies N (T*") = N(T*™). Therefore, asc(T*) < ng, and
so asc(T™) < dsc(T). Dually, if dsc(T™) < oo, then asc(T) < dsc(T*). This
completes the proof of Claim 2.
Claim 3. If asc(T) < oo and R(T™) is closed for every n > asc(T),

then dsc(T*) < asc(T).

If asc(T*) < oo and R(T™) is closed for every n > asc(T™*),

then dsc(T") < asc(T™).
Proof. If asc(T) < oo, then set ng = asc(T) € Ny and take an arbitrary integer
n > ng. Thus N(T™) = N(T™) or, equivalently, R(T*")+ = R(T*")L, so
that R(T7"0)~ = R(T*")~. Suppose R(T™) is closed. Thus R(T*") = R(T™)
is closed (Lemma 1.5). Then R(T*") = R(T™*"°), and therefore dsc(T™*) < ny,
so that dsc(T™) < asc(T"). Dually, if asc(T*) < oo and R(T™) is closed (i.e.,
R(T*™) is closed — Lemma 1.5) for every integer n > asc(T™), then it follows
that dsc(7T') < asc(T™); completing the proof of Claim 3.

Outcome: If R(T™) is closed for every n € Ny (so that we can apply Claim 3),
then it follows by Claims 1, 2, and 3 that

asc(T) =dsc(T*) and dsc(T) = asc(T").

In particular, if T € F, then T™ € F by Corollary 5.5, which implies that
R(T™) is closed for every n € Ny by Corollary 5.2. Therefore, if T is Fredholm,
then asc(T") = dsc(T*) and dsc(T") = asc (7). O

A Browder operator is a Fredholm operator with finite ascent and finite
descent. Let B denote the class of all Browder operators from B[H]:

B={T e F:asc(T) < oo and dsc(T) < oo};
equivalently, according to Lemma 5.30(b),

B={TeF:asc(T)=dsc(T) < oo}
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(i.e., B={T € F: asc(T) = dsc(T) = m for some m € Ng}). Thus
F\B={T € F: asc(T) = oo or dsc(T) = oo}

and, by Lemma 5.31,
TeB ifandonlyif T*e€B.

Two linear manifolds of a linear space X, say R and N, are said to be
algebraic complements of each other (or complementary linear manifolds) if
they sum the whole space and are algebraically disjoint; that is, if

R+N=X and RNN ={0}.

A pair of subspaces (i.e., closed linear manifolds) of a normed space that are
algebraic complements of each other are called complementary subspaces.

Lemma 5.32. If T € B[H] with asc(T) = dsc(T) =m for some m € Ny,
then R(T™) and N(T™) are algebraic complements of each other.

Proof. Take any T € B[H]. (In fact, as will become clear during the proof, this
is a purely algebraic result which holds for every linear transformation of a
linear space into itself with coincident finite ascent and descent.)

Claim 1. If asc(T) = m, then R(T™)NN(T™) = {0}.

Proof. If y € R(T™) NN(T™), then y = T™x for some x € H and T™y = 0,
so that T?"x = T™(T™z) = T™y = 0; that is, x € N(T?*™) = N(T™) since
asc(T) = m. Hence y = T™x = 0, proving Claim 1.

Claim 2. If dsc(T) =m, then R(T™)+ N(T™)="H.

Proof. If dsc(T) = m, then R(T™) = R(T™*"). Set S = T'|g(rm). Again, by
using Proposition 1.E, it is readily verified that R(T™) is T-invariant, and so
S € B[R(T™)] with R(S) = S(R(T™)) = R(ST™) = R(T™H) = R(T™).
Then S is surjective, and hence S™ is surjective too (since {R(S™)} is non-
decreasing). Therefore, R(S™) = R(T™). Take an arbitrary vector = € H.
Thus T™z € R(T™) = R(S™) so that there exists u € R(T™) such that
Sy = T™x. Since S™u = T™u (because S™ = (T|g(rm))" = T"|r(rm)), it
follows that T™u = T™z, and so v = — u is in N(T™). Then z = u + v lies
in R(T™) + N (T™). Hence H C R(T™) + N (T™), proving Claim 2. O

Theorem 5.33. Take T € B[H] and consider the following assertions.
(a) T is Browder but not invertible (i.e., T € B and T & G[H]).

(b) T € F s such that R(T™) and N(T™) are complementary subspaces for
some m € N.

(c) Tew.

Claim: (a) = (b) = (c).
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Proof. (a)=-(b). Recall that T' € B[H] is invertible (equivalently, R(T) = H
and N(T) = {0}) if and only if T € G[H] (i.e., T € B[H] has a bounded in-
verse) by Theorem 1.1. Moreover, every invertible operator is Fredholm (by
the definition of Fredholm operators), and R(T) = H and N (T) = {0} if and
only if asc(T') = dsc(T') = 0 (by the definition of ascent and descent). Thus
every invertible operator is Browder, which in turn is Fredholm,

GHlcBCF

and it is readily verified that the inclusions are, in fact, proper. Therefore, if
T € Band T & G[H], then asc(T) = dsc(T) = m for some integer m > 1, and
so N(T™) and R(T™) are complementary linear manifolds of % by Lemma
5.32.IfT € B, then T € F, so that T™ € F by Corollary 5.5, and hence R(T™)
is closed by Corollary 5.2. Recall that A (T™) is closed since T™ is bounded.
Thus R(T") and N (T™) are subspaces of H.

(b)=(c). If (b) holds, then, again, T € F, so that T™ € F by Corollary 5.5,
and hence N'(T™) and N (T™*) are finite dimensional, and R(T™) is closed
by Corollary 5.2. Moreover, suppose there exists m € N such that

R(IT™) +N(T™) =H and R(T™)NN(T™) = {0}.

Since R(T™) is closed, R(T™) + R(T™)*+ = H (Projection Theorem), where
R(T™)*+ = N(T™") (Lemma 1.4). Hence,

RI™) +N(T™) =H and R(T™)NN(T™) = {0}.

Thus N (T™) and N (T™*) are both algebraic complements of R(T™), and so
they have the same (finite) dimension (which, in fact, is the codimension of
R(T™) — see, e.g., [66, Theorem 2.18]). Therefore, ind (7T") = 0. Since T’ € F,
it follows that mind (7') = ind (T™) = 0 (see Corollary 5.5). Thus (recalling
that m # 0), ind(T) = 0, so that T € W. O

Therefore, since G[H] C W (cf. Remark 5.7(b)), it follows that
GH|CcBCWCF

Note that the inclusion B C W can be otherwise proved by using Proposition
5.J. Also note that the assertion “T" is Browder and not invertible” (i.e.,
T € B\G[H]) means “T' € B and 0 € o(T")”. The following theorem says that
if this happens, then 0 must be an isolated point of o(T"); precisely, T € B and
0€a(T) if and only if T € F and 0 € 0is(T).

Theorem 5.34. Take an operator T' € B[H].
(a) If T € B and 0 € o(T), then 0 € mo(T).
(b) If T € F and 0 € 0i50(T), then T € B.
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Proof. (a) Recall: 0o(T) = {A € o(T): ANl =T € W} and B C W. Therefore,
it T € Band 0 € o(T), then

0 € oo(T).
Moreover, Theorem 5.33 ensures that there is an integer m > 1 for which
R(T™+NT™)=H and R(T™)NNT™)={0}.
Equivalently,
R(T™M&NT™)=H and R(T™)NNIT™)={0}

(where the direct sum is not necessarily orthogonal and equality in fact means
equivalence; that is, up to a topological isomorphism). Since both R(7") and
N(T™) are T™-invariant, it follows that

T =T"|grm) ® T |n(1m)-

Since N(T™) # {0} (otherwise T™ would be invertible) and T | ¢pmy = O
acts on the nonzero space N'(T™), it follows that T = T"™|gpm) ® O. Thus
(see Proposition 2.F even though the direct sum is not orthogonal)

o(T)" = o(T™) = o(T™|r(rm)) U{0}

by Theorem 2.7 (Spectral Mapping). Since T™|gpmy: R(T™) — R(T™) is
surjective and injective, and since R(T™) is closed because T™ € F, it follows
that T™|gpmy € GIR(T™)]. In other words, 0 € p(T™ |z (rm)), and therefore,
0 o(T™|g(pmy). Thus o(T™) is disconnected, and hence 0 is an isolated
point of o(T)™ = o(T™). Then 0 is an isolated point of o(T'). That is,

0 € oiso (T)
Outcome: 0 € m(T) = 0is0(T) N oo (T).

(b) Take an arbitrary m € N. If 0 € 05, (T'), then 0 € 0i50(T™). Indeed, if 0 is
an isolated pont of o(T'), then 0 € o(T)™ = o(T™), and hence 0 is an isolated
pont of o(T)™ = o(T™). Therefore,

o(T™) ={0}u 4,

where A is a compact subset of C that does not contain 0, which means that
{0} and A are complementary spectral sets for the operator T™ (i.e., they
form a disjoint partition for o(T™)). Let Eo= Eyoy € B[H] be the Riesz idem-
potent associated with 0. Corollary 4.22 ensures that

N(T™) C R(Eo).

Claim. If T € F and 0 € 0i50(T), then dim R(Ep) < oo.
Proof. Theorem 5.19.
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Thus, if T € F and 0 € 0i5(T), then dim N(T™) < dimR(Ep) < co. Since
{N(T™)} is a nondecreasing sequence of subspaces, {dim N (7T™)} is a nonde-
creasing sequence of positive integers, which is bounded by the (finite) integer
dim R(Ep). This ensures that

TeF and 0 € 0i0(T) = asc(T) < 0.
Since o(T)* = o(T™*), we get 0 € 0iso(T") if and only if 0 € 0y (T™*), and so
TeF and 0 € 0i0(T) = asc(T™) < oo,

because T € F if and only if T* € F. Therefore, according to Lemma 5.31,
asc(T) < oo and dsc(T') < oo, which means (by definition) that T € B. O

Theorem 5.34 also gives us another characterization of the set B of all
Browder operators from B[H] (compare with Corollary 5.26).

Corollary 5.35.
B={TeF:0epT)Uois(T)} ={T€F:0ep(T)Um(T)}.
Proof. Consider the set 7o(T) = 0is0(T') N oo(T) of Riesz points of T.
Claim. If T € F, then 0 € 0y (T) if and only if 0 € 7 (T).
Proof. Theorem 5.19.
Thus the expressions for B follow from (a) and (b) in Theorem 5.34. O

Remark 5.36. (a) FINITE DIMENSIONAL. Since {A(7™)} is nondecreasing and
{R(T™)} is nonincreasing, we get dim N (7T") < dim N (T"!) < dimH and
dimR(T"H) < dimR(T") < dimH for every n > 0. Thus, if H is finite di-
mensional, then asc(T) < oo and dsc(T") < co. Therefore (see Remark 5.3(c)),

dimH <oco = B=DB[H]
(b) CompLEMENTS. Recall that (1) \iso (1) = Tacc(T'), and also that
o(T)\mo(T) = o(T)\(v1s0(T) N 00(T))
— (0(T)\GwolT)) U (o(TN\00(T)) = GuceT) U s (T).
Hence, since G[H] C B C W C F, we get from Corollary 5.35 that
F\B={T € F: 0€ 0acc(T)} ={T € F: 0 € (0acc(T) Uow(T)) }.

Since W\B = WnN (F\B), it follows that W\B = {T € W: 0 € 0acc(T)}.
Moreover, since o¢(T") = 70(T") U mo(T'), where m0(T") is an open subset of C
(accordlng to Corollary 5.20), and since m(T') = 0iso(T') N oo(T), it also follows
that 00(T)\Giso(T) = 70(T) C Cace(T). Thus W\B = {T e W: 0 € 7o(T)}
by Corollaries 5.26 and 5.35. Summing up:
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WA\B={T eW: 0€ 0acc(T)} ={T € W: 0 7(T)}.
Furthermore, since o(T)\oo(T") = 0, (T'), we get from Corollary 5. 26 that
FW={T € F: 0€0,(T)}.
(c) ANOTHER CHARACTERIZATION. An operator T' € B[H] is Browder if and only

if it is Fredholm and A\ — T is invertible for sufficiently small X # 0.

Indeed, the identity B = {T € F: 0 € p(T) U 0iso(T)} in Corollary 5.35 says
that T € B if and only if T' € F and either 0 € p(T) or 0 is an isolated point
of o(T") = C\ p(T). Since p(T) is an open subset of C, this means that T' € B
if and only if T' € F and there exists an € > 0 such that B.(0)\{0} C p(T),
where B¢ (0) is the open ball centered at 0 with radius €. This can be restated
by saying that T' € B if and only if T € F and X € p(T) whenever 0 # |\| < ¢
for some £ > 0. But this is precisely the claimed assertion.

The Browder spectrum of an operator T € B[H] is the set o,(T) of all
complex numbers A for which A\I — T is not Browder,

op(T)={A e C: X[ - T € B[H|\B}

(compare with Corollary 5.25). Since an operator lies in B together with its
adjoint, it follows at once that A € o (T") if and only if A € o (T*):

op(T) = op(T)".
Moreover, by the preceding definition, if A € o4(T'), then A\I — T ¢ B, so that
either A\I =T ¢ For X =T € F and asc(\] = T) = dsc(A = T) = oo (cf.
the definition of Browder operators). In the former case, A € 0.(T) C o(T) ac-
cording to Corollary 5.12. In the latter case, A\I — T is not invertible (because
NI =T) = {0} if and only if asc(AI —T) =0 — also R(\[ - T) = H if
and only if dsc(A — T') = 0), so that A ¢ p(T'); that is, A € o(T). Therefore,

O'b(T) - O'(T).
Since B C W, it also follows by Corollary 5.25 that o,,(T) C o,(T). Hence
0e(T) C 0u(T) Cop(T) Co(T).

Equivalently, G[H] c BC W C F.
Corollary 5.37. For every operator T € B[H],

0p(T) = 0e(T) U 0ace(T) = 0w(T) U oace(T).

Proof. Recall that o(T) = {A\} — o(AM —T) by Theorem 2.7 (Spectral Map-
ping), and so 0 € (Al — T)\oiso(A —T) if and only if A € o(T)\0iso(T).
Thus, by the definition of o3,(T"), and using Corollaries 5.12 and 5.35,
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oo(T) = {NE€C: AT =T & F or 0¢ p(A — T) U oseo(A — T)}
={AeC: A€ 0c(T) or 0 € a(AM —T)\oiso(M = T)}
= {)\ €C: Neo.(T)or Ae (T(T)\O’iso(T)}
=0o.(T)U (O'(T)\O'iso(T)) =0¢(T) U oacc(T).

However, by Theorem 5.24, 0,,(T) = 0.(T) U k(T), where x(T) C o(T) is an
open set in C. (Indeed, K(T") = Uyez (o3 o+ (1), which is the union of open
sets in C by Theorem 5.16.) Thus &(T)\oacc(T) = @, so that

Ow (T)\Jacc(T) = (O'e (T) U K(T))\UaCC(T)
= (Ue(T)\JaCC(T)) U (”(T)\UaCC(T)) = UE(T)\UaCC(T)' ]
The next result is particularly important: it sets another partition of o (7).
Corollary 5.38. For every operator T € B[H],
op(T) = o(T)\mo(T).
Proof. By the Spectral Picture (Corollary 5.18) and Corollary 5.37 we get
a(T)\oy(T) = o(T)\(0e(T) U 0ace(T)) = (o(T)\oe(T)) N (0(T)\Tace(T))
Ukezak(T)) N 0iso(T) = 00(T) N 10 (T) = 70(T),

according to the definition of mo(T), since oi(T) is open in C for every
0 # k € Z (Theorem 5.16) and so it has no isolated point. O

Since o(T) Um(T) C o(T), it follows by Corollary 5.38 that
op(T)Ume(T)=0(T) and op(T)Nmo(T) = 2,
so that {op(T), mo(T)} forms a partition of the spectrum o(T"). Thus
mo(T) =o(T)\oo(T) = {N€o(T): Nl - T € B},
and

op(T)=0(T) <= mo(T) = .

Corollary 5.39. For every operator T € B[H],

o (T) = Uiso(T)\Ub(T) = Uiso(T)\Uw (T) = Oiso (T)\UC(T)
= moo(T)\ow(T') = moo (T')\ow (T') = moo (T')\oe(T).
Proof. The identities involving o, (T) are readily verified. In fact, recall that

7T0(T) = Uiso(T) N 0'0(T) C Uiso(T) N (TPF(T) = 7T00(T) C Uiso(T) - (T(T)
Since o3 (T) N o (T) = @ and o(T)\7o(T') = 0u(T") (Corollary 5.38), we get

7o(T) = mo(T)\ow(T) € moo (T)\ow(T') € 0iso (T)\0w(T') € o(T')\ oo (T') = mo(T').
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To prove the identities involving o, (T) and o.(T'), proceed as follows. Since
00(T) = o(T)\ow(T) (Theorem 5.24), we get

70(T) = 0iso(T) N 00(T) = 0iso(T) N (o(T)\ow(T)) = Tiso(T)\ow (T).
Moreover, using Theorem 5.24 again, 0, (T) = 0.(T) U k(T), where x(T) =
Ukez (o} o (T) is the collection of all holes of o (T"), which is a subset of o(T')

that is open in C (union of open sets — Theorem 5.16). Thus

Tiso(T)\w(T) = 0iso (T)\(0e(T) U K(T)) = (0iso (T)\e(T)) N (iso (T)\R(T))-

But i (T) N k(T') = @ because x(T) is a subset of o(7T') that is open in C.
Hence 050 (T)\&(T) = 0iso(T), and so

Oiso (T)\Uw (T) = Oiso (T)\Ue (T) .

Finally, recall again that mo(T") C moo(T) C 0iso(T'). Also, By Theorem 5.24,
70(T) C 0o(T) = 0(T)\ow(T) and 0.(T) C 0., (T) and, as we have just veri-
fied, oiso(T)\ow(T) = 7o(T") and oiso(T)\0e(T) = 0iso(T)\0w(T'). Thus,

700(T)\ow(T) S moo(T)\oe(T') € Giso(T)\0e(T)
= Oiso (T)\Uw (T) =T (T) = To (T)\O"w (T) C moo (T)\Uw (T)a

and therefore
7T0(T) = Woo(T)\Jw(T) = 7T00(T)\0'6(T). O

Remark 5.40. (a) FiniTeE DiMeNsioNAL. Take any T € B[H]. Since every op-
erator on a finite-dimensional space is Browder (cf. Remark 5.36(a)), it follows
by the very definition of the Browder spectrum o, (7") that

dmH <oco = O'b(T):Q.
The converse holds by Remark 5.27(a), since 0, (1) C o3(T):

dmH =00 — O'b(T)#Q.

Thus
op(T)#2 <+ dimH = o0,

(
and op(T) = o(T)\mo(T') (cf. Corollary 5.38) is a compact set in C because
o(T) is compact and mo(T") C 0is0(T"). Moreover, by Remark 5.27(b),

dmH <o = 0(T)=0u(T)=0(T)=0.

(b) ComPACT OPERATORS. Since oace(K) C {0} if K is compact (cf. Corollary
2.20), it follows by Remark 5.27(d), Corollary 5.37, and item (a) that

K e B H] and dimH =00 = 0.(K) =0y, (K) =0p(K) = {0}.
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(¢) FINITE ALGEBRAIC AND GEOMETRIC MurtipLICITIES. We saw in Corollary
5.28 that the set of Riesz points mo(T") = 0iso(T') N 00(T") and the set of isolated
eigenvalues of finite multiplicity moo(T") = 0iso(T") N opp(T') coincide if any of
the equivalent assertions of Corollary 5.28 holds true. The previous corollary
supplies a collection of conditions equivalent to m(T") = meo(7T'). Indeed, by
Corollary 5.39, the following four assertions are pairwise equivalent.

(i) mo(T) = moo(T).

0.(T)Nmeo(T) = @ (ie., 0e(T)Noiso(T) Nopr(T) = @).
(i) 0w (T) Nmeo(T) = @ (i.e., 0(T) Noiso(T) Nopr(T) = @).
(iv) op(T)Nmoo(T) = @ (i.e., op(T) Noiso(T) Nopr(T)

T)
T)

Il
S

Take any T € B[H] and consider again the following relations:
oo(T)=0(T)\ow(T), 7o(T)=0is0(T) Noo(T), m0(T)=0is0o(T) Nopr(T).

We have defined a class of operators for which the equivalent assertions of
Corollary 5.28 hold true (namely, operators that satisfy Weyl’s Theorem). The
following equivalent assertions define another important class of operators. An
operator for which any of those equivalent assertions holds is said to satisfy
Browder’s Theorem. This will be discussed later in Section 5.5.
Corollary 5.41. The assertions below are pairwise equivalent.
a) oo(T) = mo(T).
b) o(T)\mo(T) = ow(T).
) o(T) = ouw(T)Umoo(T).

) (T) U aiso(T).

I
Q
S

Proof. Recall that {0, (T),00(T")} forms a partition of (T, and also that
mo(T) C moo(T) C o(T). Thus (a) and (b) are equivalent and, if (a) holds,

0(T) = 04 (T) Uao(T) = 04 (T) Umo(T) C 04 (T) Umoo(T) C o(T),
so that (a) implies (c); and (c) implies (d) because 70o(T) C oiso(T):
o(T) = 04 (T) Uoo(T) C 04 (T) U 0150(T) C o(T).
Since oo(T) = o(T)\ow(T), it follows that, if (d) holds, then

JO(T) = U(T)\Uw(T) = (Uw (T) U UiSO(T))\Uw (T) c JiSO(T)v
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so that (d) implies (e). Since mo(T") = 0iso(T) Noo(T), it follows that (e)
is equivalent to (a). Since moo(T") = iso(T) Noprp(T) and oo(T") C opr(T),
it also follows that (e) is equivalent to (f). Since cacc(T) and ois(T) are
complements of each other in ¢(T), and o, (T) and oo(7T') are complements of
each other in o(T), it follows that (e) and (g) are equivalent. Similarly, since
ow(T) and 0o (T') are complements of each other in o(T"), and oy,(T") and 7o(T")
also are complements of each other in ¢(7T') (cf. Theorem 5.24 and Corollary
5.38), it follows that (h) and (a) are equivalent as well. O

The Browder spectrum is not invariant under compact perturbation. In
fact, if T' € B[H] is such that o(T) # 0, (T) (i.e., if T is such that any of the
equivalent assertions in Corollary 5.41 fails — and so all of them fail), then
there exists a compact K € B_[H] such that

O'b(T + K) # O'b(T).

Indeed, if 03(T") # 04, (T'), then 0, (T) C 0p(T), and so op(T") is not invariant
under compact perturbation because oy, (7') is the largest part of o(7") that
remains unchanged under compact perturbation. However, as we shall see in
the forthcoming Theorem 5.44 (whose proof is based on Lemmas 5.42 and
5.43 below), op(T') is invariant under perturbation by compact operators that
commute with 7.

Set A = B[H], where H is an infinite-dimensional complex Hilbert space.
Let A’ be a unital closed subalgebra of the unital complex Banach algebra A,
thus a unital complex Banach algebra itself. Take an arbitrary operator T in
A’ Let B [H] = B, [H] N A" denote the collection of all compact operators
from A, and let F’ denote the class of all Fredholm operators in the unital
complex Banach algebra A’. That is (cf. Proposition 5.C),

F'={T eA: AT —I and TA— I are in B [H] for some A e A'}.

Therefore, 7' C F N A’. The inclusion is proper in general (see, e.g., [10, p.
86]), but it becomes an identity if A’ is a x-subalgebra of the C*-algebra A,
that is, if the unital closed subalgebra A’ is a *x-algebra (see, e.g., [10, Theorem
A.1.3]). However, if the inclusion becomes an identity, then Corollary 5.12
ensures that the essential spectra in A and in A’ coincide:

F'=FnA = o.(T)=0,T),
where
ol(T)={Ned (T): N -T € A\F'}

stands for the essential spectrum of T € A’ with respect to A’, with ¢'(T)
denoting the spectrum of T' € A’ with respect to the unital complex Banach
algebra A’. Similarly, let YW’ denote the class of Weyl operators in A’,

W'={T e F': ind(T) =0},
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and let
o, (T)={ ed(T): N -T € A/\W'}

stand for the Weyl spectrum of T' € A" with respect to A If T € A, set
oo(T) =o' (T)\ow,(T) ={X€d'(T): NI —T € W'}.
Moreover, let B’ stand for the class of Browder operators in A’
B'={T eF":0€ep(T)Uoi(T)}

according to Corollary 5.35, where o/ (T') denotes the set of all isolated points

10

of o/(T), and p/(T") = C\o'(T) is the resolvent set of T € A’ with respect to
the unital complex Banach algebra A’. Let

op(T)={X€od'(T): N -T € A'\B'}
be the Browder spectrum of T € A’ with respect to A'.

Lemma 5.42. Consider the preceding setup. If T € A’, then
o (T)=0(T) = oy(T)=0u(T).

Proof. Take an arbitrary operator 7" in A’. Suppose
o'(T) = o(T),
so that p/(T) = p(T) and ol (T) = 0iso(T). Therefore, if A € o, (T), then

1S0 180
the Riesz idempotent associated with A,

E\ = 2}”./ (vI —T) ' dv,
I
lies in A’ (because ol (T) = 0is0(T), and also (v —T)~' € A" whenever

(vI —T)~1 € B[H] since p'(T) = p(T)). Thus Theorem 5.19 ensures that
ANeoy(T) <= dimR(E\) <o <= Meoo(T)
whenever \ € o]

150

T0(T) = 04(T) N o}

1S0

(T), since i, (T) = 0iso(T). Hence
(T) = 00(T) N 0iso(T) = mo(T).
Then, according to Corollary 5.38,
o(T) = o(T)\mo(T) = o’ (T)\m(T) = o, (T). 0

Let {T'}' denote the commutant of T € B[H] (i.e., the collection of all
operators in B[#] that commute with 7). This is a unital subalgebra of the
unital complex Banach algebra B[#], which is weakly closed in B[H] (see, e.g.,
[63, Problem 3.7]), and hence uniformly closed (i.e., closed in the operator
norm topology of B[H]). Therefore A’ = {T'}’ is a unital closed subalgebra of
the unital complex Banach algebra A = B[H].
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Lemma 5.43. Consider the preceding setup with A’ = {T}. If 0 € o/(T) and
T e W/, then 0 € o/ (T). In other words,

150

A" ={T} and 0€o((T) = 0¢€oi,(T).

Proof. Take any T € B|H). Let A’ be a unital closed subalgebra of A = B[H]
that includes T'. Suppose 0 € ¢{(T"), which means that 0 € ¢/(T) and T' € W".
Since T € W', Lemma 5.23(c) says that there exists a compact K € B, [H]' =
B_[H] N A’, actually a finite-rank operator, and an operator A € A’ such that

AT+ K)=(T+K)A=1.

Hence A € A’ is invertible with inverse A~! =T + K € A'. If A’ = {T}, then
AK = KA, andso A=V K = KA~!. Let A” be the unital closed commutative
subalgebra of A’ generated by A, A~!, and K. Since T = A~ — K, it follows
that A" includes T Let of,,(T) and o, (T) stand for the sets of isolated points
of the spectra ¢’ (T') and ¢”(T) of T with respect to the Banach algebras A’
and A", respectively. Since A" C A’, it follows by Proposition 2.Q(a) that

o'(T) C ¢”(T). Hence 0 € o'’ (T') because 0 € o((T) C o'(T).

Claim. 0€ ol (T).

150

Proof. Let A" denote the collection of all algebra homomorphisms of A" into
C. Recall from Proposition 2.Q(b) that

oA = {p(A) eC: de A"},
which is bounded away from zero (since 0 € p”(A~1)), and
o"(K)={®(K)eC: ¢ A"} = {0} U {B(K) e C: & € AL},

where ,Zgg - A" is a set of nonzero homomorphisms, which is finite because
K is finite rank (and so K has a finite spectrum — Corollary 2.19). Note that
0€o"(T)=0"(A"' —K)if and only if 0 = #(A~! — K) = (A1) — &(K)
for some ® € A”. If @ € A"\ AY, then (K ) = 0so that #(A~1) = 0, which is a
contradiction (because 0 € o(A~1)). Thus @ € A%, and hence #(A~! — K) =
P(A7Y) — B(K) = 0, so that #(A~!) = &(K), for at most a finite number of
homomorphisms & in A’. Therefore, since the set {#(A~1) € C: & e A"} =
0" (A~1) is bounded away from zero, and since the set

{peAl: DA =d(K)} ={PecAp: 0€d”(A —K)}
is finite, it follows that 0 is an isolated point of ¢”’(A~! — K) = ¢"(T'), which
concludes the proof of the claimed result.

Since 0 € o/(T) C o’ (T), it then follows that 0 € ol (T). O

150

The next characterization of the Browder spectrum is the counterpart of
the very definition of the Weyl spectrum. It says that o,(T) is the largest
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part of o(T) that remains unchanged under compact perturbations in the
commutant of T'. That is, oy (T") is the largest part of o(T') such that [69, 59]

oo(T + K) =0u(T)  for every K € B JH]N{T}.

Theorem 5.44. For every T € B[H],
o(T) = ﬂKeBw[H]ﬂ{T}’U(T + K).

Proof. Take any operator T' € B[H], and let A’ be a unital closed subalgebra of
the unital complex Banach algebra A = B[H] (thus a unital complex Banach
algebra itself). Let ¢’(T'), o,(T), and o,,(T) be the spectrum, the Browder
spectrum, and the Weyl spectrum of T" with respect to A’, respectively.

Claim 1. It A" ={TY}, then o/(T) = o(T).

Proof. Suppose A’ = {T'}. Trivially, T' € A’ Let P = P(T') be the collection of
all polynomials p(T") in T' with complex coefficients, which is a unital commu-
tative subalgebra of B[#]. Consider the collection 7 of all unital commutative
subalgebras of B[H] containing T'. Note that every element of 7 is included
in A, and also that T is partially ordered (in the inclusion ordering) and
nonempty (e.g., P € T). Moreover, every chain in 7 has an upper bound in
T (the union of all subalgebras in a given chain of subalgebras in 7 is again
a subalgebra in 7). Thus Zorn’s Lemma says that 7 has a maximal element,
say A" = A”(T) € T. Hence there is a maximal commutative subalgebra A"
of B[H] containing T (which is unital and closed — see the paragraph that
precedes Proposition 2.QQ). Therefore,

A"C A CA

Let ¢”(T) denote the spectrum of T with respect to A”. If the preceding
inclusions hold true, and since A" is a maximal commutative subalgebra of A,
then Proposition 2.Q(a,b) ensure that the following relations also hold true:

o(T) C o' (T) Co"(T)=0o(T).
Claim 2. If A" = {T}, then o,(T) = o} (T).
Proof. Claim 1 and Lemma 5.42.
Claim 8. It A" = {T}, then o,(T) = 0,,(T).

Proof. Recall that A € o((T) if and only if A € ¢/(T) and A\ —T € W'. But
A €o'(T) if and only if 0 € o/(AM —T) by the Spectral Mapping Theorem
(Theorem 2.7). Hence,

Neol(T) < 0€o\(M-T).

Since A" = {T'}/ = {\ — T}’ it follows by Lemma 5.43 that
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0Oeoy(\M -T) = O0€o]

180

(M -T).
However, applying the Spectral Mapping Theorem again,
0ol N -T) <= Xeo ().
Therefore,
50(T) € 0150 (T),
which means that (cf. Corollary 5.41)

7 (T) = op(T).

Claim 4. 0,(T) = Ngep_pgna oI + K).

Proof. This is the very definition of the Weyl spectrum of T" with respect to
A’ That is, 0}, (T) = Ngep_zy o(T + K), where B [H] = B [H] N A

By Claims 2, 3, and 4 we get

op(T) = (T + K). O

N o
KeB_[H]N{T}

5.5 Remarks on Browder and Weyl Theorems

This final section consist of a brief survey on Weyl’s and Browder’s Theorems.
As such, and unlike the previous sections, some of the assertions discussed
here, instead of being fully proved, will be accompanied by a reference to
indicate where the proof can be found.

Take any operator T' € B[H], and consider the partitions {o,(T"),00(T)}
and {op(T), mo(T)} of the spectrum of T" in terms of Weyl and Browder spec-
tra o, (T) and o,(T) and their complements o¢(T) and m(7T') in o(T) as in
Theorem 5.24 and Corollary 5.38, so that

ow(T) = o(T)\oo(T) and  0y(T) = o(T)\mo(T),

where

oo(T)={Aea(T): NI=T eW} and m(T) = 0iso(T) Noo(T).

Although oo(T) C opp(T) and cace(T) C ou(T) (ie., mo(T) C 0is0(T)) for
every operator T, it happens that, in general, oo(T) may not be included in
0iso(T') or, equivalently, o,..(T) may not be included in o,,(T). Recall that

7T00(T) = Uiso(T) n JPF(T).
Definition 5.45. An operator T is said to satisfy Weyl’s Theorem (or Weyl’s

Theorem holds for T) if any of the equivalent assertions of Corollary 5.28 holds
true. Therefore, T' satisfies Weyl’s Theorem if
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Uo(T) = Uiso(T) n JPF(T),
that is, oo(T) = meo(T) or, equivalently, o(T)\moo(T') = 0w (T).

Further necessary and sufficient conditions for an operator to satisfy Weyl’s
Theorem can be found in [44]. See also [58, Chapter 11].

Definition 5.46. An operator T is said to satisfy Browder’s Theorem (or
Browder’s Theorem holds for T') if any of the equivalent assertions of Corollary
5.41 holds true. Therefore, T' satisfies Browder’s Theorem if

00(T) C oiso(T) Nopr(T),
that is, oo(T) C moo(T) or, equivalently,
oo(T) =mo(T), or oo(T)C oio(T), or
Oace(T) C 0w(T), or o,(T)=0op(T).

A word on terminology. The expressions “T" satisfies Weyl’s Theorem” and
“T satisfies Browder’s Theorem” are the usual terminologies and we shall stick
to them, although saying that T' “satisfies Weyl’s (or Browder’s) property”
rather than “satisfies Weyl’s (or Browder’s) Theorem” would perhaps sound
more appropriate.

Remark 5.47. (a) SUFFICIENCY FOR WEYL’S.
ow(T) = 0acc(T) == T satisfies Weyl’s Theorem,

according to Corollary 5.28.

(b) BRowpER's NoT WEYL's. Consider Definitions 5.45 and 5.46. If T' satisfies
Weyl’s Theorem, then it obviously satisfies Browder’s Theorem. An operator T
satisfies Browder’s but not Weyl’s Theorem if and only if the proper inclusion
00(T) C 0iso(T) N opr(T) holds true, which implies that there exists an isolat-
ed eigenvalue of finite multiplicity not in oo(7") (i.e., there exists an isolated
eigenvalue of finite multiplicity in o, (T) = o(T)\oo(T)). Outcome:

If T satisfies Browder’s Theorem but not Weyl’s Theorem, then
Uw(T) n Uiso(T) N (TPF(T) # <.

(¢) EQuivALENT CoNDITION. The preceding result can be extended as follows
(cf. Remark 5.40(c)). Consider the equivalent assertions of Corollary 5.28 and
of Corollary 5.41. If Browder’s Theorem holds and 7o(T") = 7go(T'), then Weyl’s
Theorem holds (i.e., if 0o(T) =7 (T") and 7o (T") = moo (T'), then o¢(T) =m0 (T')
tautologically). Conversely, if Weyl’s Theorem holds, then mo(T") = moo(T') (see
Corollary 5.28), and Browder’s Theorem holds trivially. Summing up:

Weyl’s Theorem holds <= Browder’s Theorem holds and mo(T) = moo(T).
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In other words, Weyl’s Theorem holds if and only if Browder’s Theorem and
any of the equivalent assertions of Remark 5.40(c) hold true.

(d) TriviaL Cases. By Remark 5.27(a), if dimH < oo, then oo(T) = o(T).
Thus, according to Corollary 2.19, dimH < co = 0¢(T) = moo(T") = o(T):

Every operator on a finite-dimensional space satisfies Weyl’s Theorem.

This extends to finite-rank but not to compact operators (see examples in
[38]). On the other hand, if op(T') = @, then 0¢(T) = meo(T') = 2:

Every operator without eigenvalues satisfies Weyl’s Theorem.
Since 0o(T") C opp(T'), this extends to operators with opp(T) = @.

Investigating quadratic forms with compact difference, Hermann Weyl
proved in 1909 that Weyl’s Theorem holds for self-adjoint operators (i.e.,
every self-adjoint operator satisfies Weyl’s Theorem) [90]. We shall present a
contemporary proof of the original Weyl’s result. First recall from Sections
1.5 and 1.6 the following elementary (proper) inclusion of classes of operators:

Self-Adjoint C Normal C Hyponormal.

Theorem 5.48. (WevL's THEOREM). If T € B[H] is self-adjoint, then
Uo(T) = Uiso(T) n JPF(T).

Proof. Take any operator T € B[H].
Claim 1. If T is self-adjoint, then oo(T") = mo(T').

Proof. f T is self-adjoint, then o(T) C R (Proposition 2.A). Thus no subset of
o(T) is open in C, and hence oo(T) = 79(T) Umo(T) = mo(T") because 7o(T)
is open in C (Corollary 5.20).

Claim 2. If T is hyponormal and A € mo(T"), then R(A — T') is closed.

Proof. X € moo(T) = 0iso(T) Nopp(T) if and only if A is an isolated point of
o(T) and 0 < dim N (Al — T') < oco. Thus, if A € mpo(T") and T is hyponormal,
then Proposition 4.L ensures that dim R(E)) < oo, where Ey is the Riesz
idempotent associated with A\. Then R(AI — T') is closed by Corollary 4.22.

Therefore, by Claim 2, if T is hyponormal, then (cf. Corollary 5.22)
mo(T) = {\ € moo(T): R(A —T) is closed} = moo(T).

Thus, in particular, if T is self-adjoint, then 7o(T") = moo(T"), and therefore,
according to Claim 1,

Uo(T) :Wo(T) :7T00(T) :UiSO(T)mJPF(T). O
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The preceding proof actually says that if T is self-adjoint, then T satisfies
Browder’s Theorem and, if T" is hyponormal, then 7o(T") = 7o (7"). Thus if T"is
self-adjoint, then T satisfies Weyl’s Theorem by Remark 5.47(c). Theorem 5.48
was extended to normal operators in [83]. This can be verified by using Propo-
sition 5.E, which says that, if T is normal, then o(T)\o.(T) = moo(T). But, by
Corollary 5.18, o(T)\oe(T) = Uyez\ 1030k (T) U 00(T'), where Uy ez (0304 (T)
is open in C (cf. Theorem 5.16), and moo (1) = iso(T") N opr(T) is closed in C.
Thus 0o(T") = moo(T'). Therefore, every normal operator satisfies Weyl’s The-
orem. Moreover, Theorem 5.48 was further extended to hyponormal operators
in [24], and to seminormal operators in [15]. In other words:

If T or T™ is hyponormal, then T satisfies Weyl’s Theorem.

Some additional definitions and terminologies will be needed. An operator
is isoloid if every isolated point of its spectrum is an eigenvalue; that is, T is
isoloid if 0350 (T') C op(T'). A Hilbert space operator T is said to be dominant
if RN = T) C R(A — T*) for every A € C or, equivalently, if for each A € C
there is an My > 0 such that (A —T)(AL —T)* < My(M —T)*(M\ —T) [33].
Therefore, every hyponormal operator is dominant (with My = 1) and isoloid
(Proposition 4.L). Recall that a subspace M of a Hilbert space H is invariant
for an operator T' € B[H] (or T-invariant) if T (M) C M, and reducing if it is
invariant for both T and T™ A part of an operator is a restriction of it to an
invariant subspace, and a direct summand is a restriction of it to a reducing
subspace. The main result in [15] reads as follows (see also [16]).

Theorem 5.49. If each finite-dimensional eigenspace of an operator on a
Hilbert space is reducing, and if every direct summand of it is isoloid, then it
satisfies Weyl’s Theorem.

This is a fundamental result that includes many of the previous results
along this line, and has also been frequently applied to yield further results;
mainly through the following corollary.

Corollary 5.50. If an operator on a Hilbert space is dominant and every
direct summand of it is isoloid, then it satisfies Weyl’s Theorem.

Proof. Take any T € B[H]. The announced result can be restated as follows.
If RAI—-T) C R\ —T%) for every XA € C, and the restriction T|ym of
T to each reducing subspace M is such that iso(T|pm) C op(T|m), then T
satisfies Weyl’s Theorem. To prove it we need the following elementary result,
which extends Lemma 1.13(a) from hyponormal to dominant operators. Take
an arbitrary scalar A € C.

Claim. Tf R(M —T) € R(AI — T*), then N(A — T) € N (AT — T*).

Proof. Take any S € B[H]. If R(S) C R(S*), then R(S*)*+ C R(S)+, which is
equivalent to M (S) € N(S*) by Lemma 1.4, thus proving the claimed result.
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If RIAMI-T) € R(AM —T%), then N(A —T) reduces T by the preceding
Claim and Lemma 1.14(b). Therefore, if R(Al —T) C R(A —T™*) for every
A € C, then every eigenspace of T is reducing and so is, in particular, every
finite-dimensional eigenspace of T'. Thus the stated result is a straightforward
consequence of Theorem 5.49. O

Since every hyponormal operator is dominant, every direct summand of a
hyponormal operator is again hyponormal (in fact, every part of a hyponormal
operator is again hyponormal — Proposition 1.P), and every hyponormal op-
erator is isoloid (Proposition 4.L), it follows that Corollary 5.50 offers another
proof that every hyponormal operator satisfies Weyl’s Theorem.

We need a few more definitions and terminologies. An operator T € B[H)]
is paranormal if | Tz||?> < ||T%x|| ||z|| for every x € H, and totally hereditarily
normaloid (THN) if all parts of it are normaloid, as well as the inverse of
all invertible parts. (Tautologically, totally hereditarily normaloid operators
are normaloid.) Hyponormal operators are paranormal and dominant, but
paranormal operators are not necessarily dominant. These classes are related
by proper inclusion (see [37, Remark 1] and [38, Proposition 2]):

Hyponormal C Paranormal C THN C (Normaloid N Isoloid).

Weyl’s Theorem has been extended to classes of nondominant operators that
properly include the hyponormal operators. For instance, it was extended to
paranormal operators in [88] and, beyond, to totally hereditarily normaloid
operators in [36]. In fact [36, Lemma 2.5]:
If T is totally hereditarily normaloid, then both
T and T* satisfy Weyl’s Theorem.

So Weyl’s Theorem holds for paranormal operators and their adjoints and, in
particular, Weyl’s Theorem holds for hyponormal operators and their adjoints.

Let T and S be arbitrary operators acting on Hilbert spaces. First we con-
sider their (orthogonal) direct sum. Proposition 2.F(b) says that the spectrum
of a direct sum coincides with the union of the spectra of the summands,

o(T®S)=oc(T)Ja(S).

For the Weyl spectra, only inclusion is ensured. In fact, the Weyl spectrum of
a direct sum is included in the union of the Weyl spectra of the summands,

ow(T ®S) C 0y(T)Uoyw(S),

but equality does not hold in general [53]. However, it holds if 04, (T") N 04, (S)
has empty interior [71],

(0w(T)N0Ww(S)’ =28 = 0u,(T®S)=0u(T)Uou(S).
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In general, Weyl’s Theorem does not transfer from 7" and S to their direct sum
T @ S. The above identity involving the Weyl spectrum of a direct sum, viz.,
ow(T @& S) = 04 (T) U oy(S), when it holds, plays an important role in estab-
lishing sufficient conditions for a direct sum to satisfy Weyl’s Theorem. This
was recently investigated in [70] and [38]. As for the problem of transferring
Browder’s Theorem from T and S to their direct sum T @ S, the following
necessary and sufficient condition was proved in [53, Theorem 4].

Theorem 5.51. If both operators T and S satisfy Browder’s Theorem, then
the direct sum T @ S satisfies Browder’s Theorem if and only if

ow(T ®S) =04 (T)Uoy(S).

Now consider the tensor product T'® S of a pair of Hilbert space operators
T and S (for an expository paper on tensor products that will suffice for our
needs see [64]). It is known from [20] that the spectrum of a tensor product
coincides with the product of the spectra of the factors,

o(T®S)=0(T)- o(S).
For the Weyl spectrum it was proved in [57] that the inclusion
ow(T ®S) Coy(T) o(S) U a(T) - 0u(S)

holds. However, it remained an open question whether the preceding inclusion
might be an identity; that is, it was not known if there existed a pair of
operators T and S for which the above inclusion was proper. This question
was solved quite recently, as we shall see later. Sufficient conditions ensuring
that the equality holds were investigated in [67]. For instance, if

o (TV\0} = 0 (T\{0}  and oo (S)\{0} = 0, (S)\ {0}
(which holds, in particular, for compact operators T and S), or if
ou(T®S) =0oy(T®S)
(the tensor product satisfies Browder’s Theorem), then [67, Proposition 6]
0u(T ® S) = 0u(T) - o(8) U o(T) - 0(S).

Again, Weyl’s Theorem does not necessarily transfer from 7' and S to their
tensor product T'® S. The preceding identity involving the Weyl spectrum of
a tensor product, namely, 0,(T ® S) = 0, (T) - o(S) U o(T) - 0, (S), when
it holds, plays a crucial role in establishing sufficient conditions for a tensor
product to satisfy Weyl’s Theorem, as was recently investigated in [84], [67],
and [68]. As for the problem of transferring Browder’s Theorem from T" and S
to their tensor product T'® S, the following necessary and sufficient condition
was proved in [67, Corollary 6].



184 5. Fredholm Theory

Theorem 5.52. If both operators T and S satisfy Browder’s Theorem, then
the tensor product T ® S satisfies Browder’s Theorem if and only if

ow(T ®8) =0u(T)-0(S) U a(T)-ou(S).

According to Theorem 5.52, if there exist operators T and S that satisfy
Browder’s Theorem, but T'® S does not satisfy Browder’s Theorem, then
the Weyl spectrum identity, viz., 0, (T ® S) = 04 (T) - 0(S) U o(T) - 0 (S),
does not hold for such a pair of operators. An example of a pair of operators
that satisfy Weyl’s Theorem (and thus satisfy Browder’s Theorem) but whose
tensor product does not satisfy Browder’s Theorem was recently supplied

in [61]. Therefore, [61] and [67] together ensure that there exists a pair of
operators T and S for which the inclusion

ow(T®S) Cow(T) o(S) U a(T) - 0u(S)

is proper; that is, for which the Weyl spectrum identity fails.

5.6 Additional Propositions

Proposition 5.A. F; and F, are open sets in B[H], and so are SF and F.

Proposition 5.B. The mapping ind(-):SF — Z is continuous, where the
topology on SF is the topology inherited from B[H], and the topology on Z is
the discrete topology.

Proposition 5.C. Take T € B[H]. The following assertions are equivalent.
(a) T e F.

(b) There exists A € B[H] such that I — AT and I —TA are compact.

(¢c) There exists A € B[H] such that I — AT and I —TA are finite rank.

Proposition 5.D. Take an operator T in B[H]. If X\ € C\oy(T) N ore(T),
then there exists an € > 0 such that dim N (v — T) and dim N (vI — T*) are
constant in the punctured disk Be(A\{0} ={A € C: 0 < |v — A| < ¢€}.

Proposition 5.E. If T' € B[H] is normal, then 0¢(T) = 0re(T) = 0.(T) and
o(T)\oe(T) = 0i50(T) Nopr(T) (i.e., o(T)\oe(T) = mo0).

Proposition 5.F. Let D denote the open unit disk centered at the origin of
the complex plane, and let T = 0D be the unit circle. If S, € B[@i] is a unilat-
eral shift on (2 = (2(C), then

UEE(S+) = Ure(S+) = 06(S+) = UC(S+) = aJ(S+) =T,
and ind(\ = §,) = =1 if [N <1 (ie, if AeD = o(S)\do(S,)).
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Proposition 5.G. If @ # 2 C C is a compact set, {Ax},, is a collection
of open sets included in 2 whose nonempty sets are pairwise disjoint, and
A C 2 is a discrete set (i.e., containing only isolated points), then there exists
T € B[H] such that o(T) = 2, op(T) = Ag for each k #0, oo(T) = AgU A,
and for each X\ € A there is a positive integer ny € N such that dim R(E)) =
ny (where Ey is the Riesz idempotent associated with the isolated point A € A).

Recall from Remark 5.27(b,d) that if K € B [H] is compact, then either
ow(K) =@ifdimH < oo, or 0, (K) = {0} if dim H = co. The next result says
that, on an infinite-dimensional separable Hilbert space, every compact oper-

ator is a commutator. (An operator T is a commutator if there are operators
A and B such that T = AB — BA.)

Proposition 5.H. If T € B[H] is an operator on an infinite-dimensional
separable Hilbert space H, then

0€o0u(T) = T is a commutator.

Proposition 5.1. Take any operator T in B[H).
(a) If dim N (T') < oo or dim N (T*) < oo, then
(a1) asc(T) < oo = dimN(T) < dimN(T*),
(ag) dsc(T) < co = dimN(T*) < dim N (T).
(b) If dimN(T) = dim N (T*) < oo, then asc(T) < co <= dsc(T) < co.

Proposition 5.J. Suppose T' € B[H] is a Fredholm operator.
(a) If asc(T) < oo and dsc(T') < oo, then ind(T) = 0.
(b) If ind(T') =0, then asc(T) < oo if and only if dsc(T) < co.
Therefore,
BCWC{T eW: asc(T) < o0 <= dsc(T) < oo},
WA\B = {T € W: asc(T) = dsc(T) = oo}.

The next result is an extension of the Fredholm Alternative of Remark
5.7(b), and also of the ultimate form of it in Remark 5.27(c).

Proposition 5.K. Take any compact operator K in B _[H].
(a) If X#£0, then A\l — K € B.
(b) o(K)\{0} = mo(K)\{0} = 0150 (K)\{0}.

Proposition 5.L. Take T € B[H]. If 0,(T) is simply connected (so it has
no holes), then T + K satisfies Browder’s Theorem for every K € B [H].
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Notes: Propositions 5.A to 5.C are standard results on Fredholm and semi-
Fredholm operators. For instance, see [75, Proposition 1.25] or [27, Proposi-
tion XI.2.6] for Proposition 5.A, and [75, Proposition 1.17] or [27, Proposition
X1.3.13] for Proposition 5.B. For Proposition 5.C, see [6, Remark 3.3.3] or
[50, Problem 181]. The locally constant dimension of kernels is considered in
Proposition 5.D (see, e.g., [27, Theorem XI.6.7]), and a finer analysis of the
spectra of normal operators and of unilateral shifts is discussed in Propositions
5.E and 5.F (see, e.g., [27, Proposition XI1.4.6] and [27, Example X1.4.10]). Ev-
ery spectral picture is attainable [25]. This is described in Proposition 5.G —
see [27, Proposition XI.6.13]. For Proposition 5.H, see [16, §7]. The results of
Proposition 5.1 are from [23, p. 57] (also see [32]), and Proposition 5.J is an
immediate consequence of Proposition 5.1. Regarding the Fredholm Alterna-
tive version of Proposition 5.K, for item (a) see [74, Theorem 1.4.6]; item (b)
follows from Corollary 5.35, which goes back to Corollary 2.20. The compact
perturbation result of Proposition 5.L is from [9, Theorem 11].
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compact linear transformation, 18

compact operator, 18

compact perturbation, 147, 152, 157,
177, 185

compact set, 17

Compactness Theorem, 17

complementary linear manifolds, 3, 166

complementary projection, 7

complementary spectral sets, 122

complementary subspaces, 3, 166

complemented Banach space, 134

completely continuous, 18

completely normal, 88

complex algebra, 91

component of a set, 51, 105, 147

compression spectrum, 32

connected, 105

continuous linear transformation, 1

continuous spectrum, 30

continuously differentiable, 103, 104

contraction, 2

counterclockwise oriented curve, 106

C*-algebra, 92

curve, 103

cyclic operator, 73, 74

cyclic vector, 73, 74

densely intertwined, 23

derivative, 29

descent of an operator, 163

diagonal operator, 85

diagonalizable operator, 49, 61, 62, 84,
85, 88

direct sum of operators, 7, 182

direct sum of spaces, 3, 6, 7

direct summand, 181

directed pair, 103

disconnected, 105, 115

domain, 105

dominant operator, 181

double commutant, 126

Double Commutant Theorem, 126

eigenspace, 16, 30
eigenvalue, 30

eigenvector, 30

entire function, 29

equivalent measures, 96

equivalent operators, 23

essential range, 86

essential singularity, 127

essential spectrum, 144

essentially bounded functions, 85, 95
essentially invertible, 145

extension by continuity, 25

finite algebraic multiplicity, 129, 157

finite geometric multiplicity, 129, 157

finite measure, 64

finite-rank operators, 45

finite-rank transformation, 24

Fourier series expansion, 84, 85

Fredholm Alternative, 21, 44, 135, 136,
140, 152, 161, 185

Fredholm index, 134

Fredholm operator, 131-133

Fredholm spectrum, 145

Fuglede Theorem, 80

Fuglede-Putnam Theorem, 84

full spectrum, 52, 87

functional calculus, 91, 94, 100

Functional Calculus Theorems, 95, 97,
99, 100, 111

Gelfand-Beurling formula, 38, 51, 93
geometric multiplicity, 129, 157

Hahn-Banach Theorem, 29, 30, 109
Heine—Borel Theorem, 18
Hermitian element, 92

Hermitian operator, 11

hole, 51, 147, 151, 153

holomorphic function, 29
homomorphism, 51, 91
hyperinvariant subspace, 23, 81, 121
hyponormal operator, 12

idempotent function, 7

index stability, 139

inside of a path, 106

integral over a curve, 105
intertwine, 23, 87

invariant linear manifold, 2
invariant subspace, 2, 81, 181



Inverse Mapping Theorem, 3
invertible element, 91, 141
involution, 91

involutive algebra, 92

irreducible operator, 11

isolated eigenvalues, 157

isolated points of spectra, 154—157
isolated singularity, 127

isoloid operator, 181

isometric isomorphism, 94
isometrically isomorphic algebras, 94
isometry, 14

isomorphic algebras, 91

Jordan closed region, 106
Jordan curve, 103

Jordan Curve Theorem, 106
Jordan domain, 107

kernel, 2

Laurent expansion, 38, 127
Laventriev Theorem, 76

left essential spectrum, 144

left inverse, 141

left semi-Fredholm operator, 131, 132
left spectrum, 142

length of a curve, 103

linear span, 6

Liouville Theorem, 29

logarithmic additivity, 136

measurable set, 64

multiplication operator, 67, 85, 86
multiplicity of a point in an arc, 103
multiplicity of a shift, 49
multiplicity of an arc, 103
multiplicity of eigenvalue, 30, 60, 129
mutually orthogonal projections, 8

natural map, 143

natural quotient map, 143
negatively oriented curve, 106
negatively oriented path, 106
Neumann expansion, 4
nilpotent operator, 38
nonnegative measure, 64
nonnegative operator, 12
nonscalar operator, 81
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nontrivial projection, 81
nontrivial subspace, 2, 81
normal eigenvalues, 157
normal element, 92
normal operator, 12, 141, 162, 184
normaloid operator, 15, 43
normed algebra, 91
nowhere dense, 88

null space, 2

numerical radius, 42
numerical range, 41

open mapping, 3

Open Mapping Theorem, 3

operator, 1

operator norm property, 1

opposite oriented curve, 105

ordinary sum of subspaces, 3
oriented curve, 103

orthogonal complement, 5
orthogonal complementary subspaces, 6
orthogonal direct sum, 5

orthogonal direct sum of operators, 7
orthogonal direct sum of subspaces, 5, 7
orthogonal family of projections, 8
orthogonal projection, 8, 13
orthogonal projection on M, 9
orthogonal sequence of projections, 8
orthogonal sets, 5

Orthogonal Structure Theorem, 6, 8
orthogonal subspaces, 5

orthogonal vectors, 5

outside of a path, 106

parallelogram law, 22, 43
parameterization, 103
paranormal operator, 182
part of an operator, 181
partial isometry, 24
partition of an interval, 103
path, 106

path about a set, 110
piecewise continuously differentiable, 104
piecewise smooth curve, 104
piecewise smooth function, 104
point spectrum, 30

polar decomposition, 24

Polar Decomposition Theorem, 25
polarization identity, 21, 42, 77
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pole, 127

positive measure, 64
positive operator, 12
positively oriented curve, 106
positively oriented path, 106
power bounded operator, 38
power inequality, 42

power series, 4, 38, 95, 112
power set, 64

projection, 7

Projection Theorem, 6, 8
proper contraction, 2
pseudohole, 147, 151, 153
Pythagorean Theorem, 8, 56

quasiaffine transform, 23
quasiaffinity, 23

quasiinvertible transformation, 23
quasinilpotent operator, 38
quasisimilar operators, 23

Radon—Nikodym derivative, 67, 102
range, 2

rectifiable curve, 103

reducible operator, 11, 81

reducing subspace, 11, 81, 181
reductive operator, 11, 88

region, 105

residual spectrum, 30

resolution of the identity, 8
resolvent function, 28

resolvent identity, 28

resolvent set, 27

reverse oriented curve, 105
Riemann—Stieltjes integral, 104
Riesz Decomposition Theorem, 121
Riesz Functional Calculus, 111
Riesz idempotent, 116, 154

Riesz point, 155, 156

Riesz Representation Theorems, 65, 69
right essential spectrum, 144

right inverse, 141

right semi-Fredholm operator, 131, 132
right spectrum, 142

Rosenblum Corollary, 52

scalar operator, 16, 81
scalar spectral measure, 97
scalar type operator, 128

Schechter Theorem, 159

self-adjoint element, 92

self-adjoint operator, 11

semi-Fredholm operator, 131-133

seminormal operator, 12

separating vector, 98

sequentially compact set, 17

o-finite measure, 64

similar operators, 23, 88

similarity to a strict contraction, 49

simple curve, 103

simple function, 128

singularity, 127

smooth curve, 104

smooth function, 103

span of a set, 6

spectral decomposition, 59, 79

Spectral Mapping for polynomials, 35, 37

Spectral Mapping Theorems, 35, 37,
101, 102, 114

spectral measure, 64, 128

spectral operator, 128

spectral partition, 31

spectral picture, 152

spectral radius, 38, 91

spectral set, 115

Spectral Theorem: compact case, 58

Spectral Theorem: general case, 67, 76

spectraloid operator, 43, 49

spectrum, 27, 91

square-integrable functions, 85

square root, 23

Square Root Theorem, 25

square-summable family, 6

stability, 40

x-algebra, 91

star-cyclic operator, 73, 74

star-cyclic vector, 67, 73, 74

*-homomorphism, 92

*-isomorphism, 92

Stone—Weierstrass Theorem, 68, 76,
77, 100

strict contraction, 2

strictly positive operator, 12

strong convergence, 2

strongly stable operator, 40

subspace, 2

summable family, 6

support of a measure, 64, 86



tensor product of operators, 183
topological sum of subspaces, 6
total variation, 103

totally bounded set, 17

totally hereditarily normaloid, 182

uniform convergence, 2

uniform stability, 40

uniformly stable operator, 40, 49

unilateral shift, 49, 184

unilateral weighted shift, 50

unital algebra, 1, 91

unital complex Banach algebra, 2, 27,
51, 91, 174

unital homomorphism, 91, 143

unitarily equivalent operators, 23, 85

unitary element, 92
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unitary operator, 14
unitary transformation, 14, 23

von Neumann algebra, 126

weak convergence, 2

weakly stable operator, 40

Weierstrass Approximation Theorem, 76
Weierstrass Theorem, 29

weighted sum of projections, 9

Weyl operator, 140

Weyl spectrum, 157

Weyl spectrum identity, 183

Weyl’s Theorem, 162, 178182

winding number, 106

Zorn’s Lemma, 37, 71, 177
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